


ELEMENTARY 

MATHEMATICAL ASTRONOMY 


































































Pbepace 


PREFACE TO THE FIFTH EDITION’ 


For half a centurv ‘ Barlow and Brvaii ’ has remained one of the 
standard textbooks on elementary mathematical astronomy. During 
this time there have been great advances in physical astronomy, or 
astrophysics, as this branch of astronomy is co mm only called. This 
subject is not treated in this book, which is concerned with the 
foundations of astronom}' — the general mathematical and dynamical 
structure upon which everything else depends. 


For the present edition the work has been completely revised and, 
though the original plan has been adhered to, there has been consider- 
able rearrangement of the chapters. The conceptions of apparent 
and mean sidereal time, made necessary by the precision of modem 
time-keepers, have been introduced. The definition of the equation 
of time has been brought into accordance with the “ Nautical 
.\lmanac " and common usage of to-day. The chapters on Refraction, 
Parallax and Aberration— the phenomena that affect the observed 


position of a celestial body— have been brought together. A chapter 
on Precession and Nutation, including the reduction from apparent 
to mean place of a star, has been introduced. A brief description of 
the bubble sextant, for obseiA’ations in aircraft, is given and the section 


dealing with the position line method of deter minin g the position of 
a ship'^or aircraft has been considerably expanded. An account is 
given of the arrangement of data in the " Air Almanac. The sections 
dealing with the obsolete method of finding longitude by the method 
of lunar distances and various other sections of little interest have been 


omitted 


It is hoped that in this new edition the work will be found of increased 
usefulness, both as a textbook and for reference purposes. 

H. SPENCER JONES. 
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MATHEMATICAL ASTEONOM’i 

CHAPTER I 

SPHERICAL GEOMETRY 



JC 


1. The Sphere ; Great (Circles ; Small Circles 

A knowledge of the properties of the sphere is required in mathe- 
matical Astronomy. It is convenient, therefore, to summarise the 
properties that will be referred to in the course of this volume. 

A Sphere may be defined as a surface, all points on which are at the 
same distance from a certain fixed point. This point is the Centre, 
and the constant distance is the Radius. 

The surface formed by the revolution of a .semicircle about i/.v diameter 

is a sphere. For the centre of the semicircle is kept fi.Ked, and its 
distance from any point on 

the surface generated will be 
equal to the radius of the 
semicircle. 

In Fig. 1 let PqQP' be 
any position of the revolving 
semicircle whose diameter PP' 
is fixed. Let OQ be the radius 
perpendicular to PP', Cq any 
^ther line perpendicular to 
meeting the semicircle 
my, (We may suppose these 
lines to be marked on a semi- 
circular disc of cardboard.) 

As the semicircle revolves, 
the lines OQ, Cq will sweep 
out planes perpendicular to 

PP , and the pomts Q, q will trace out in these planes circles HQRK 

of radii OQ, Cq respectively. From this it may readilv be se<>n 
tkat every plane section of a sphere is a circle. 

A gre^ circle of a sphere is the circle in which it is cut by anv plane 
passing through the centre (e.g. HQRK, PqQP' or PrRP') \ I, nail 

rxT. 

extremties of this diameter. (Thus, the line PP' is the axis and 
P, P are the poles of the circles HQK and kqk.) ’ 
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Let Pt, Pu be the tangents at P to the circles FQ, PR, anil l-.‘t A. B 
be the poles of the circles. These tangents are perpendicular to OF 
and therefore parallel to OQ, OR. If we suppose the semicirclt- FQF' 
to revolve about PP' into the position PRP*, the tansont at w ill 
revolve from Pt to Pu, the radius perpendicular to OP will ri-volve 
from OQ to OR, and the axis will revolve from OA to OB. -\1I these 
lines will revolve through an angle equal to the angle between the 

planes PQP PRP', and this is the angle QPR between the circles. 
Hence, 

Angle between circles PQ, PR = ^tPu ^ zLQOR ~ ^AOB. 

3. Spherical Triangles 

A spherical triangle is a portion of the spherical surtaco bounded bv 
three arcs of great circles. Thus, in Fig. 2, PQR is a spherical triangle, 
but Pqr is not a spherical triangle, because qr is not an arc of a great 

circle. We may, however, draw a great circle passing through q and r. 
and thus form a spherical triangle Pqr. 

A spherical friangle, like a plane triangle, has six parts, viz, its 
three sides and its three angles. The sides are generally measured bv 
the angles they subtend at the centre of the sphere, .so that the six 
parts are all expressed as angles. No part is supposed to exceed two 
right angles or 180'’. The circumference of a great circle is 3b0' Two 
points on the sphere, such as and i? in Fig. 2, can be joined by two 
ares of a great circle, one of which, QR, is less than or equal to 180'. 
whilst the other, QHKAR, is greater than or equal to 180° POR is a 
y Wal triangle b.t tie figure PQBKAnP iel. s ephencalTngi 
Similarly no angle of a sphencal triangle can exceed two right angles. 

A sphencal tnangle has the property, in common with plane 
toangles, that the sum of any two sides is greater than the third side 

two light the sun of the three angles of a spherical triangle is 

three angles eiceeds two right angles is term,.-d the spherical 

A plane triangle may have one angle a right angle. A spherical 
tnangle, on ^e other hand, may have one, two, or three angles that 

Dl^e angles because, PF being perpendicular to the 

pe^ndi,^ to the plane If the planes'^P' 

POR Hxri hi a triangle such as PQR, in which the angles 

PQP, PBQ are right angles, the two shies, PQ, PR ^nadrant, fnd 
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therefore right angles. The third side QR is equal to the oppoeite 
angle QPR. 

If, in addition, the angle QPR is a right angle (Fig. 3), QR will be a 

quadrant. The triangle PQR wiU, therefore, have all its anglee right 

angles, and all its sides quadrants, and each vertex will be the pole of 
the opposite side. 

The planes of the great circles forming the sides, are three planes 
through the centre 0 mutually at right angles, and they divide the 
surface of the sphere into eight of these triangles ; thus the area of each 
triangle is one-eighth of the surface of the sphere. 

If the sides of a spherical triangle, when expressed as angles, are 
very small, so that its linear dimensions are very small compared with 
the radius of the sphere, the triangle is very approximately a plane 
triangle. 

Thus, although the Earth’s surface* is spherical, a triangle whose 
sides are a few yards in length, if traced on the Earth, will not be 

distinguishable from a plane triangle. If 
T the sides are several miles in length, the 

triangle wUl stiU be very nearly plane. 

4. Small Circles 

All points on a great circle are at a 
constant (ai^ular) distance from its pole. 
For, as the generating semicircle revolves 
about PP' (Fig. 2), carrying q along the 
small circle hk to r, the arc Pq is equal to 
the arc Pr and the angle POq is equal to 
the angle POr. The constant angular distance Pq is called the 
spherical, or angular radius of the small circle. The pole P is 
analogous to the centre of a circle in plane geometry. 

Circles which have the same axis and poles lie in parallel planes. 
For the planes HQK, hqk are parallel, both being perpendicular to the 
axis PP'. Such circles are called parallds. 



Fio. 3. 


5. Lmigth of Small C^le Arc 

The arc of a small circle suhtmding a qiven angle at the jmle is 'pro- 
portional to the sine of the angular radius. „ , « 

Let qr be the arc of the small circle hqrk, subtending Z,qFr at P, 

and let G be the centre of the circle. Evidently /_qCr — Z.QOR (mcc 
Cq, Or are parallel to OQ, OR). Hence, the arcs qr, QR are proportional 

to the radii Cq, OQ, therefore 

^ = sin POq = sin Pq. 
arc QR OQ Oq 
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iissuiiie iiiar it us iicwn^uy a 
the polar which meete 

P is called the North Pole and P' the 

on 

the Earth s axis. A terrestrial meridiaii 
Earth s surface by a plane passing 
assumed to be a sphere, a meridian will 
the terrestrial poles 





in two points, P, 





whose plane is 
PqQP\ is the 



(Fig. 5). 

eq%taior, 
to 

of the 



its axis, 
be a great circle 





passing through 



8. Terrestrial Longitade 

The Longitude of a 
terrestrial meridian through 
on the Earth, and called 
Thus, in Fig. 5, if PPP' 


on the Earth is the angle between 
that place, and a certain meridiJB&fixed 











the prime meridian, the longitude 
• of any place q is measured 
by the angle RPq. 

The longitude of q is 
measured by RQ, the 
of the equator intercepted 
between the meridian of the 
place and the prime meri- 
dian. 

Bv international 



ment, the prime meridian 
from wliich the longitades 
of all places on the Earth 
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the m 

t he Air\ 

* 

at the Royal Observatory 



As 












e. 


Longitudes 
prime meridian. 




the 







prime merit 

^^ast of Greenwich 

1 



of #/ IS 1”^ 




it. 

I t ill ~ ."i 



i.liVU 

Tudes 
t hose 




are between 0 



a given 

O 

are often called meridians q, 
measured both eastwards and 
to 180’. Thus, if, in Fig. 5 
longitude of r is measured by the arc QR and is 
if PRP' denotes the prime 
arc RQ and is west of 

h 

All places whose longi- 
. lie in the 
between 0° 
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Terrestrial Longitudt: 
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9. Terrestrial Latitude 

The latitude of a place on the Earth is its angui 
equator, measured along the meridian. Thus, in Fig. 5, the latitude of 

q is the arc Qq, or the angle QOq. 

Earth into two hemispheres, the northern hemisphere, which 
the north pole, P, and the southern hemisphere, which contains the 
south pole, P'. A place in the northern hemisphere. 












to haTe a north latitude ; a place in the southern hemisphere 
have a south latitude. Latitude is measured in < 

90° N. or S. 

All points on a small circle, hqrk, parallel to the equator, 
same latitude. For this reason, parallels to the equator are 
termed parallels of latitude. The angular radius of the 
latitude, Pq, is equal to 90° - 5 ^ or, in other words, is the c 
the latitude. 

The complement of the latitude is called the col<ttitude. The 
tude is the angular radius q of the parallel of latitude. 

If we now consider two points, pq, on the same 
latitude, the length of the small circle arc, qr, is 

COS QOg. But the great circle arc, QR, is the difference of 
between the two places, whilst the angle QOq is 
we denote by We thus have the distance, 
parallel of latitude, between two places on the 
to (difference of longitude) x cos ^ 
is measured in degrees, the distance is 

It should be noted that, in forming the difference 
regard must be paid to whether the longitudes 
the difference of longitude between two places 



0^ to 


have the 




of 

of 



1- 





. a. 



of 

to 










IS 


equal 




east or west. Thus 






120® W. and 30° W. is 90°; between two places 
120 W. and 30° E. is 150°. Similarly, in forming the 

latitude between two places, regard must be paid to whether 

are north or south. 








10. Principal Foimulae for Solving Spherical Triangles 

Any three given parts suffice to determ.ne a spherical 

certain “ ambiguous cases ” when the 
than one solution. 

le formulae required in solving spherical 
it of Spherical Trigonometry, and are in < 
the analogous formulae in Plants crrvn^Tm 


triangle. 













is 


a 








IS 





Thus, ^o spherical triangles will, in general, be 
the following parts equal ; — - 


equal if they have 
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(ii) 

(iii^ 


A. B, C 

iT 

these. 


Three sides. 

Tvo sides and included 
angle. 


(iv) Three an^ea. 

(v) Two angles and adjamut 

side. 


Two sides and one oppo- (vi) Two an^es and one oppo* 
site angle. gjte side. 

Cases (iii) and (vi) may be ambiguous, 
denote the angles of the triangle ; o, 6. c the sides opposite to 


The principal formulae, by the aid of which auy spherical triangle 

are as follows : — 


cos a = cos 6 cos c -}- sin 6 sin c cos A 

cos A = — cos B cos C + sin B sin C cos a 
sin G cos B = cos b sin c — sin 6 cos c cos A 
sin a cos C — cos c sin b — sin e cos b cos A 
cot a sin b = cos b cos C + cot A sin C 

sin a sin 6 sin c 
sin A sin B sin C 



Proofs of these formulae may be found in textbooks on qtherical 
trigonometry. 

By the cyclic interchange of the three sides and of the three angies, 
two other formulae corresponding to each of the fonnnlae (1) to 

(4) may be written down. The abowe 
formulae are not all independent; Aua 
(3) may be readily deduced firom two 
formulae of type (1; ; formulae of type 
(3) may be deduced from formulae (4) 
and (5). 

Which of tiliese formulae are used 
depends upon which parts of the spherkal 
triangle are kuowm If, for inetanee, tvo 
sides and the included angle are given, the third side can be obtained 
fr»>m (1). Three sides and one angle being Aen known, the l emaming 
angles can be found firom (5). If two angles and the adjacent aide are 
known, the third angle can be found fiom (2), and so on. 

The formulae take a specially simple form in the case of rightraagled 
triangles. The various formutee applicable in this eaae can be con* 
venientlv anmmarised in the following mann er : 



Right- Anoi-ki) Tmaxglm. — C being the right angle, there am 
five other ports, which come in the following order, bAcBa. 
u convenient genermi rule which embrooes all tiie fannuhe of n^t* 

ongi»l a|diericol triangko. 




Fobmulak for Solvixc Spherical Tbiaxgle;^ 

Arrange the following five quantities in order round a circle . b, 
90° — A, 90° — c, 90° — B, a. Then 

(i) The sine of any of these quantities is equal to the product of the 

tangents of the two adjacent quantities, 

(ii) and also it is equal to the product of the cosines of the two 
opposite quantities, 

i 

a 


Fig, 7a. l^iG. 7^. 

In order to solve the triangle, we must know two of the five quanti* 
ties, and one or other of these two formulae will enable us to find any 
of the rema inin g three quantities. 

In many cases the simplest way to solve a general triangle is to draw 
a great circle through one of the angles at right angles to the opposite 
side, and then apply the formulae applicable to right-angled triangles. 




CHAPTER II 


THE CELESTIAL SPHERE 
I' — Definitions — Systems op Coordinates 


11. Astronomy — ^Descriptive, Gravitational, Physical 

Astronomy is the science which deals with the celestial bodies. 

These comprise all the various bodies distributed throughout the 

universe, such as the Earth (considered as a whole), the Moon, the Sun, 

the planets, the comets, the Jhxed stars, and the nebulae. It is con 

venient to divide Astronomy into three different branches. 

The first may be called Descriptive Astronomy. It is concerned with 

observmg and recording the motions of the various celestial bodies, 

and ^th applying the results of such obserA’^ations to predict their 

positions at any subsequent time. It includes the determination of 

the distances, and the measurement of the dimensions of the celestial 
bodies. 


The second, or Gravitational Astronomy, is an application of the 
principles of dynamics to account for the motions of the celestial 
bodies. It includes the determination of their masses. 
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This sphere may be taken as the dome upon which the stars appeal 
to lie. But it must be carefully borne in mind that the stars do noi 
actually lie on a sphere at all, and that they are only so represented foi 

the sake of convenience. 




13. Angular Distances and Angular Magnitudes 

Any plane through the observer will be represented on the celestial 
sphere by a great circle. The arc of the great circle ab (Fig. 8) repre- 
sent the angle a06 or AOB which the stars A, B subtend at 0. 
angle is generally measured in degrees, minutes, and seconds, and is 
called the angular distance between the stars. This angular distance 
must not be confused with their actual distance AB. In the same way, 
when we are dealing with a body of perceptible dimensions, such as the 
Sun or Moon (DF, Fig. 8), we shall define its angular diameter as the 
angle DOF, subtended by a diameter at the observer’s eye. 
angular diameter is measured by the arc df of the celestial sphere, that 
is, by the diameter of the projection of the body on the celestial sphere. 
From the figure it is evident that 

df _ DF 

Od OD‘ 

Since DF is the actual linear diameter of the body, measured in 
units of length, the last relation shows us that the angular diameter 
{df) of a body varies directly as its linear diameter DF, and inversely 
as OD, the distance of the body from the observer’s eye. 

As the eye can only judge of the dimensions of a body from its angular 
magnitude, this result is illustrated by the fact that the nearer an object is 
to the eye the larger it looks, and vice versa. Thus, if the distance of the object 
be doubled, it will only look half as broad and half as high. This assumes the 
angle subtended by the body is so small that its sine equals its circular measure. 
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Directions of the Stats are very ajtproziinately Independent 
>f the Observer’s Position on the Earth 


This is simply a consequence of the enormously great 
distances of all the stars from the Earth. Thus, let x 
(Fig. 9) denote any star or other celestial body, S, E two 
different positions of the observer. If the distance SE be 
only a very small firaction of the distance Sx, the angle ExS 
will be very small, and this angle measures the difference 
between the directions of x as seen from E and from S. 

In illustration, if we see a group of objects a mile or 
two off, then move an inch or two in any direction, we 
shall observe no perceptible change in the apparent dii 
relative positions of the objects. 














joimfig a star to different points of the Earth may be 


on a star globe, or celestial sphere, no matter what be the p 
the observer. The great use of the celestial sphere in a 
depends on this fact. 

15. Motion of Meteors 

The projection of bodies on the celestial sphere is well i 
by the motion, relative to the earth, of a swarm of meteors 
such a swarm is moving uniformly, all the meteors describe 
mately) parallel straight lines. If we draw planes through t 
and the observer, they will intersect in a common line, na 
line through the observer parallel to the direction of the 
motion of the meteors. The planes will, therefore, cut th< 
snhere in oreat circles, having this line as their common 


The paths appear, therefore, to radiate from a 
amely, one of the extremities of this diameter, 
called the Radiant^ and by observing its position the 
ive motion of the meteors is found. 


If, through the observer, a line be drawn in the direction in which 
^*xty acts (i.e. the direction indicated by a plumb-line), it will meet 















The Ceie6Tial Sphere 

revolution in its orbit round the Sun in the course of a year, so 

that the Sun returns to its same apparent position in the heavens 

rBiativ^ to the stdrs, aft6r r ypar. 

Imagine a star globe worked by clockwork so as to revolve about 
an axis pointing to the celestial pole in the same periodic timp as the 
stars. On such a moving globe the directions of the stars will always 
represented by the same points. During the daytime let the direc- 
tion of the Sun be marked on the globe, and let this process be repeated 
every day for a year. We shall thus obtain on the globe a representation 
of the Sun’s path relative to the stars, and it will be found that — 



(i) The Sun moves from west to east, and returns to the same 
position among the stars in the period called a year ; 

( ii > The relative path on the celestial sphere is a great circle, inclined 
to the equator at an angle of about 23° 27'. 

This great cirele (C T i =^, Fig- H ) »» Ediptic. We may, 

therefore brieflv define the ecliptic as the great circle which is the 
^ Z the celestial sphere, of Ae Sun’s annual path relative to the 

***The intersections of the ecliptic and equator are called Equmodi^ 
Paints One of them is caUed the First Point oj Ar^ ’ 
nomt through which the Sun passes when crossing from «»ut^ noi^ 
^the equator, and it is usually denoted by the symbol T- The other 
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Polar Distance or Declination-Hour Angle 

Then we may take for the coordinates of x the arc Px and the 
angle sPx. Or we may take the arc xM, which is the complement oi 

Px, and the arc QM, which = angle QPx. 

The North Polar Distance of a star (abbreviation, X.P.D.) is its 
angular distance (Px) from the celestial pole. 

The Declinatioi% (abbreviation, Deck) is the angular distance from 
the equator {xM), measured along a secondary, and is, therefore, the 
complement of the N.P.D. 

The great circle Px31 through the pole and the star is called the 
star’s Declinaiion Circle, 

The Hour Angle of the star {ZPx) is the angle which the star's 
declination circle makes with the meridian. 
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The declination may be considered positive or negative, according 

as the star is to the north or south of the equator ; it is also customary 

to specify this by the letter N. or S., as the case may be, and this is 

called the name of the declination. South declinations are always to 
be regarded as negative. 


The hour angle is generally measured from the meridian towards 
the west, and is reckoned from 0° to 360''. 

Either the decimation and hour angle or the N.P.D. and hour angle 
may he taken as the two coordinates of a star. 
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24. DedinatioB and iMgfct Aaearion 


position 






..... y howsTer, more fteqaeniiy 

i>v it^ declination and ngiit aaceiiflion. 

The declination has been already defined, in Art. 33, as Om 

distance of the star from the eaiiat<w, measured alone a 
(xM. Fig. 13.) 

The Right jistxngion (R.A. ) is the arc of the e<|Qator intarcepted 
between the foot of this secondar>' and the First Point of Ariea. 

^ Af, Fig. 13, is th** R.A. of the star x. 



The R.A. of a star is always measured from ^ HutwanU re^oiuBg 

^ 3fi0 . Thus the star cu Ptsettim, whose declmatioii ctfcfe 
cuts the equator 1° 34' 18' west of T. has the R.A. 360’ — 1® 34' 18' 
or a58' 25' 42'. 


The Diurnal motion of the star z is along the small ciide UxV. 
parallel to the equator QMR. The declination. zM, and the north polar 
distance, xP, therefore remain constant during the diurnal motioB. 
The hour angle ZPx or QM, however, increaaes at a uniform rate. 

The First Point of Aries, 'p, partakes in the common dinnal 
motion of the stars and its hour angle increaaes at the same rate as the 
hour angles of the stars. The difference of hour of the Fint 

Point of Aries and of a star therefore remains constant durmg the 
diurnal motion. This difference of hour an^e is Tiff, the right 
ascension of the star : or, otherwise expressed, 

H.A.^ - H.A.^ = R-A.*. 


The right ascension and decimation of a star thus both lemin 
constant during the diurnal motion. It will be seen latmr that dkey 
are subject to slow changes cans^ by the phenomenon known as the 
precession of the equinoxes. 


25. Celestial Latitude and Lonptiide 


The position of a celestial body may also be referred to the ediptic 
instead of the equator. 

The Cdestial Latitude is the angular distance of the body from the 
ecliptic, measured along a secondary to the ecliptic. (fl», FSg. 14.) 

The Cdestial Longitude is the arc of the ecliptic intexoepind hetureen 
this secon da ry and the first point of Anes, measured eastwwds fimn *T* • 



(T E, Fig: 14.) 

The clestial latitude and longitude of a celestial body are 
by the diurnal motion, because this motion does not ^ter the rdetnre 
pi)^ions of X. T and H. 'These coordinates are most umM in dsfining 
the positions of the Sun, Moon and planets, because the 8 «b 
moves in the ecliptic, ^ whilst the paths described by tbe Moon 

vpTv near the ecliptic- 





Celbshal Latitude axd Longitude 




Ralafa'nn b^ween HoriEOntal and Equatoiial Systems of Co- 
ocdmates 

If the hoar an gle and declination of a star are given, its altitude and 
azimnth may be found, and vice versa, by the formulae of spherical 
tdgonometiy, the latitude of the observer being assumed to be known. 

We denote the hour angle of the celestial body x by h, and its 
deelina tinn by 8. We also denote its azimuth by a and its zenith 
distwce by 2 . The latitude is denoted by (See Fig. 15.) 

In the spherical trian^e PZx, the side PZ is 90’ — ^ ; the side 
ft? is 90“ - 8 ; the side Zx is 2 . The angle PZx is a. The angle ZPx 
is the angle between the meridian and the star’s decimation circle. 
Two cases have to be distinguished ; (i) if the star is west of the 
meridian, the angle ZPx 

is the hour angle, h : 

(ii) if the star is east of 
the meridian, its hour 
angle is greater than 
180“, since the hour 
angle is measured from 
the meridian towards the 
west, from 0° to 360“; 
but no an^e of a spheri* 
cal triangle can be 
greater than 180“ and 
the angle ZPx is there- 
fore in this case 
360^— A. The spherical 
trian^e ZPx is shown 
at the side of Fig. 15 for 
the two cases when the 
star s respectively west 
and east of the meridian. 



Fig. 14. 


(i) We siqtpose first that we know the azimnth and zenith distance 
and tequme to find the hour angle and declination. We use the fonnu 
lae given in § 10. From formulae (1) taking Px as the side a, we have 


sin 8 ~ sin cos z -|- cos ^ sin z cos a 

whidt g^ves 8, since 2 , a are adorned known. 8 lies between 0“ and 
90P ; if sin 8 is positive, 8 is positive and the declination is north ; if 
sm 8 is n^ative, 8 is n^iave and the declination is south. 

The side Pz of the triangle now being known, A can be obtained by 
a further application of formula (1), Art. 10, in the form 

cos8cos^cosA = co8z — sin 8 sin d. 








The Celestial Sphere 


This forniula holds whether the stair is east or west of the meridian. 
There is only one value of h between 0^ and 180^ which satisfies this 


equation ; the hour angle of the star is h, if the star is west of the 
meridian and 360 " — h, if it is east of the meridian. 


(ii) We suppose next that we know the hour angle and declination 
and require to find the azimuth and zenith distance. 

We again use the formula (1) to find 2 , in the form 

cos 2 = sin S sin <j> + cos S cos (f> cos h. 

The zenith distance 2 must lie between 0"^ and 180". If cos 2 is positive, 
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Fig. 15. 

2 is less ttan 90° ; if cos z is negative, z is greater than 90° and the star 
is below the horizon. 

Having fotind z, a is determined from 

cos <l> sin z cos a = sin S — sin ^ cos z 

a lies between 0° and 180°. If A is less than 180°, the azimuth is 
westerly ; if is greater than 180 °, the azimuth is easterly. 

27 . Recapitulation 

Below is a list of aU the dehnitions of this chapter, with references 
to Fig. 16. 


^CC . yV/i i 3 3d ^ 



Summary of Definitions 


Great Circles. 


Horizon, nEs^ 


Equator, EQWR. 
Meridian, ZsZ'n. 

Prime Vertical, ZEZ'W. 


Their Poles. 

Zenith, Z ; Nadir, Z'. 

North Pole, P ; South Pole, P'. 
East Point, E ; West Point, W. 
North Point, n ; South Point, 5. 


Ecliptic, T C=2=Z, ; Equinoctial Points, T, — viz First Point 
Aries, and First Point of Libra, — ; Vertical of Star, ZxX ; Declii 

tion Circle of Star, PxM. 


z 



Fiq. 16 . 


Coordinates 


Altitude, Xx ; 
or Zenith Distance, Zx. 

North Polar Distance, Px. 

Declination, Mx. 

Celestial Latitude, Hx. 


Azimuth, nX = nZx. 

Hour Angle, QM — ZPx. 
Right Ascension, ‘P M. 
Celestial Longitude, T H. 


Other Angles.— Obliquity of Ecliptic (e) = C T Observe] 
atitude (^) ZQ = nP. Colatitude = PZ. 


Notice that the circles on the remote side of the celestial sphere are dotted. 
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11. The Diubxal Rotation op the Stabs 
28. Sdereal Dsy and Sidareal Time 

The rotation of the Earth causes the stars to transit in 
across any ^ven meridian. The interval between two sncoeeaiTe 
^ssagw of a ^ed star over the meridian of any place is called a stdemd 
day. Kie sidereal day is the true period of the Earth’s rotation 
the civd day, it is divided into 24 hours (A.), and these are sub- 
divided mto 60 rninntes («.) of 60 seconds («.) each. From the facts 

Art. 1 ^ , it appears that the sidereal day is abont four minuteB 
porter than the civil or mean solar day (see Art. 58) ; its actual length 
is 23h. 56m. 4- 100s. of mean solar time. In actual practice, h o wever, 
transits of the First Fomt of Anes and not of a ft fa r are used to 
the sidereal day. We shall see, in Art. 468, that the position of the 
First Point of Aries is not fixed but that it has a slow retrograde motion 
along the ecliptic, amounting to abont 50* a year, dne to the phenomenon 
known as precession. The conventionally adopted sidereal day is in 
consequence 0O09s shorter than the true period of rotation of the 
Earth and is equal to 23h. 56m. 4*0918. of in pan solar time. 

The beginning of the sidereal day, corresponding to Oh, (hn. OB. 
sidereal time, is taken as the instant when the first point of Aries croases 
the meridian. Sidereal clocks, showing sidereal time, are oaed in 
observatories. The hands should indicate Oh. Om. Os, when first 
point of Aries crosses the meridian. The hours are reckoned &om 
Oh. up to 24h. when ^ again comes to the meridian and a new day 
begins. 

The rotation of the £<arth is subject to very small irregularities, 
which can not be detected except by observations of very great Tene- 
ment. We therefore assume that the earth revolves at a perfectly 
uniform rate, so that the angles described by any star about the p<de 
are proportional to the times of describing them. Thus, the hour on/fk 
of a star ( measured towards the west) is proportional to the interval of 
sidereal time that elapsed since the star was on the meridiMi. 

Now, in 24 sidereal hoars the star comes round again to the meridiui, 
after a complete revolution, the hoar angle having increased from 0“ 
to 360^. Hence the hour angle increases at the rate of 15* per hour. 
Hence, also, it increases 15' per minute, or 15' per second. 

The hour angle of a star is, for this reason, generaJUy measured by 
the number of hours, minntes, and seconds of sidereal tune taken to 
describe it. It is then said to be expressed in lioie. Thus — 

The hour angle of a star, taken expressed in time, is the interval of 
sidereal time that has dapsed since the star was on the meridton. 

In particular, since the instant when is on the meridian is the 
commencement of the sidereal day, we see that 
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^gam, let z be the meridian zenith distance Zx, considered pontire 
the star transits north of the zenith, 5 the star’s north declination 
Vx, and 6 the north latitude QZ. We have evidently 

Qx^QZ^Zx; 

or ^ ^ ^ z 

or {star's N. ded.) = {lat. of observer) -f {star's meridian Z.D. 

This formula will hold universally if declination, latitu< 

zenith distance are considered TiearstiTre wLon 


north) 


Hence the R.A. and decl. of a star may be found by observing its 
sidereal time of transit and its meridian Z.D., the latitude of the 
observatory being known. 

Conversely, if the R.A. and decl. of a star are known, we can, by 
observing its time of transit and meridian Z.D., determine the sidereal 
time and the latitude of the observatorr. 

By finding tlie sidereal tune we may set the astronomical clock. 
It is impossible, however, to construct a clock that will keep time with 

perfect accuracy. What is required 
is to know the dock-error^ the 
amount by which the clock is fast 
or slow, and the dock-rate^ the 
rate at which the clock-error is 
increasing or decreasing. If the 
error of the clock at a certain rime 
is known and also the rate of the 
clock, the error at some subsequent 
time can be estimated. The rime 
given by the clock at this instant, 
K^ted for the error, will be the sidereal time at that instant, 
ipposed that the clock-rate is uniform. 
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General Relation between BA. and Hour Angle 

Then 


Let Xj fFig. 17) be any star not on the meridian. 
^ QPx^ = /_ QP^ — Z 'Y’ P^i ~ L 


TM ; 


hence, if angles are expressed in tune : — 

(star’s hour angle) — {sidereal 


(ster’a R.A.). 


Hence, given the R.A. of a star, we can find its hour angle at any 
given sidereal time ; if we are also given the declination or its equiva- 
lent, the north polar distance, we can determine the star’s pomrion on 
the observer’s celestial sphere, because the hour-angle determii^ the 
declination circle on which the star lies, whilst its north polar d i sta n ce 
fixes the position of the star on that declination circle. Or we can 
construct the star’s position thus: On the equator, in the westward 
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Soura dBCOMPOLi* ST 1 B 8 .-If the (WUl* pd»r , , 

IS less thM the north Utitnde of the obserrer, the star viB the 

“’MM'- 8«: 

.-tar Is called a SotUk Circumpolar Star. 



32. 


constellation of the Sonthem Cross (Cnix) is 
isi Die in Europe, for the declination of its principal star, which 

ba^ of the cross, is 62“ 4«' S ; therefore its south polar distance is 
14 , and it will not be visible in north latitudes higher than 27® 14' 

Bismg, Southing, and Setting of Stars 

If the N. and S. polar distances of a star are both greater the 

latitude, it will transit alte rnately 
above and below tiie hoiison. This 
shows that the star will be invisible 
during a certain portion of its dhnnal 
course. Astronomically, the wter is 
said to rise and set when it crosses 
the celestial horizon. 

Let b, h' be the positions of 
any star when rising and setting 
respectively. 

The spherical triangles Pnh, Pub' 
are eqnal, since the sides Pb and 
Pb' are eqnal, each being the star’s 
N.P J>., tile aide Pn is common and 
Therefore 



Fio. 19. 

the angles at n are right angles 

Z.nPb — /jsPV, 

and the supplements of these angles are also eqnal, that is, 

^sPb = /_8Pb’. 

But the angle $Pb, when reduced to time, measpores the interval of tinK 
taken by the star to get from 6 to the meridian, and sPV measures the 
time taken from the meridian to b'. Hence : — 

The intenai of time betteeen rmn^ and southing is equal to the interval 
between southing and setting. 

Thos, if t, t' are the times of rising and setting, mid T the time of 
transit, we have 

T -t = t' ~T giving T=\{t + *'), or : - 

The time of transit is the arithmetic mean between the times cf rising 
and settina. 





Kisikg, Southing and Setting of Star 
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If the star is on the equator, it will rise at E and set at W. Since 
EQW is a semicircle, exactly half the diurnal path will be above the 
horizon, and the interval between rising and setting will be 12 sidereal 
hours.’* If the star is to the north of the equator, it will rise at some 
point b between E and w, so that 

90 ^ 




i.e. 

and the star will be above the horizon for more than 12 hours. Similarly , 
if the star is south of the equator, it will rise at a point c between E 
and Sj and will be above the horizon for less than 12 hours. 

-From the equality of the triangles bEn, VPn (Fig. 19), we also see 

that 

nb = «5', and sb = sb\ 

Hence the diameter (fis) of the celestial sphere, jo inin g the north and 
south points, bisects the arc (66') between the directions of a star at 
rising and setting. 

This gives us an easy method of roughly determining, by observa- 
tion, the directioiis of the cardinal points ; but, owing to the usual 
irregularities in the visible horizon, the method is not very exact. 


33. Hour-Angle and Azimuth of Rising and Setting 

When the latitude of the observer, and the declination of the 
star, 8, are known, the hour- angles and azimuths at rising and setting 
are easily found. If are the hour-angles at rising and setting and 

a is the azimuth east of north at rising or west of north at setting, we 
have in the triangles P6n, Pb'n (Fig. 19) P6 = Pb' = 90^ — S ; Pn = <f> : 
bn = b'n — a; ZJbPn — — 180° ; /_VPn — 180° — and the 

angles Pn6, Pnh* are right angles. 

From the rules for right-angled triangles in Art. 10 we obtain : — 

cos 6Pn = tan Pn cot Ph ; cos VPn = tan Pn cot PV 

or cos h^ = — tan ^ tan S = cos 6^, 

Aj, are thus the two values of h between 0° and 360° which satisfv 

the equation cos b = — tan ^ tan S, 6^^ is the larger of the two values, 
whose sum is 360°. 

The azimuth a is given by cos P6 = cos Pn cos hn or 

sin 8 = cos ^ cos a. 

From these formulae for h and a, it readily follows that when the 
star is on the equator, so that 8=0, cos h and cos a are both zero. 
Therefore = 270° = 18*., = 90° = 6A. and a = 90°. Thus 

there is an interval of 12 hours between rising and setting, which occur 
at the east and west points respectively. 
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If r are the times of rising and setting and r ia thft ti«u> 


we have 


r - r = 360= - A, ; t' -T = h^ 


he sidereal line of transit T is equal to the star’s R.A* If this 

mown, the sidereal times of rising and setting can be found when , 
1 2 have been computed. 

We have neglected the effect of refraction on the times of riaing nj 
etting. This will be considered in Chapter VI. 


Ill 
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The Sun’s Annual Motion in the EcLtmo— P ractical 

Applications 

Tho Stm s Kobon. m Iiongitudci Bight Dodnudion 

In Art, 20, we briefly deacribed the Son’s apparent motiovi in thp 

heavens relative to th e 
A — ^ fixed stars. We defined 

a Year as the period of 
a complete revolution, 
starting firom and m t n m - 
ing to any fixed point on 
the celestial sphere. Hie 
ffcitptic was defined as the 
great circle traced out by 
the Sun’s path, and its 
points of intersection with 
the Equator were termed 
the First Point qf ilf»» 
and First Point of LOrea, 
or together, the Bqmnee- 
tioi Points. 

We shall now trace, by the aid of Fig. 20, the variations in the Sun’s 
coordinates during the course of a year, starting with March 2l8t,* 
when the Sun is in the first point of Aries. We shall, as usual, denote 
the obliquity by € so that e = 23® 27' nearly. 

On March 21st the Sun crosses the equator, passing through the 
first point of Aries (T)- This is the Femol Equinox, and it is evideiit 

from the figure that 

Sun's longitude = 0®, R.A. = Oh, Ded. ~ 0® - 

From March 21st to June 21st the Son’s declinati<m is north, and 
is increasing. 

• Owins mainlT to the fact that the year is not an integral number of daya 
sucb dstw T&rv somewluht from ycor to yo&r. 
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Direct and Retn^rade Mntiftri ff 

The direction of the Sun’s annual revolution relative to the stam. 

Inn T ^ east, is caUed dirwt, 

pposi e rection, that of the diurnal apparent motions of the stars 

“ called retrograde 

the ^^^I’^tions of aU bodies forming the solar system, with 

the exception of some comets and a few satellites are direct, but as 

motiim*^”^ Earth the planets frequently appear to have retrograde 

The ap^rent retrograde diurnal motion is accounted for by the 
direct rotation of the £arth about its polar axis. 

37. Equinoctial and Solstitial Points— (kduies 

From Art. 34 it appears that the Summer and If infer Solstice* may 
be defined as the times of the year when the Sun attains its greatest 
north and south declinations respectively. At these times the declina- 
tion is therefore practically stationary for a few days. The meridian 
zenith distance of the Sun is least at the summer solstice and greatest 
at the winter solstice. At the summer solstice the sun halts in its 
northern motion in the sky before beginning to move southwards again ; 
at the winter solstice it halts in its southern motion before beginning 
to move northwards again. This is the reason why C and L are called 
solstices (meaning standing still). 

The corresponding positions of the Sun in the ecliptic {C, L, Fig. 20) 
are called the SdMitial Points. In the same way the Equinoctial 
Points (y*, :^) are the positions of the Sun at the Femol and Autumnal 
Equinoxes when its declination is zero. We have seen in Art. 33 that 
when a celestial body is on the equator, the interval between liong 
and setting is 12 hours. Then when the Sun is at y* or — , the lengtdis 
of day and i^ht are equal, whence the term equinoctial points. 

The declination circle Py^P' passing through the equinoctial 
points, is called the Equinoctial Cdlure. The declination circle PCP‘L, 
passing through the solstitial points, is called the Solstitial Colure. 
The latter passes through the poles of the ecliptic {K, K"). 


38. To find the Sun's Bight Asomiaon and Decimation 

In the Xautiral Almanac, the Son’s R.A. and Dec. are tabulated for 
midnight (Oh.) for every day of the year, together with the change in 
24 hours. To find their values at any time of the day we have only to 
multiplv the daily variation by the finaction of the day from the nearest 
midnight and add this quantity to the value at that midn i ght , if the 
preceding midnight bait been used, or subtract it, if the succeeding 

midnight has been used. 
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Fn!n>isro the SiTif^s R.A* anj> DEci*r>ATTox> 

P w Mnlo — Tnfimd ike Swm^s aW JOec, o» Marth 3>CM, 1940, ai 7k. 56m 
Bm afienoom. 

W 0 Ifuiii fehft AlwiaiMM? fbir 1940, 

(i) Son’s B-A. at March 31-0 ~ Oh. STin. 13*8s. 

l>ai]^ rariatitm = -f- 218-4», 

Th. 56xii. in the afiemcxHi is 4h. Mm. before midnight = 0*1604 days. 

lt _ A_ at Mardii 31*0 — Oh. 37m. 13"86. 

— *16M X 218-4S. = — 37-0 




Required R.A* 

(n) Sim’s Dee. at March 31-0 

DaOr Tanaikm 
Son’s Dec. at March 31-0 
1694 X l39Sr 


— 


Oh. 36m. 36-8s 

4^ 00' 44^ 
1395*^ 

4® 00' 44" 
3^ 56" 


Required Dec. = + 3® 56" 48" 

38. Bod^ Detezmiiiatioii of the Sim*s B.A. 

We without the Nautiad Almanac find to within a degree or 
two, the Sim’s 1C.A. on any given date, as follows : — 

A year contains 365^ days. In this period the Sun s R A increases 
by SCiy’. TTftiiwt its average rate of increase is very nearly 30'’ per 
month, or 1° per day. 

Snowing the Son’s R.A. at the nearest equinox or solstice, (0" on 
Itamh 21st, 90° on June 21st, 180° on September 23rd, and 270° on 
December 22nd, apj^ximately) we add 1° for every day later, or 
subtract 1° for every day before that epoch. If the R.A. is reqnired 
in time, we ^ow for die increase at the rate of 2h. per month, or 4m. 
per day. 


40 . ThA Ow m M m — -Hpito rmwt»«imi of Ohikpiity of ItflijniA 

The Gred astronomers observed the Sun’s motion by mo^na of the 
ChKmmn, an matrument oomtasting easentially of a vertical rod standing 
m tim centre of a horizmital fio<Hr. The direction of the shadow cast 
faj the &m determined the Sun’s asunuth, while the length of the 
dadow, divided by die height of the rod, gave the tangent of the 
ftm’s nemdi diatanee. To find the meridian line, a circle was deecribe d 
afaoot the rod as centre, and the directions of the shadow were 
when its eartremifcy jnst tonehed the circle before and after nocm. The 
ZJlm s at these two instan ts being equal, dieir asimuths were 
esi&aidy eqnal mid opposite, and the biaectm of the angle between 
the tnro dn e c do ns was therefore die meridia n line. 

The Sun*8 mm dian aenidi dutaacea were thm observed both at 
the ■nmner scdstice, when the Sun’s N. deeL is e m^T**^*^** ZJ). 

and the winter aobtiee, when die Son’s 8. decl. ia c and meridian 

Let these ZJD.’s be and s, renwctivelv, and let A 
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be the latitude of the place of observation. From Art. 29 
see that ' ’ 


we readily 


so that <j> 


thus determining 

41. The Zodiac 


^ — e. *2 = 

k ~r * 






iiie position or xne ecuptic was aetmed by the ancients by rn^na of 
the constellations of the Zodiac, which are twelve groups of stars, 
distributed at about equal distances round a belt or zone, and extending 
about 8° cn each side of the ecliptic. The Sun and planets were 
observed to remain always within this belt. The vernal and autnmiial 
equinoctial points were formerly situated in the constellatioiis of Aries 
and Libra, whence they were called the First Point of Aries anH the 
First Point of Libra. Their positions are very elowly varying, but tlia 
old names are still retained. Thus, the “ First Point of Aries ” is now 
situated m the constellation Pisces. 

The early astronomers probably determined the Snn's annual path by noting 
the morning and evening stars. After a year the same stars vonld be seen, anri 
it would be concluded that the Sun performed a revolution in a year. We leant 
from Egyptian records that the heliaeal rising of Siixns, i.e. the first oocation the 
star was seen in morning twilight, was noted witli special care. 

42. Astronomical Diagrams and Practical Applications 

We can now solve many problems connected with the motion of the 
celestial bodies, such as determining the direction in which a given 
star win be seen foom a given place, at a given time, on a given date, 
or finding the time of day at which a given star souths at a given time 

of year. 

We have, on the celestial sphere, certain circles, such as the meridian, 
horizon, and prime vertical, also certain points, such as the zenith and 
cardinal points, whose positions relative to terrestrial objects always 
remain the same. Besides these, we have the poles and equator, which 
remain fixed, with reference both to terrestrial objects and to the 
fixed stars. We have also certain points, such as the equinoctial 
points, and certain circles, such as the cxjliptic, which partake of the 
dinm^ motion of the stars, performing a retrograde revolution about 
the pole once in a sidereal day. Lastly, we have the Snn, wl^h moves 
in the ecliptic, performing one retrograde revolution relative to the 
meridian in a solar day, or one direct revolution relative to the sto 
in a year. We can assume in these problems that the Sun is on the 
meridian at noon and that its hour-angle increases at the rate of 16 

pet hour. 







Practical Applications 


Astronomical Diagrams. 



In drawing a diagram of the celestial sphere, the positions of th* 
meridian, horizon, zenith, and cardinal points should first be represented, 
usually in the positions shown in Fig. 21. Knowin? the latitude nP 
of the place, we find the pole P. The points Q, R, where the equator 
cuts the meridian, are found by making PQ = PR — ^0 , and the 
points Q, R, with E, W, enable us to draw the equator. 

We now have to find the equinoctial points. How to do this 
depends on the data of the problem. Thus we may have given— 

(i) The sidereal time ; 

(ii) The hour angle of a star of known R.A. and decl. ; 

(iii) The time of day and time of year. 

In case (i), the 
sidereal time multi- 
plied by 15 gives, 
in degrees, the hour 
angle (QT) of the 
first point of Aries. 

Measuring this angle 
from the meridian 
westwards, we find 
Aries, and take 
Libra opposite to it. 

Anv star of known 
decl. and R.A. can 
be foimd by taking 
on the equator 'VM 
= star’s R.A., and 
taking on MP, Mx 
= star’s decl. 

The ecliptic may 

be drawn passing Pio 2 i. 

through Aries and 

Libra, and inclined to the equator at an angle of about 2.3.1' (just ov'er 
i right angle). As we go round from west to east, or in the direct 
sense, the ecliptic passes from south to north of the equator at .Vries ; 
this shows on which side to represent the ecliptic. Knowing the time 
of year, we now find the Sun (roughly) by supposing it to travel to or 
from the nearest equinox or solstice about 1° per day from west to east 
In case (u), we either know the hour angle, or ^^P^d of a knoTvii 
star (x), or, what is the same thing, the sidereal interval since its transit : 
or, in particular, it is given that the star is on the meridian. Each of 
these data determines M, the foot of the star’s declination circle. 

U. ASTBON. 
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1 HE LELESTIAL SPHERE 

From M wp measure J/T westwards equal to the 8t< 
finds Anes. 

In case (iii). the solar time multiplied by 15 gives 

angle QPS m degrees. From the time of year we can 

K.A., yPS. From these we find QP^p and obtain 
Aries just as in case (ii). 

It will be convenient to remember that hour angle is 
the southern meridian westwards, that azimuth is mea 
north point eastwards or westwards, while right ascensi 
longitude are measured from the first oomr. nf Arioo »«<> 


of this class depend 
for their solution 
chiefly on the con- 
sideration of arcs 
measured along the 
equator, or (what 
amounts to the 
same) angles mea- 
sured at the pole. 

In another class 
of problems depen- 
ding on the relation 
between the alti- 
tude, a star's decL 
and meridian lati- 
tude (Art. 29), we 
pridian. These two 


Examples. — 1. tiepresent, in a axagram^ me uj out* uw* < 

MeTculi’S see^n by ofi ohseTveT itt London on Any. 19IA, ot 8 jj.wi,,* the foOcunn^ 

data bein^ given Latitude of London = 51°, R.A, of I HervuUs == 16A. 39m. 

derl, =- 31° 43' 

The constraction must be performed in the following order : 

(i) Draw* the observer's celestial sphere, putting in the meridian, horizon 
zenith Z, and four cardinal points w, 5, W. 

* The times in these examples are assumed to be the timea as given by a sun 
SiiTnmer time is not taken into consideration . 
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(2) Indicate the position of the pole and equator. The observer s latitude is 
51®. Make, therefore, »P” 51®. P will be the pole. Take PQ = PB = 00'’, 
and thus draw the equator, QEBW, 

(in) Ptnd the declination circle passing through the Sun. The time of day is 
8 p.m. Therefore the Sun’s hour angle is 8 x 15®, or 120®. On the equator 
measure QK — 120° westwards from the meridian. Then the Sun © will lie 
on the declination circle PA. Since QW — 90°, we may find K hy taking 
WK= 30°= i WB. 

(iv) Find the first points of Aries and Libra. The date of observation is 

August 19th. Now, on September 23rd the Sun is at Also from August 19th 

to ^ptember 23rd is 1 month 4 days. In this interval the Sun travels about 34° 

from west to east. Hence the Sun is 34° west of — . And we must measure 
0 ^ 

34° eastwards from K, and thos find 

The first point of Aries ( T ) is the opposite point on the equator. 

( t ) We may now draw the ecliptic C’VL^ passing through the first points of 
Aries and Libra, and inclined to the equator at an angle of about 23^° ( i.e. slightly 
over i of a right angle). The Snn is above the equator on August 19th ; hence 



n 



n 


the ecliptic cute PK above K. This shows on which side of the equator the 
ecliptic is to be drawn; we might settle this by remembering that the ecliptic 
rises above the equator in the direction of increasing longitude from T . 

The intersection of the ecliptic with PK determine 0 , the position of the Sun. 


(vi) Ha^ fonnd T , we can now find C Herculis. Its right ascension b 

16L 39m., in time, = 249° 45' in angular measure. On the equator measure off 

«lf»Af = 269° 45' in the direction west to east (i.e. the direction of direct motion) 

firom V ; we mnst, therefore, take Jf = 69° 45'. On the declination circle 

MP, measnte off Mx = 31° 43' towards P. Then * b the required position of 
C HemOk. 


2. Find (roughly) at what time of the year the Star a Cvani i R A 
20A. 39ni., (2ecl. = 45° 04* N.) souths at 7 p.m. 








Let a be the poeitton of the star oi 
Sun’s western hour angle {QS or QP8) = 

~ Sun’s R.A. = 

20h. 39m. ih. — 13h. 39m. ; or, in angular measure. Sun’s R A = <>ru» .tk' 
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The Celestial Sphere 

Now, on September 23rd, Stm s R. A. = 180“, and it inereMM at about I* nr dav 
Hence the Sun’s R.A. will be 205“ about 25 days later, i.e. about Oetobw 

3. -dl noon onrteloivMl day (/Miie21«l)oi)er«eal rod costs on oAofiaoiital Pima 

a shadow whose length is equal to the height of the rod. Find the nf eu -» — 

and the Sun's altitude at midnight. (See Pig. 24). ^ ^ 

From the data, the Sun’s Z.D. at noon, ZQ , evidently = 45*. 

Also, if QP be the equator, ©Q = Son’s decl. = « = 23“ 27' (approx.) ; 
Therefore latitude of place = ZQ= 46“ + 23“ 27' = 68 “ 27 '. 

If 0' b© the Sun's position at midnight, 

PQ' = PQ = 90® — 23*" 27' ^ 66^ 33'. 

But Fn = lat. = 68® 27'. 

So that 0'»= 68® 27' — 66® 33' = 1®54'; 
and the Sun will be abore the horizon at an alt. of 1® 54' at midniirht. 


EXAMPLES 

1 . Why are the following definitions alone^insufficient ? — The zenith and nadir 
are the poles of the horizon. The horizon is the great circle of the oelestial spiim 
whose plane is perpendicular to the line joining the zenith and nadir. 

2. The R.A. of an equatorial star is 270“ ; determine approximately the timea 
at which thig star rises and sets on the 21st June. In what quarter of the heaTens 
should we look for the star at midnight ? 

3. Explain how to determine the position of the ecliptic relatiyely to an obeerver 
at a given hour on a given day. Indicate the position of the ecliptio relativdy to 
an observer at Cambridge at 10 p.m. at the autumnal equinox. (Lat. of Cambridge 

= 52® 12' 51■6^) 

4. Prove geometrically that the least of the angles subtended at an observer by 
a given star and different points of the horizon is that which measures the slur’s 

altitude. 

5. Show that in latitude 52® 13' N. no circumpolar star when southing can be 
within 75® 34' of the 


6. Represent in a figure the position of the ecliptic at sunrise on March 21st 
as seen by an olwerver in latitude 45®. Also in latitude 674®* 

7. If the ecliptic were visible in the first part of the preceding question, describe 
the variations which would take place during the day in the poedtions <rf its points 

of intersection with the horizon. 

8 Determine when the star whose declination is 30® N. and whose R.A. is 
will cross the meridian at midnight. 


9 The declination and R.A. of a given star are 22® N. and 6h. 20m. rosp^ivrfy. 
At wbHt period of the year wiU it be (i) a morning, (u) an evening star T In what 

part of the aky would yon then look for it ? 

10 Find the Snn’s R.A. (roughly) on January 25th. Ana de^e aboni 
what time Aldeharan (R.A. 4h. 33m.) wiU cross the meridian that night. 

1 1 Where and at what time of the year would yon look for FomMamt ? (R.A 
•22h. decl. 29“. 66' S.) 
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CHAPTEK 111 

ON TIME 


I. The Mean- Strx axd Equatjoks or Time 


43. Disadvantage of Sidereal Time 

In Chapter II, Section II, we explained how the rotation of the 
Eanh with respect to the stars could be used to provide a means of 
reckoning time. This time, called sidereal time, was defined bv the 

diurnal motion of the first point of Aries. We shall show that this 
measure of time is not suitable for everyday use* 

The sidereal time of the Sun’s transit across the meridian, which 
occurs at midday, is equal to the Sim’s R.A. (Art. 29). But we have 
seen (i^ection II, Art. 34) that the Sun s R.A. increases throughout the 
year at the rate of approximately 1^ per day. The time of the Sun’s 
transit, in the sidereal time system, therefore gets later and later dav 
by day, and by a total amount of 24h. in the course c>f the year. 

Thus. ' .9. the time of noon would be Oh. on March 21st, 6h. on June 
21st, 12h on September 2.Srd. and I8h. on December 22nd, and the 
phenomena of day and night would bear no constant relation to that 


time. This makes it impossible to use sidereal time for everyday 
purposes. The Sun is the heavenly body which is most closely related 
to human actiiuties, because it is the apparent dinmal motion of the 
Sun that controls the hours of darkness and light. It is therefore 
necessary, for the purposes of everyday Ufe, to choose a system of time 
that is closely related to the Sun and such that the middle of each day 


comes at or near the time when the Sun transits across the meridian. 
The most natural system of time to choose to meet this requirement is 
apparent solar time, which is the time as indicated by a snn-dial. 


44. Apparent Solar Time 

Apparent A’oon is the time of the Sun's upper transit across the 
meridian, that is. in north latitudes, the time when the Sun soutkg. 

^ r f 

Apparent Midnight is the time of the Sun’s transit across the meridian 
below the pole (and usually below the horizon). 

An Apparent Solar Day is the interval between two 



apparent noons, or two consecutive midnights. 

Like the sidereal day, the solar day is divided into 24 hours, which 
are a'^ain divided into 60 minutes of 60 seconds each. For ordinary 
purposes the dav is divided into two portions : the morning, lasting 
from midnight to noon : the evening, from noon till midnight ; and in 
each portion times are reckoned from Oh. (usually called 12h.) up to 
12b. For astronomical purposes the practice up to the end of the year 
1924 was to measure the solar time by the number of solar hours that 
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On Timb 


Heuc^te rTn? r*" nea«r the Earth is to the S™, 

Ut the true Sm be denoted by 5, and the dynamical o^Siu 
then (Fig. 25). angles are measured m tune, 

£i = (hour angle of S) — (hour angle of S.) == / 8PS • 

or = (R.A. of Sa - (RJI. of S) ; *’ 

measured in opposite directions. 

k December Slst), coincides witi 

o by definition ; so that = 0. 

. pengee (p) to apogee (o), the Sun has described 180®. and tb* 


will also 


CU^Ifl 



JNow since S is moving 
most rapidly at perigee, 
and most slowly at apogee, 
S will move ahead of 
after perigee and S will lag 
behind S^ after apogee. 

Thus : From perigee to 
apogee Fj «s negative. 

From apogee to 
El is positive. 


perigee 


and El vaniskes twice a 
year, viz. at perigee and 
apogee. 
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Equation of Time due to OUiqoity 

Let the portion of the equation of time due to the obliquity be 
denoted by F,. 

Take on the equator so that Then will be the 

astronomical mean Sun. Draw PSiM, the secondary to the equator 
through Si . Then 

El = hour angle of Sj — hour angle of S^ 

±SiPSi (taken positive if iS| is west of S^) 

= /_TPSi — ZiTPSi = T-S, — Tif = TS, — TJtf, 

all angles being supposed converted into time at the rate of 15® to the hour. 

.tt the vernal equinox,* when Si is at T, S^ will also be at T; 
90 that — 0^ 

* The vernal and aatnmnal equinoxes are, strictly, the times vrhea S, and not 
5,, coincides with the equinoctial points, but, as is always near df, tlw dIsliiietiQn 
need not be considered bme. The same remarks apply to the solsliees* 






Equahox of Time due to Obliquity 


4:5 


Between the vernal equinox and summer solstice , the angle* r J 
will be < 90®, and, therefore, < ; hence, T3f<T‘^i ; therefore 

TM < VS, ; and « positive. 

At the summer solstice, 5^ is at C, and ^2 at Q, where T Q— T 
90°. Hence tQC = 90° ; and M is also a,t Q; so that — 0. 
Between the summer solstice and autumnal equinox we shall have 

But tM =£== — = 180° ; therefore ‘Y ’ M > ; 

VM > ^(§ 2 ; and E^ is negative. ^ ^ 

'At the autumnal equinox, since tC— = ^Q—~ 180 , <h,, 

will both coincide with — ; so that = 0. 

In a aimilar manner we may show that : 

From the autumnal eouinox to the winter solstice. E.y is positive. 


winter 


8 


0 . 


From the winter solstice to the vernal equinox, E^ts negati 



Fig. 26 . 


Collecting these results, we see that 
(i) From equinox to solstice is 


From 


times a year, viz. at the equinoxes 


51. Graphic fiepresentation of Equation of Time 

The values of the equation of time at different seasons may now be 
represented graphically by means of a curved line, in which the abscissa 
of any point represents the time of year, and the ordinate represents 
the corresponding value of the equation of time. 

In the accompanying figure (Fig. 26) the horizontal line or axis 
from El to El represents a year, the twelve divisions representing the 
different months as indicated. The thin curve represents the values 
of El, the portion of the equation of time due to the unequal motion ; 
this curve is obtained by drawing ordinates perpendicular to the 
horizontd axis and proportional to Bi. Where the curve is below the 
horizontal line is negative. 
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1 he thick curved line is drawn in a similar manner, and represents 

on the same scale, the values of the equation of time due to the 

obliquity. 

In drawing the diagrams to scale, it is necessary to know the maxi- 
mum values of E^, 

We can calculate with more than sufficient accuracy by the foUowing method. 

In Fig. 27 ABA'B' represents the apparent orbit of the Sun around the Earth 
Ey which is an ellipse of small eccentricity, snch that EC U about of CA. H 

is the second focus of the ellipse (see Appendix, § 2), AC A' is the major ftyia and 
ELy CB, HK are perpendicular to AA\ 

If we neglect the slight curvature of BK (which is really much leas than in the 
figure, EC and HC being exaggerated) the triangle BKM is equal to ECM. To each 
add the figure ALBMEy then the sector ALBKME = ALBC = of the whole 
ellipse. Hence the time of describing the arc ALBK is J of the periodic time ; 
therefore an imaginary Sun whose angular velocity about R is uniform has moved 
through 90^ from A, and is at L when the true Sun is at K. 

The angle KEL has KLjLE for tangent; 
now KL — HE = of CA ; and EL is 
nearly equal to CA, Hence 

tan KEL = == ‘^^33. 

From the tables KEL — 1° 54'. This is 
the difference of R.A. between the true Sun 
and the dynamical mean Sun. In time it is 
equivalent to 7m. 363. or 7*6m. 

Since this is the difierence if R.A. at 
the zniddie of the period from perihelion to 
aphelion, we assume that it is the maximum 
difference. 

Fj ke calculated approximately by 
ugjTig the formulae for right-angled triangles 
given in Art. 10. In the spherical triangle 
T3/5 i (Fig. 25), the angle at If is a right-angle. The angle at T ifi €, the 
obliquity of the ecliptic, 23' 2i * We have 

cos € — cot tan T3f. 

Since E, vanishes for longitudes 0® and 90®. we may assnme it to have its 
maximum value for a longitude of about 45®. Putlang = 46®. we obtain 

r Jf = 42® 32'. 

Hence T,. which is measured by the difference between Tff, and Tif, baa 
a maximum value of about 2J® = 10m. in time. 



From tbe above we have then ; 
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Hence the greatest distances of the thin and thick curves from the 
hori*ontal axis should be taken to be about 7 and 10 units of length 

respectively. 








Graphic Representation of Equation of Iimf 


We 1 
of time. 


ay now draw the diagram representing E, the total equation 
We have 


Hence, at every point of the horizontal line wc inubt cnet an 
ordinate whose length is equal to the algebraic sum of the ordinates 
(taken with their proper sign) of the two curves which represent h, 
and Eo. The extremities of these ordinates will determine u new curve 

which represents E. 

This «urve is drawn separately in Fig. 28. 

It cuts the horizontal axis in four points. At these point.s the 
ordinate vanishes, and E is zero. Hence 

The Equation of Time vanishes four times a near. 



52. llfiscellaneous Remarks 

From Fig. 28 it will be seen that the largest fluctuations in the 
equation of time occur in the autumn and winter months ; during 
spring and summer they are much smaller. 

The days on which the equation of time vanishes are about April 
16th, June 14th, September 1st, and December 25th. 

Between these days E increases numerically, and then decreases, 
atta ining a positive or negative value at some intermediate time. 
These maxima are : 

— 14m. 21s. on or about Feb. 12th : -f 3m. 45s. on or about Mav 1.5th. 

— 6m. 22s. on or about July 27th ; v 16m. 223. on or about Nov. 3rd. 

53. Inequality in the Lengths cf Morning and Afternoon 

If we neglect the small change in the Sun’s declination durino the 
day, the interval from sunrise to apparent noon is equal to the interval 


Ok Time 




nZrnt T ? r “d .fteniooii «, 

ooon coincide, i. onl« the eq^tion of ^ ^ 

and afternoon wUl not be equal in length. 

Let r. « be the mean times of sunrise and sunset, E the equation 
of tune. Then; — ^ 


12h 


sunnse to mean noon. 


12h. 


Similar! 

H 

therefore :- 


occurs later than apparent noon hy B ; thni 

- E = interval from sunrise to apparent noon 

- E — interval from apparent noon to snnset 


12h. 


E 


or 


12h. - 2E 


so that the sum of the times of sunrise and sunset is less than 12 hours by 
ruice the eqxuUion of time. 

The length of the morning is 12h. — r, and that of the afternoon is s. 
Xow the last relation gives 

2E = (12 — r)~s 

or 2 (equation of time) = (len^ of morning) — (length of q^emoM). 

About the shortest day (December 22Dd) the curve representing 
the equation of time is going downwards, hence B is decreasii^. But 
the length of day is changing very slowly (because it is a minimum), 
hence, for a few days, the half length, s E, may be regarded as 
constant. Hence, s must increase, and, therefore, the mean time of 
sunset is later each dav. SimilarlT, it mav be shown that sunrise k 
also later* The aftemoaDs, therefore, begin to l^igthen, while die 
mornings continue to ahorten, 

Simiiariv, abont June 21fit. the afternoons continne to lengthen 
after the longest day, although the mornings are already dimtening. 



n .Vor. 1. tke smmiial is I6m. 20s. befon tk clod 
rose (Mi 6i. 54m.^ tmd tie time uf smsuet. 
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Time from 
Time from 


Ami time from 

from 


sanriae to mean noon = l^h. — 
apparent noon to mean noon 
sunrise to apparent noon 
apparent noon to stmset 
mpan ftonn to mnaet = 4h. 49m 


6b* 64m. — 5h* Bin. 

— Oh. Idm. 20 r . 
^ 4h.4tai.40a. 
— 4li.40m. 40a. 
40e. — lem. 20a. 

= 4h.33to.a0a. 


the time <A sansei waa 4h. 33m. correct to the neamt minate. 
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eq^uator j tie gravitational attractions of the Sun and the Moon on the 
equational bulges tend to tilt the axis of the Earth and give rise, as we 
shall see, to the precession of the equinoxes — ^the first points of Aries 

and Libra. 

A compUcation is introduced by the fact that the precession of the 
equinoxes is not uniform. The Moon’s orbital plane does not coincitie 
with the ecliptic and is not constant with respect to the background «»f 
the stars. In consequence the action of the Moon, which coiitrii)utea 
to the procession is not uniform. The variable part of the Moon’s 
action, together with a similar but smaller variable part of the Sun’s 
action, give rise to irregularities in the precession of the equinoxes, 
which are known as niAation. A fuller explanation of nutation is 
given in Chapter XVIII, Art. 469. 

Now since the right ascension of a celestial body is equal to the 
sidereal timp. of its transit or meridian passage (Art. 29) and since mean 
noon is, by definition, the instant of transit of the mean Sun ( Art. 47), it 
follows that the sidereal time at mean noon is equal to the right ascension 
of the mean' Sun. The right ascension of the mean Sun is measured 
^m the true equinox; if the equinox were fixed or if it had a 
uniform motion, the right ascension of the mean Sun would increase 
at a uniform rate. But, on account of the irregularity in the 
motion of the equinox, Imown as nutation, the right ascension of 
the mean Sun does not increase quite uniformly. Hence also the 
sidereal time at mean noon does not increase uniformly. It follow.s 
that the radereal days, which are measured by transits of th<.> true 
equinox, are not of equal length. 

Sid^al time, as defined in Art. 28, such that Oh. Om. Os. is the 
instant of transit of the true vernal equinox or first point of Aries is 
therefore not uniform. In this respect it is analogous to apparent or 
true solar time. For this reason the sidereal time so defined is termed 
apparent sidereal time or true sidereal timr. 

The time that is determined from observ'ations of the st^rs is 
apparent sidereal time, just as the time that is given by observations 
of the actual Sun is apparent solar time. 


57. Mean Sidereal Time 

We imagine a mean equinox which has a uniform mot 
equator and which is so chosen that the extreme irregularit 
of the true equinox with respect to the mean equinox 
amount in botdi directions. The right ascension of the b 
measured from the true equinox is termed nutrUion in rit 
The extreme values of the nutation in R.A. are ± l«-2. 

The ri^it ascension of the mean sun when measured fr 
equinax will increase uniformly and sidereal days, measure 

M. ASmOH. 
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365 J mean solar days. In this period both the trup and mean vSun 
describe one complete revolution, or 360"^ from west to east relative 
to I or, what is the same t hin gs describes one revolution from east 
to west relative to the mean Sun. But the mean Sun performs 365] 
revolutions from east to west relative to the meridian at any plac* . 
Therefore performs one more revolution, i.e. 366| revolutions, relative 
to the meridian. 

Now, a sidereal day and a mean solar day have been defined 
(Arts. 28, 47) as the periods of revolution of and of the mean Sun 
relative to the meridian * so that 

365 J mean solar days — 366 J sidereal days. 


From this relation we have : 


One mean solar day 


1 


1 


(1 


. sidereal days 

365 ^ 

002738) sidereal days 


or one mean solar hour 


24h. 3m. 56*5s. sidereal time 
1 sidereal day -j- 4ra. — 4s. nearly 
Ih. + 10s. — Js. sidereal time, 


and 6m.of mean solar time = 6m. -|- Is* sidereal time nearly. 
In like manner we have 

One sidereal day -- ( i 


1 


366J 


mean solar da%*5; 


(1 


002730) mean da vs 


23h. 56m. 4'ls. mean time 


1 mean day — 4m 


4s. nearly : 


or one sidereal hour 
and 6m. sidereal time 


— Ih. - 10s. of mean time, 

= 6m. — Is. mean solar time nearly. 


59. Approximate Buies 

From the results of the last paragraph we have the tollowirv^ 
approximate rules 

4 - 

r© teducc d intervol of tnccDi tiuie to sidereal time, add 

for every hour, and Is. for every 6m. in the given interval. For everv 
minute so added, subtract Is. 

® of sidereal time to mean time, subtract 

jj , hour, and Is. for every 6m. in the given interval. Then 

add Is. for every miniite so subtracted. 
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Examples * — ExprtM tn sidereal time an inietval 

The calculation stands as follows : — 

Mean solar interval 

Add 10s* per hour on 13h. 

,, Is. per 6m. on 23m. ... 


25s* msM line. 


H. 

13 


* ^ * 


23 

2 


s* 

25 

10 

4 


13 




Subiraci Is. per Im. on 2m. 13*8s, 


39 


Required 


* ♦ 


The calculation stands as follows ; 

Given sidereal interval 

Suhiract 10s. per hour on 14h. = 2m.^0s. 1 
,, Is. per 6m- on 46m, (nearly) = 8s..' 


= 13 26 37 

Tjf sidereal time. 




* * 4 


H* 

M. 

s. 

14 

45 

63 


2 

28 

14 

43 

25 



3 

14 

43 

28 


Add Is. per Im. on 2ni. _ 

Rt^niirod interval of mean time ~ 

If accuracy to within a few seconds is not f 
correction of la. per Im. may be omitted. On the other hand, if the 

iuterval consists of a considerable number of days or 

decimal of a second is needed, the results found by the rules wiU no 

Ka nrtiwrt We must instead, add 1/365J of the given mean 

.dW interval » e.bt»et i;3M| of a.. 

oonvert^ 

^ 1 -• onnivalent intervals of mean sidereal time and 

mean solar time mto e<jui _ Jnnp without any 

conversely. These enable the conversions to be done without any 

calculation. 

1 *p;«,o at a mven instant of Mean Solar 
80 To find the Sidereal Tune aX a givra m» 

Time <m a ^ date at Gieenwidi 

vgtv V ^ZmoiMic* gives under the headmg Sider^ Time 

- avil j ttoo .n .^dnight .t GKentrich on every d.y of the 

■r> ^ 10^1 ii* wAK ffivcu for mean noon. ^ 

Before 1931 it was g tinmber of hours, nunntes, 

>^ow the given mean time repre^^ er^ressed in 

and seconds ® into sidereal time ; we then Imjc 

•' f ,he rear 1925. mean tinie has been rednaied Iron 

+ Sint^ the beginning of the j ear iu«. 

midnight, not from noon. 


V 
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Thus, let m be the mean time at the given iustant, measured from 
the preceding mean midnight, the sidereal time of mean midnight from 
the Nautical Almanac, and let k — 1/365J ; so that 1 + ^ is the ratio 
of a mean solar unit to the corresponding sidereal unit 


Then, from mean midnight to given instant ■ 

Interval in mean time 
So that interval in sidereal time 
But, at mean midnight, sidereal time 


= m ; 
ui "I” km* 

= ; therefore, at 


given instant : 


required sidereal time, s = A" m km. 


If the result be greater than 24h., we 
are always measured from Oh. up to 24h. 


lUst subtract 24h., for times 


ByampTo — Find the eidereal time corresponding to mean time $A. 15m. 40.$. a.u. 
on Dee. 20th, 1940, given that the sidereal time of mean midnight teas 5h. 53m. 42«. 

From mean wiMnight to the given instant, the interval in mean time is 

8h. 15m. 40s. 

Converting this interval to sidereal time, by the method of Art. 59, we have 

Mean solar interval ~ 8h. 15m. 40s. 

Add lOs. per hour on 8h. = Im. 20s. 

Add Is. per 6m. on 15m. 40s. = Ss. 


Subtract Is. per Im. on Im. 23s. 

Thus, sidereal interval sinoe mean midnight 
But sidereal time of mean midnight * 

Sidereal time at instant required 


8h. 17m. 3s. 

Is. 

= 8b. 17m. 2s. 
= 6h. 63m. 42s. 

= 14h. 10m. 44s. 



instant of llean Solar Time 


Greenwich 


Under the heading “ Transit of First Point of Aries,” the Nautical 
Almanac gives for each day the mean time when T is on the meridian, 
».& the mean time corresponding to sidereal time Oh. Om. Os This is 
called sidereal noon. 


iiea we given 

Let the mean 


of preceding 


= m 
= m^. 


Then from sidereal noon to given instant 
Interval in mean time = m — ; 

so that interval in sidereal time = (m — mg) A- (m — mg) 

and required sidereal time {m — m^) k {m — m^) 
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Ox Tdce 


Dt£. 20tk, 1940, 

As the mean 
mean time at M 





>*•9 mmm hmm Sk. 15m, 4^ am 
^ om Dec, Wik wme ISJL dm. 20m 


§oc^ whidi 




to 


m 


9k. 


9k, 47in, 40 b. 
oi Art. 59, wo find 


time is 14h. 10m. 44s. 


= 24k, Om. Os.^ the required sidereal 
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To fiTMi the ] 
of Sidereal 



to a 



!Rziie at G reen w i ch 


Subtract the sideral time 


time ; 


expressed m sidert 
result is the mean 
Let I' = 1 366 
solar unit. 


of mean midnight £rom the 
1 which has elapsed ^ce n 
Convert this interval into m 



time ; the 


4 > 



k' is the ratio of a sidereal to a mean 


s. and let the sidereal time of the 


Then from mean mi 


instant : 


0 3 




SO that interval in mean time = (^ — %) — k" {$ — 
and required mean time iw = (4 — ^ 0 ) — 

If r be less than we must add 24h. to ^ in order that tiie 
s ma V be reckoned from the same transit of ^ , 

j V 

Fimd ike titme oorTtspom^nq to Itt. 0»- 57#. #^mal i 

5ik, 1940, sidereal lime at mean midnigkl ke^mg 145. 51#- 


a<#. 


16h. 5m. 57^. — 14k. 50m. 51s. = Ik. Itei, 


= Ik. Ifim. 6s. — lOs. — M 
B. is the mean time. The sidmal 
Ih. 56m. 4s* pieTiocisly, i.<. Ik. 19m. 


Hence Ik. 15m. 
579 . a sidereal day or 
of Mav 4tk. 


&.= Ik. 


also 13i« fim* 


nme oonespondiiig to a gnrm 


of 
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Time at Qreenwidi (alternative method) 

The \autical Almamae also contains, under the headi^ • Tr^ 
.f F.r.' Point of Ah, ” the me.n tin., when OT- i. on the 
r when the sidereal time is Oh. Om- Os., Le. the mean time of adefeal 
'i.^?n Let this be m,, and let t be the given sidereal time, k the factor 

) as before. Then _ 

From sidereal noon to given inst^t, a» “ = , k't 

and frA>m sidereal noon to given instant, mean ^ 

But at sidereal nwm. mean i 


%10 ^ 


« ; 


I from sidereal noon to 


k’s 


IN, 
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Therefore, at given instant : — 

The required mean Utne — m^f s — k's. 

Bramplft — the adtar time eomapondnig to 16A. &m. 5~t. sidereal t\ 
May Sih, 1940. Mean time at sidereal noon on May Mk is 9h. Ilm. 35s. i 
May Sth, 9A. Im. 39«. 

From sidereal noon on llby. 4th to given instant 

= 16h. 6m. 57 b. sidereal time 
^ 16h. 4m. 18s. mean solar time. 

Hence required mean time — 9h. 11m. 35s. -)* lOh. 4m. l$s. 

= 25h. 15m. 538. on Blaj 4th. 

— Ih. 15m. 63s. on May Sth. 

or, alternative^', 

Firom sidereal noon on May 5th to given instant 

= — 7h. 63m. 3s. sidereal time 
~ — Th. 51m. 46s. mean solar time. 

Hence teqniied mean time — 9b. 7m. 39s. 7h. 51m. 46s. on May 3th. 

^ Ih. 15m. 538. on Hay Sth. 

64. Effect cS Diffetenoe ci Lcm^tiide 

If A, B (Fig. 31) he two places whose difference of longitc 
L ° : AX hours, the transits 


of stars at A and B will take 
place when the meridian planes 
PAF and PBP (which are 
evidentiy also the planes of 
the celestial meridians of Ay B 
respectivety),psssthrongh the 
diiection of the star, ifence 
the transits will occnr ^ X 
hours earlier at B than they 
w31 occur at A. 

Now an observer at B will 
set his sidereal clock to in- 
diiate Oh. Om. Os. when Y 
mosses tiie mBridinn of B. 

When ^ transits at A, tiie 

dock at B will m a rk X h., bnt an observer at A will then set his 

clock at Oh. Qm. Os. Hence, if the two clocks be brought together 

and conqmred, the clock firom H will be ^ Xh. faster than the 

dock from A. This fact may be expressed briefly by saying that 

^e local sidereal time at H is X h. faster than the local sidereal 
t^at 

Since the Earth makes one revolution relative to the Sun in a 
setae day, in life mmmer the local soiar time at B will 
homcs fiirtrar than the local solar time at A. 


— ^ 1 


i 

\ 

I 

1 ^ 




Fig. 31. 
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66. To find Um Sdmal 

Time from Um 


Tims ftsm Urn 

in 
















If tbe longitude is not tfist of Oteeswieii, the nhow 
require a slight modification, beeanee the iidenal tisM of 
night, and mean time of transit of T are tabnlated for OaMSwish. 

In such cases, the safest |daa is as foQows : — Find the 
time co r re sp onding to the given local time (Ait. 66}. 

Greenwich time from mean to adeteal, or sidaraal U 
case maj be, and then find the ernnapaudkag lood tiam 
Let the longitude be west of Greenwich 
longitude is east). 

Let Mj be the mean and S| the sideieal local 

corresponding times at Greenwich, 

Let h, h'. nv *0 ^ •• “ ^ 

By Art, 64 we have, whether the times bo loeni or Mmml» 

(Greenwich time) — (local time in Umg. L® W.) «» ,», L k •• 4fi 

* L = 








Therefore 


ss, 


m 


raquimd, we have (in hsnnh 

as M] + 


Arts 


fan 


( 


*o 




t.e. 


so that 


(»i - 

fallj 


fa*! "f“ tV ^ 

— ••*) - 4 * A 


m*) + *(^ 


mJ -f Kflb — «•) + 


« « *r V 

(«) 


Bv Arts. 62, 63, m 


\.e 
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= #1 + iftr 


. os-f s — 

= u — 

-*.) — 

A'(s - 

•^Ot*i 

\ — (^1 

— *») * 
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- Ai 

= Ui ' 
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= fa. 
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8inee the star's R.A. is lees than the aideieal «wiu> of oiidii^ht, 

the former by 24h.. in order that both may be measured front tl 

noon/* 

Sidereal time of tranait + 24h 

Subtract ,, midnight 

Sidereal inteiral from midnigh t to tfansit 

To convert into mean solar imits, snbtract 

Mean Solar interval from midnight to transit 

So that Aldd^amn transits at 23h. 6m. 35s. mean t 


must moraasa 

ct 


tifiM) on tie. monUit^ c/ September isf, 1940. 
Longitude of New York = 74® W. 


b * 


Local mean time at New York 

Add for 74® west longitude redttoed to time 

Therefore Greenwich mean time is, Septemb^ Ist 
To convert this interval to sidereal nnita, add 


Whence sideieal time elapsed since Greenwich midnight 
Bat at GreCTwich midnight sidereal time {hy data) 


* » 4 


Sidereal tinm At Grronwich is titoceforB 
Subtract for 74*’ vest longitade 






* ♦ • 


Sdereal tune at New Yack 


4, To find tie Paris mean time of transit of Regains 
1940. 

Longitade at Paris = 2® 21^ E. R,A 

„ Nice = 7® 18* E. 

Sidereal time at Greenwich midnigfat 

Here local sidereal time of transit at Nice ... 

Subtract east loneitude of 7® ir, in time 


of Regabu 


• * * 


I Til 


Tlierefore, Greenwich aklmnl time of tr 
Subtract Greenwich sktereal time at mi d ni ght 


ideresi interval since Greenwich midn i g ht 
'n convert to mean solar units, snb^act 

ireenwich m^an tune is therefore ... 
kdd rtisl loniritude of Paris, expressed in ti 


* - * 


4*0* 


Paris mean time of transit 

That U, 3h. 27m. 


4 « • 


4 4 4 


4 • * 


Ha 

X. 

8. 

28 

32 

33 

5 

22 

10 

23 

10 

23 

0 

3 

48 

23 

k 

6 

35 

Sa (local 

am 

tOm. Itta 


Ha 

Xa 

s. 

9 

26 

31 

4 

56 

0 

14 

21 

31 

0 

2 

22 

14 

23 

53 

22 

40 

1 

13 

3 

54 

4 

66 

0 

8h. 

7tn. 

54a. 

ZXfieesiier 26li 

H. 

Xa 

8. 

10 

5 

15 

6 

17 

21 

10 

5 

15 

0 


12 

9 

36 

3 

e 

17 

21 

3 

18 

42 

0 

0 

33 

3 

18 

9 

0 

9 

24 

3 

27 

33 


in the morning on Heoember 26tb. 

.5. This .rumple is giren as aa exa m pl e of the old method <rf time leckoDUg.^ 

> lad tie R 4 of tie San at tme noon on October 8A. 1891, giaem <laf the egm^ion 

j.*.. ..I ^ 

21 j( wo* 54*s. 62-t. 
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At rvic«?s, it is usual to alter the clocka each night by a ■mmiM.r of rainntM 
such that, at local noon the following day, the time shown by file 
clocks shall be approximately 12h. The time shown by the diip’a 
clocks is called ship time. In the British Navy, a ^stem of zone fwnes, 
each of which differs by an integral number of hours from Gremrwich 
mean time is used. The zones are bounded by meridiana of lon^taide 
at intervals of 15', or 1 hour, apart ; within each such time zone, 
mean time appropriate to the central meridian is kept. Thus, in the 
zone between loi^tudes B. and 7^** W., Greenwich mean time is 
kept. This zone is designated zone 0. The next zone to the westward 
lies between longitudes 7^° W. and 22^° W (or Oh. 30m. W. and Ih. 30m. 
W.) ; the time kept is one hour slow on Greenwich Mean ’Hme and the 
zone is designated zone 1. The ne^ zone to the westward Ues 
between longitudes 22|^® W. and 37J° W. (or Ih. 30in- W. and 2h- 3(>in. 
W.) : the time kept is two hours slow on Greenwich Mean Time and the 
zone is designated zone -1- 2, and so on. Similarly, the first aone 
eastwards &om the central zone is designated zone — 1 ; it is bounded 
by longitudes E. and 22J® E. and tiie time kept in it is one hour 
fast on Greenwich. The successive zones eastwards are designated 
zones — 2, — 3. — ■» 

It should be noted that in each zone, the designation of the zone (in 
hours) is to be nAAM to the zone time to obtain Greenwich mean time. 

70. The Date line 

Proceeding eastwards from Greenwich the time in the twelfth zone 
(which is bounded by the me ridi a n s 172J* E. and 172J W., or llh. 
30m. E. and llh. 30m. W.) will be 12 hours fast on Greenwich mean 
time, whilst proceeding westwards the time in the same zone wiD be 
12 hours slow on Gre^iwich mean time. Zones 12 and *1“ 12 ue 
identical ; in order to avoid cmifusion, the half of this zone lying in tim 
eastern hemisphere and bounded by the meridians llh. SOul E. am 
I2h Om. E. is called zwie — 12, whilst the other half, which lies m ^ 
western hemisphere and is bounded by the meridians llh. 30^ W. 
and 12h. Om. W. is called zone -f- 12. The 180th mendiau from Green- 
wich is called the dale line. .... i... 

If at Greenwich, it is midnight on the night of say, Dwei^r 

14-15 the time carried by a ship approaching at that instant the d^ 

Une frU the west will be noon on l^th^ but 

mg it from the east it will be noon on lumber 1^ 

date Une, the date on the former ship will be changed cliaiiBed 

one day being t hus repeated ; the date on latter ship wiB be changed 

Tw>^mber 15th and one day will be missed out. 

The actual date line is slightly difEHent from -- 

from Greenwich, where this runs over or is adjacent to land 
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73. Suzamer Time 

Tn xiiany countries, it has become customary' to advance the docks 
during a certain portion of the year (around the summer months) by 
an amount that is usually one hour, but which in some cases is 30 

so altered, is termed Summer Time. 

Thus, iu Great Britain, the clocks are normally advanced by one 
hour on a date in April and put back by one hour on a date in October. 
To cause the minimum of inconvenience, the change is made at 2 a.m. 
on a Sunday morning, Durii^ the period of summer time, this time 
becomes the legal time of the country. 

British summer time, being one hour fast on G.M.T. is simply the 
time for the Zone — 1. 

As a war measure, British summer time (B.S.T.) was extended to 
applv to the whole of the year in 1940 and subsequently. The clocks 
were advanced an additional hour between a date in May and a date in 

w 

August. ti.xed bv Order in Council, in 1941 and subseqnent years. This 
time, known as Doable Summer Time, is the rone time for Zone — 2. 


VI. — UsTTS OF Time — ^The Caeexdae 


74. Tropical, Sidereal, and Anomalistic Years 

Hitherto wo ha ve defined a year as the period of a complete revolution 
of the Sun in the ecliptic. In order to give a more accurate defimtiou, 
however, it is necessary to specify the starting point &om which the 
revolution is measured. e are thus led to three different kin ds of years. 
\ Tropical Year is the period between two successive vernal equi- 
orC time t^eo b.^he Sm. to perform . compbt. revotatioa 
relative to the first point of Aries. This year is the natural umt marked 
out for the use of man, because the seasons recnr after the mtcrval of 
^ -ropiral vear. If. therefore, the civil year is adjusted to agree m the 
nean with the tropical year in length, the seasons will always recur at 

about tijc same dates in each year. 

Tl'‘=' length of the tropical rear in mean solar time is very appron- 

n.an I 5h. 48m. 45-988. at the present time. For many purposes 

!T Ti'av taken as 3b5j days. » x- r Onn 

\ S.hr.al year is the period of a complete revolution of the Sun, 

.Mrtmrr from and returning to the secondary to the ^Uptic thr^ 
. .me fixed star. Thus, after a sidereal year the Stm will have return 

- exactlv th^ siime position among the conste^tioM. 

If r wer. a fixed point among the stars, sidereal and 

- would be exactlVof the same length. But T has an ^ 
.. Trograde motion of 50-26* among the stim. Consequen ,, 

N ear is tcithor shorter than the sidereal- 


r T r> M t A 1 
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Tropical, Sidkreax, A2a> Aktomalistic Years 


An Anomalistic Year is the period of the SunA revelation relative 
to the apse line, or major axis of its orbit — ^in other words, the interval 
between successive passages through perigee or apogee. 

Owing to a progressive motion of the apse of line, the positions of 
perigee apogee move forward in the ecliptic at the rate of 11*20 
per ftHTiTiTn (Art, 137). Hence the anomalistic year is rather longer 

than the sidereal. 

It is easy to compare the lengths of the sidereal, tropical, and 
anomalistic years. For, relative to the stars — 


In the sidereal year the Sun describes 360^, 

In the tropical year it describes 360^ — 

In the anomalistic year it describes 360^ -f 

; — (Sidereal year) : (Tropical year) : (Anomah 
= 360° : (360° — 50-260 : (360 + 11-250 


50-26 
11 * 25 " 


From this proportion it will be found that the sidereal year is a bout 
20m. longer than the tropical, and 4^m. shorter than the anomalistic. 


75. The CSivil Tear 

For ordinary purposes, it is important that the year shall possess 
the following qualifications 

Ist. It must contain an exact (not a firactional) number of days. 

2nd. It must mark the recurrence of the seasons. 

Now the tropical year marks the recurrence of the seasons, but its 
length is not an exact number of days, being, as we have seen, about 
365d. 5h. 48m. 45-98s. To obviate this disadvantage, the civil year 
has been introduced. Its length is sometimes 365, and sometimes 
366 days, but its average length is almost exactly equal to that of the 
tropical year. 

Taking an ordinary civil year as 365d., four such years will be less 
than four tropical years by 23h. 15m. 3‘92s., or nearly a day. To 
compensate for this difference, every fourth civil year is made to 
contain 366 days, instead of 365, and is called a leap year. For con* 
venience, the leap years are chosen to be those years the number of 
which is divisible by 4, such as 1892, 1896. 

The. introduction of a leap year once in every four years was due to 

Julius Caesar, and the calendar constructed on this principle is called 
the Julian Calendar. 

Now three ordinary years and one leap year exceed four tropical 
years by 24h. — ^23h. 15m. 3-92s., i.€. 44m. 56*08s. Tbus, 400 years of 
the Julian Calendar will exceed 400 tropical years by 

(44m. 56-088.) x 100, <.€. by 3d. 2h. 53m. SOs. 
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To compensato foi this difference the calendar now in was 
introduced by Pope Gregory XIII in 1582. In the Gregorian CoAeniar 
it is arranged that three days shall be omitted in every 400 years. 
This correction is called the Gregorian corree^ion and is made as foUows : 
Every year whose number is a multiple of 100 is taken to be an ordinary 
year of 365 da^'s, instead of being a leap year of 366, unless the number 
of the century is divisible by 4 ; in that case the year is a leap year. 



— (i) 1892 is divisible by 4, and the year 1892 is a leap 
year, (ii) 1900 is a multiple of 100, and 19 is not divisible by 4, so 
that 1900 is not a leap year, (iii) 2000 : the number of the century 
is 20, and is divisible by 4, and therefore 2000 is a leap year. 

The Gregorian correction still leaves a small difference between 
the tropical year and the average length of the civil year, amounting 
to onlv Id. 4h. 55m. in 4000 years. 


76. The Julian Day 

The change of style, combined with the change of sign in B.c. yearn, 
and the two methods of expressing these years, all make it desirable 
to have some mode of reckoning time that goes on continuously, 
without any change either of sign or of method. Such a system was 
devised by Joseph Scaliger (1540-1609). He simply made a count of 
mean sol^ days, his sero point being the year B.c. 4713 ; 1^ i^ns 
for choosing this date need not be given ; the important pomt is that 
it PjLrlier than any events to which accurate dates can be assigned, 
t Uko Jg always positive. His father's O-ristiao o^e 

was Julius, so he called it the system of Ji^n days He ^ m^y 
occunied with dating early events, so he chose the longitude of Alex- 
Sa by which to reckon the beginning of his days ; but in m^m 
times the Julian Day has been considered to begm at Greenwich Mean 

^ '"men at the commencement of the year 1925, the beginn^ of the 

a..tronoinical day was changed from Greenwich noon to imdnight it 

decided bv international agreement that the Juhan ^y sho 

r«ntinue to be^n at Greenwich noon. The reason was that t^ a^- 
contmu the beginning of the astronomi^l day 

Ai,\ not applv to the Juhan system ot recxonmg. v . . 

<lj.i nor TnliAn davs. thereby 


it 


enabling 

ro observations to be at once obtained 
fat^uce . discontinuity of hslt . ds 


“' rt' VoS Almanac hns for many y«.TS given UN» f« nsdi.^ 
ralppdar dates to Juhan _ - H ^ respectively . 
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they are 2415021, 2429630, 2451545. The student will find the Julian 
system useful in calculating the dates of future eclipses by the cycles 
given in Chapter IX. We can also use it for finding the day of the 
week ; divide the Julian number by 7 ; then remainder 0 is Monday, 

1 is Tuesday, 2 is Wednesday, 3 is Thursday, 4 is Friday, 5 is Saturday, 
6 is Sunday. 


EXAMPLES 

1. To what angles do Sidereal Time, Solar Tune, and Mean Time correspond 
on the celestial sphere ? Are these angles measured direct or retrograde ? 

_2. Draw a diagram of the Equation of Time, on the supposition that perihelion 
coincides with the vernal equinox. 

3. On May 14th the morning is 7*8 minutes longer than the afternoon : find 
the eqnation of time on that day. 

4. On a sundial placed on a vertical wall facing south, the position of the end 

of the shadow of a gnomon at mean noon is marked on every day of the year. 

Show that the curve passing through these points is something like an inverted 
figure of eight. 

5. Why are not the graduations of a level dial uniform ? Show that they will 
be so if the dial be fixed perpendicular to the index. 

6. Show that if every 5th year were to contain 366 da^^s, every 25th year 
367 days, and every 450th year 368 days, the average length of the civd year 
would be almost exactly equal to that of the tropical year. How many centuries 
would have to elapse before the difference would amount to a day ? 

7. Give explicit directions for pointing an equatorial telescope to a star of 
R.A, 22h., declination 37® K, in latitude 50° K, longitude 25° E., at lOh. Green- 
wich mean time, when the true Sun’s R.A. is 14h. 47m. 17s.. and the equation of 
time is -{- 16m. 14s. 

8. If the mean time of transit of the first point of Aries be 21h. 41m. 24-4s., 

find the time of the year, and the sidereal time of an observation on the same dav 
at 13h. 22m. 13-5s. 

9. At Greenwich, the equation of time at apparent noon to-day is -f- 3m. 39-42s.. 
and at apparent noon to-morrow it will be ,-f 3m. 35-393. Prove that the mean 

• ai. corresponding to apparent time 9 a.m. there this mominc 

IS »&. 66m. 20-9s., having given that the longitude of New York is 74° 1' W. 

flanl^ ‘T® “‘apparent noon on Sept. 30th, 1931, at LouisviUe 

(long. 86 30 W.) having given the following from the A'autkal Almanac 

At mean midnight. 

Sun’s apparent right Equation of time 

<5oTif QA on nn ' added to mean time 

Sept. 30 12h. 2Im. 32-60s. om ^l.o^ 

Oct, 1 12h. ia„. 9.38,. I S S sL’: 


EXAMINATION PAPER 

fh San and the mean Sun, stating at what points 

th J th *^® rrith the tme Son. ^how 

t^t the mean Sun has a uniform diurnal motion, and state how it measures mean 
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2. Define the equation of time. Of what two parts is it generally tak^ to 
coiLgiat ! State when each of these parts Tanishes, is positive, or n^ative. Give 

roughly their maximam values, and sketch curves showing their vaTiatk>ns 
graphicaUy. 

3. Show that the equation of time vanishes four times a year. 

4. D, on a certain day, the sundial be 10 minutes before the clock, what is the 
value of the equation of time on that day ? WiD the forenoon of that day or the 
afternoon be longer, and by how much ? 

5. Define the terms solar day^ mean solar day, sidereal day. What is the 
approximate difierence and the exact ratio of the second and third? 

6. Define the terms ctrtl year, tropical year, Julian day. Why was this last 
introduced ? 

7. Show how to express mean solar time in terms of sidereal time, and vice 
versa, 

8. If the mean Sun’s R.A. at mean midnight at Greenwich on June 1st be 
4h. 36m. 54s., find the sidereal time corresponding to 2h. 35m. 4o8. mean time 
( I) at Greenwich, (2) at a place in longitude 25° E. 

9. On what day of the year will a sidereal clock indicate lOh. 20m. at 4 p-M. ? 

10. In what years between 1800 and 2100 are there five Sundays in February ? 


CHAPTER l\ 


THE EARTH 

I Phen omena defending on Change of Position on the Earth 

77. Eaity Obs^TStians of the Earth’s Form 

One of the first facts ascertained by the early Greek astronomers 
was that the Earth's surface is globular in form. Even Homer (b.c. 
850 circ.) speaks of the sea as convex, and Aristotle (b.c. 320) gives 
manv reasons for believing the Earth to be a sphere. Anwng these 
mav be mentioned the apj)eAranc€S presented when a ship sappears 
from view. If the surface of the ocean were a plane, any person 
situated above this plane would (if the air were sufficiently clear) ^ 

The whole expanse of ocean extending to the furthemost shores, ^th 

all the ships sailing on its surface. Instead of this, it is obser^ ■ 

.V. a ship begins to sail away its lowest part ^ 

sink below the apparent boundary of the surface . 

linking will continue till only the masts are Ausible, and finally t 
will disappear below the convex surface of the water betwem the s p 

““"^.AnothetTal^in is suggested, by obser^g the stars. If Ea^’s 
.mmltaneouslv from all points of the Earth, except where concealed 


reason is su 
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meridians (Art. 18). Whilst the terrestrial poles, equator and meiidiasis 
are on the surface of the Earth, the celestial poles, equator and meridiaiia 
lie on the imaginary celestial sphere. 

80. Phenomena depending on Change of Latitude 

Assuming the Earth to be spherical, let pOqp'r be a meridian, 
section, C being the Earth’s centre, p, p' the poles, y, r points on the 
equator. Then, if an observer is situated on the meridian at O, the 
direction of his celestial pole P will be found by drawing OP pamllel 
to the Earth’s axis p'Cp, while his zenith Z will lie in CO produced, if 

gravity acts towards the centre. 

Since OP is parallel to CpP^, therefore ; angle ZOP = OCp- 
The altitude of the pole at O = 9D® — ZOP = 90"" — OCp = yCO 

or, in other words, the altitude of the 
pole at O is equal to the latitude of O. 
This result has already been obtained in 

Art. 22. 

Since the angle qCO is proportional 
to the arc gO, the latitude of a place is 
proportional to its distance from the 
equator. 

Suppose the observer to go north* 
wards along the meridian from O to CX , 
then, from what has just hem shown, 
the altitude of the pole increases from 
^gCO to ZjfiO\ hence the increase in 
the altitude of the pole { = /_OC&) is 
proportional to the arc OCf , to the 

distance travelled northwards. 

81. Southern Latitudes ^ 

. To an observer situated in the sonth^ WlfjX’ 

is ab^ve the horizon. The NoutA of 

pUfeTw", therefor the eelertW pole eeiKhde. w«b the 

““It the Eerth t North Pole, tho« rter. a» <»ly virthle whW. ^ 

north of the ® ^hoee declination is south, are seen 

travelling southwards, other s^, wn^ caching the Barth’s 

wiU be oboe, the horitoo et »ne ton. or «h-. 
































































































































The Earth 



87. To Determine the Distance and Dip of the Visible Horizon at 

a given Height above the Earth 

Let h ~ AO ~ given height of observer ; 

(t = CA = Earth’s radius ; 
d = OT = required distance of horizon : 

^ = /_HOT = required dip in circular measure ; 

D" = the number of seconds in the dip D. 

(i) Since OT is tangent to the circle at T, we have : — 

OT^ = OA, OB 

or (I- = Ji {2a + h) ^ 2ah - h-. 

This determines d accurately. But in practical applications h is 
always very small compared with 2a ; therefore may be neglected 
in comparison with 2ah, and we have the approximate formula 

d- ~ 2ah. or d = \^(2ah). 


(ii) Since CTO is a right angle : — 

/_OCT = complement of /_COT = /_TOH — D. 

Therefore, D being expressed in circular measure, we have : — 

arc AT 

^ ^ radius CT 


Xow, in practical cases, where the dip is small, the arc AT will not 
differ perceptibly in length from the straight line OT. We may, 
therefore, take arc AT — d : 


whence. D 


d y/{2ah) 


a 


a 


\ 


/ 2 // 


a 


To reduce to seconds, we must multiply b}’ 180 X 60 x CO W, the 
number of seconds in a unit of circular measurement, and we have 


D 


ISO X 60 X 60 /‘^ 


\ 


4 i 


a 


Corollary 1. — Let a. h, d be measured in miles, and let h' be the 
number of feet in the height h. 

Then li' = o2S0;/, and taking the Earth’s radius a as 3960 miles. 


we have 




3960 X h' 
5'^0 



a verv useful formula. 

Corollary 2. — Since the offing is a circle whose radius is very 


approximately equal to OT or d, we have 
Area of Earth’s surface visible from 0 

souare miles. 


-(/- = 27 raA = in 


Effect of Dip on Bising and Setting Times 




*88. Accmate Petennmation of Dip 

Tbe use of approxunations can be avoided by the exact formula : 


tan D 


TO _ y/{2ah + h^) /h{2a 


CT 


a 


a- 


wMch is adapted to logarithmic computation. 

In this, as in the preceding fonnulae, no account has been taken of 
the effect of lefiraction due to the atmo^here. 

For this reason it is important to determine dip of the horizon 
by practical observations. An instrument called the Dip Sector is 
constructed for this purpose. 

Tables have also been constructed, giving the dip of the horizon 
as seen from different heights. They are of great use at sea, where 
the altitude of a star is usually found by observing its angular 
distances from the ofSng. 


89. Disappearance of a 
at Sea 

When a ship has passed 
the offing, the lower part will 
be the first to disappear. 

Let J'O' (Fig. 33) be the 
position of the ship ; let its 
distance 00' be s, and let 
k=A'(y he the height above 
sea-level of the lowest por- 
tion jnst visible from 0. By 
the approximate formula we have OT 



^{2ah),0'T —y/(2a1c), so that 


s — -|- •y/{2ah). 

This formula determines the distance s at w 
height k disappears below the horizon. 


90. 


Bising and Setting 


To an observer on land, the offing is generally more or less broken 
by inegnlarities of the Earth's surfL. At sea! however, theTffing 
is well de^ed, and if the dip of the horizon in seconds be D", the 
viable horizon, which bounds the observer’s view of the heavcM, is 
i«|tte^ted on the celestial sphere by a smaU circle parallel to the 
celeslaal horizon, and at a distance D* below it (n'E's', Fig. 34). 

Hence the stars appear to rise and set when they are at an angular 

di^ce D below the celestial horizon. Thus they will rise sooner 
wd set later than they would if there were no dip. 
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Taking die observer’s latitade to be let z', z be the pomtions of a 
star of declination S, when rising aeross the visible hnrlwwi n'E's' a>>d 
the celestial horizon nEs respectively. Draw z'fT perp^idicnlar to 
nEs, then x' H = D'. 

Then, if the star rise t seconds earlier at af than at z, we have : — 

15 ( = /jifEx (in seconds of angle) 

arc zz' arc zz' 
sin zP cos S 


(by Art. 5). 


Bnt treating the small triangle z'z H as plane and rememberiDg 
that Z_Pxx' = 90°, we have : — 

z'H D' 

• 

sin x’xH cos nxP ’ 

therefore, t — ^ sec S sec nxP. 

Id 

r the acceleration at rising = retardation at setting. 


Corollary 1. — To an observer at the Equator, P coincides with n, 
so that /nxP — 0, it follows that the time of rising is accelerated by 

^K-jy sec S seconds. 

1 ^ 


(Corollary 2. 
E, and /_nEP — 


-If the star is on the eqaator, S = 0, z coincides with 
nP = if>, and the acceleration = see ^ seconds. 


Ill,— G eodetic Measuremests— Pigdre of the Earth 


91. Geodesy 

Geodesy is the science connected with the aocnrate measure] 
arcs on the surface of the Earth. Such measurements may 
formed with either of the two following objects 


construction 


fii) The detennination of the Earth s form and i 
second aDPlication falls within the scope of this book 


agnitude. Only 


92. A Appronmate Method of Undmg the Earth’s Sadiiis 

An approximate 
K measure of the Ear&’s 
radios can be leaddy 
found by means of the 
following simple experi- 
ment. 

Let L, M, N (Kg. 

be the tops of three 



Fio. 35. 
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posts of the same height set up in a line along the side of a strmght 
nnnn.1 Owing to the ESaith’s curvatore the straight line LM will, if 
produced, pass a little above N. Hence, in order to see i. If in a 
straight line, an observer at the post N will have to place his eye 
at a point K, a little above N, and the height KN may be measured. 
Let KL, KM be also measured. 

Since the posts are of equal height, L, M, N will lie on a circle 
concentric wiGi, and almost coinciding with, the SSarth’ 's surface. Let 
the vertical K.N meet this circle agaiii in w. Then, by the geometry of 
the circle, 

KM = KN . Kn ; o r Kn = KL . KMfKN, 

KL - KM 

= iKn (very approximately) = - 



and Radius of Earth 


2KN 


This method cannot be relied on where accuracy is required, for 
the small height KN is very difficult to measure, and a very slight error 
in its measurement would affect the final result considerably. More* 
over the observations are considerably affected by refraction. 

If the distances LM, MN are each one mile, the height KN is 
about 16 inches. If the distances LM, MN are each half a mile, the 
height KN is about 4 inches. 

93. Ordinary Methods of finding the Earth's Badios 

Where greater accuracy is required, the radius of the Earth is 
obtained by measuring the length of an arc of the meridian and deter- 
mining the difference of latitude of its extremities; the radius may 
then be calculated as in Art. 82. The instruments required for the 
observations include — 

m- 

(i) Measming rods or tapes 

(ii) A theodolite, for measuring angles ; 

(iii) A 2enitb sector. 


94. Heasuiument of a. Base Idue 

The first step is to measure, with extreme accuracy, the Ipngt-.h of the 
me joining two selected, points, several miles apart, on a level tract of 
countiy ; this line is. called a Hose Idne. A series of short upright 
posts are placed at equal distances apart along the base line, and tiiey 
are adjusted till their tops are seen exactly in the waTno vertical plane, 
and are on the same level as shown by a ^irit-level. Across these 
posts are laid measuring rods of metal, whose length is very accurately 
known, and these are also adjusted in a line, and made level by the 
spirit-level. These rods are not allowed to touch, but the small dis- 
tances between their ends are measured with reading microscopes. In 
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this way, a base line several miles long can be measured correctly to 
within a small fraction of an inch. 

The length of the rods will depend upon their temperature, which 
must be noted at frequent intervals during the observations. It is 
now customary to use flexible tapes, instead of rods, made of a special 

alloy, called invar, whose coefficient of expansion is practically zero. 

%■ 

95. Triangulation 

When once a base line has been measured, the distance between 
any two points on the Earth can be determined by the measurement of 
angles alone. For, calling the base line AB, let C be any object visible 
from both A and B. If the angles CAB, CBA be observed, we can 
solve the triangle ABC and determine the lengths of the sides CA, CB. 
Either of these sides, say CA, may now be taken as the base of a new 

triangle, whose vertex is another point, D. Thus, 
by observing the angles of the triangle ACD we can 
determine DA, DC in terms of the known length of 
AC. Proceeding in this way, we may divide any 
country into a network of triangles connecting different 
places of observation A, B, C, D, and the distance 
between any two of the places calculated, as well as 
the direction of the line joining them. Finally, two 
stations C, G are taken, which lie nearly on the same 
meridian. A perpendicular GH is let fall on the 
meridian, then the distance CH is calculated ; in this 
way, it is possible to measure an arc of the meridian. 




D 


n 


B 

Fio. 36. 


Theodolite 


The measurement of the angles is far easier in 
practice than the measurement of a base line. The 
instrument used for measuring angles is called a Theodolite. ThK 
consists of a small telescope, mounted so that it can be moved in 
altitude or azimuth, by turning about horizontal and vertical axes. 
The horizontal azimuth circle is accurately divided and provided 
with two verniers and reading microscopes, at a distance of 180 
apart, to enable the setting to be read with accuracy. The vertical 
circle’ is usually limited to a small arc, sufficient for measuring the 
altitude of one terrestrial object as seen from another. The 
ment is provided with sensitive spirit-levels, by means of which it 
can be adjusted so that the horizontal circle is truly horizontal and 
the vertical axis, therefore, truly vertical. A compass needle is usually 
provided, as an approximate guide to the direction of the no^h point 
Bv reading the horizontal circle of the theodolite, the azimuths of 
B. C'. as seen from A, are found. By using the difference of azimuth 
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Theodolite. Zenith Telescope 

instead of the angle CAB, it becomes unnecessary to take account of 
the height of the various stations above the Earth. Eor if A, are 
replaced by any other points, A', R, C', at the sea level, and vertically 
above or below A, B, G, the vertical planes joining them will be unaltered 
in position, and therefore the azimuths will also be unaffected. 


97. The Zenith Telescope 

Having thus found, with great accuracy, the length of the arc 
joining two stations on the same meridian, it only remains now to 

observe their difference of latitude. 

The Zenith Telescope is the most useful instrument for this purpose. 

It is essentially similar to a theodolite, being provided with movements 
in altitude and azimuth, but the eye-end is provided with a movable wire 
and a micrometer. Observations are made by the Talcott method, which 
depends upon the observation of a pair of stars, situated at approxi- 
mately equal distances to the north and south of the zenith respectively. 

If Sit, 8s are respectively the declinations of the north and south 
stars, Zx, Zs their distances north and south of the zenith respectively, 
and <j> the latitude, it is readily seen that : — 

Zn = Sjr — <f>i Zs — <f> — 8s 

so that Zn — Zs — 8 n “f" 8 s — 2^. 


The telescope is adjusted so that the axis about which it turns is 
truly vertical and so that the telescope lies in the meridian. It is set 
to observe the transit of, say, the northern star and the horizontal 
micrometer wire is moved to bisect the star image, as it crosses the 
centre of the field at transit. Without altering the setting of the 
telescope, the instrument is then turned through 180^ and a similar 
observation Is made of the south star. The difference in the zenith 
distances (which are nearly equal, because of the choice of stars) is 
given at once by the difference of the readings of the micrometer at 
the two observations. The declinations of the two stars being known, 
the latitude can be at once determined. 

A great advantage of this method of observation is that it is prac- 
tically independent of atmospheric refraction. As we shall see in 
Chapter VI, the effect of refiraction is to lift a star towards the zenith 
by an amount that increases with the zenith distance. As the two 
stars observed with the zenith telescope are at almost the same 
distance from the zenith, they are equally affected by refraction and 
the difference of the zenith distances is independent of the refraction. 

The observations are repeated at the second station. It should be 
noted that if the same stars are observed at both stations, the differe^ice 
in the observed latitudes is independent of any errors in the assumed 
declinations of the stars. 
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If s is the measured length of the ate of the meridian joining the 
stations, whose latitudes are supposed to be and (expressed in 
degrees) and if r is the radius of the earth, then Art. 82 gives : — 

180 8 


. — ^8 
98. Exact Kgure of iiie Eacfii 

If the Earth were an exact ^hme, the same value would be 
found for the radius r in whatever latitude the observations were 
made. But in reality the length of a d^ree of latitude, and there- 
fore also r, is found to be larger when the observation is made 
near the poles than when made near the equator, and hence it is 
inferred that the meridian curve is somewhat oval. 

Let PQP’R (Fig. 37) 
represent the meridian 
curve, 00' two near places 
of observation on it. 
Then, if OK and ffK be 
drawn normal (i.e. perpen- 
dicular) to the Earth’s 
surface at O, O', they will 
be the directions of tile 
plumb-lines of the zenith 
sectors at 0, O'. Hence 
the observed difference 
latitudes or meridian 
altitudes at O, O' will give 
the angle 0£0'. 

Itegarding the small arc 
Off as an arc of a dtde 



Q 


whose centre is X, we shall have approximately, 

= arc 00* 


(Tircnlar measure of OKff 


OK, 


or 


OK 


9XC Off 


180 


circ. measure otOKff 




and hence r, calculated as in Art. 97, is the length OK. j ^ • 

The len^ OK is called the radius of curvature of the arc. ^d £ is 

caUed the centre o/ curvature ; they are 

centre of the circle whose form most nearly coincides with the mendian 

curvature OK is not. in general, equal to 00, ^ 
distance from the centre of the Earth, owing to the Earth not. being 

quite spli6ricaL 
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As the result of numerous obsen'ations, the meridian curve is found 
to be an eUipse (see Appendix), whose greatest and least diameters, 
called the major and minor axes, are the Earth’s equatorial and polar 
diameters respectively. The Earth’s surface is the figure formed by 
making the ellipse revolve about its minor axis PCP'. This figure is 
called an oblate spheroid. 


99. To find the Equatorial and Polar Radii of Curvature of the 

Meridian Curve, supposing it to be an Ellipse 

Let PQFR be the ellipse. Let 2a, 2b be the lengths of its equatorial 
and polar diameters QCR, PGP'. Let fg be the required radii of 

curvature at Q and P respectively. 

Take any point 0 on the ellipse, and let the normal at 0 meet the 

two axes in G and g respectively. 

It is proved in treatises on Conic Sections* that 


OGiOg ^ CF:CQ^=h^ :a 


2 


First take 0 very near to Q. Then OG will become equal to the 
radius of curvature ; also Og will evidently become ultimately equal 
to GO or a. Therefore : — 


: a = : a ^ or = 6*/®- 

Next take 0 very near to P. Then OG will become equal to b and 
Og to rj. Therefore : — 

b : r 2 = b^ : a^; or = ®*/^- 

Thus fj, rj are found in terms of a, b. 

Conversely, if fj and fj are known, a and b may be found ; for, by 
solving, we find 

0=1^ (^2%). b = ^ (ri%). 

We notice that, since a > b, < r^. 

That the equatorial radius of curvature is less than the polar is 
also evident from the shape of the curve. This, as the figure shows, 
is most rounded at Q, R, and flattest or least rounded at P, P'. Hence 

it will require a smaller circle to fit the shape of the curve at the equator 
than at the poles. 


100. Exact Dimensions of the Earth 

The lengths of the Earth’s equatorial and polar semi-diameters, 
a, b, are, according to Hayford (1909), 

a — 3963*35 miles, b = 3950*01 miles. 

Thus, the Earth s equatorial semi-diameter exceeds its polar semi- 
diameter by 13*34 miles. 


* Appendix, EUipse (9). 
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The mean ra^us of an oblate spheroid is tlie radius of a sphere of 
equal volume, and is equal to Thus, tiie Earth’s mean radius 

is approximately 3958*9 miles. 

The eUifiicity or compression (c) is the fraction 

“ ^ For the Earth, e = nearly. 


a 


297 


eccentricity 


e* 




O' 


Hence 6* == o* (1 — e») = oMl — c) 

and 1 — e? = 


or 


e* 


= (1 — c)* = 1 — 2c + c* ; 

= 2c — «^ = c (2 — c). 

Since c is small. 2 — c = 2, approx. ; therefore ^ = 
which sives the Earth’s eccentricity e = *0820. 


2c, approx.. 


101. Geograj^cal and Geocentric Latitude 

The Geographicci Latitude of a place is the an^e which the normal 
to the Earth’s surface at that place makes with the plane of the equator. 
It is the latitude determined by astronomical observations. Thus, 
/_QGO (Fig. 37) is the geographical latitude of 0. 

The Geocentric Latitude is the an^e subtended at the Earth s centir 
by the arc of the terrestrial median between the place and the equator. 
Thus, Z_QCO is the geocentric latitude of O. 

102. itplations between the Geocentric and Geographical Latitudes 

Let Z.QGO = /.QCO = Draw OS pe*p. to CQ. Thai 
GS ; CS — OO ‘.Og= b* : a*; eo that SOjCS = tSOlON) X {6*/o*) ; 

or tan 4' = ^ ^ ^ 

^shi24 


also 




(1 


sin* 


since e* is small. Hence the difference betweai 
latatnde 45°, where it amounts to 11' 36'. 


— sin 2^ (approx.), 
tnd d' is a maximoro at 


EXAMPLES 

1. Show that the locus of points on the Earths snifece at which Ae Sunris es 
at the same instant is half a great drcle ; and state the comspondiiig property 

possessed by the other half. ^ 

2. Find the height of a monntain in Coimca in mder riiat it may be via 

from the sea-level at Mentone, at a distance of 80 miles. 

3. At the equator, in longitude i°, a given vertical plane ttecl^ o ^ 

north towards the west ; find the latitude and longitode of the places to whom 

horizon the giren plane is parallel. 
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4. Prove that, at either equinox, in latitude 1. a mountain whose height w 

, . 12 */2 

1/w of the Earth’s radius will catch the Sun’s rays m the morning ^ V - 


hours bofore he rises on. the plain at the base. 

6. Estimate to the nearest minute the value of this expression for a mountain 
three miles high in latitude 45^. 

6. Find the distance of the horizon as seen from the top of a liill 1066 feet high. 

7. Find, to the nearest mile, the radius of the Earth, supposing the visual line 
of a telescope from the top of one post to the top of another post two miles off* 
cuts a post, half way between, 8 inches below the top, the posts standing at equal 
heights above the water in a canal. 

8. In Question 7, what would be the length of a nautical mile, adopting the 
usual definition ? 


9. Supposing the Earth spherical, and of radius r, and neglecting the refraction 
of the air, show that, if from the top of a mountain of height a above tlie level of 
the sea, the summit of another mountain is seen beyond the horizon of the sea, and 
at an elevation e above the horizon, and if its distance be known to be D, its height 
is approximately given by 




10. A railway train is moving north-east at 40 miles an hour in latitude 60® ; 
find approximately, in numbers, the rate at which it is changing its longitude. 


MISCELLANEOUS QUESTIONS 

1. Explain the different systems of coordinates by which a star’s position is 
fixed in the heavens. 


2. Show, by a figure, where a star will be found at 9 p.m. on the 6th of June in 
latitude 60® N., if the star’s right ascension is 12 hours and its declination 5® south. 

3. Define dip, azirmUh, culmination, circumpolar, zenith. Why would it be 
insufficient^ to define the declination of a star as its distance from the equator 
me£i 3 uied along a declination circle ? 

4. Three stars. A, B, C, are on the same meridian at noon, B being on the 
equator, and A and C equidistant from B on either side. . Prove that the intervals 
between the setting-times of A and B and B and C are equal. 


6* Show how to find approximately the Sun’s R.A. at a given date. Obtain 
its approximate value for March 1st, August 10th, October 23rd, and January 1 6th. 


6. Explain the terms apparent sidereal ti 


II 


e and mean sidereal time. 


7. Define a morning and evening star. Show that on the 1st of September a 
star, whose declination is 0®, and R.A. 1 Ih. 28m., is an evening star, but that it is a 
morning star three weeks later. 


8. Assuming the Earth to be a sphere, show how its radius may be practically 
measured. 


9. Explain clearly the nature and uses of the zenith telescope, 

10. A, B, C are the tops of the masts of three ships in a line, and are at equal 
heights above tbfe sea-level, and O is the centre of the Earth. If the distance BC 
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CHAPTER V 

THE SUN^S APPARENT MOTION IN THE ECLIPTIC 

I, — The Seasons 

103, Introduction 

In Section III of Chapter II"^ we described the Sun's annual motion 
among the stars, and showed how, in consequence of this motion, the 
Sun’s right ascension increases at an average rate of nearly L per day, 
while his declination fluctuates between the values 23° 27^ north, and 
23° 27' south of the equator. We shall now show how this annual 
motion, combined with the diurnal rotation about the poles, gives rise 
to the variations, both in the relative lengths of day and night, and in 
the Sun’s meridian altitude, during the course of the year ; how these 
variations are modified by the observer’s position on the Earth ; and 
how they produce the phenomena of summer and winter. 

Although both the diurnal and annual apparent motions of the Sun 
are known to be really due to the Earth’s motion, it will be convenient 
in this section to imagine the Earth to be fixed, while the Sun and stars 
are moving ; thus the zenith, pole, horizon, meridian, and equator will 
be considered fixed, as they actually appear to be to an observer on 
the Earth. 

As the change iu the Sun’s declination during a single day is very 
small, the Sun’s apparent path in the heavens from morning till night 
is very approximately a small circle parallel to the equator, and may be 
regarded as such for purposes of explanation. The effects of the 
variation in the declination will, however, become very apparent when 
we compare the Sun’s diurnal paths at dijfferent seasons of the year. 

Throughout this section we shall denote the obliquity of the ecliptic 
by €, the Sun’s declination at any time by 8, his zenith distance at 
noon by z, and the observer’s latitude by 

104» Zones of the Earth. — ^Definitions 

From Art. 30 it is evident that if the Sun passes through the zenith 
at noon, S must be equal to <f>. But S lies between e (north) and e 
(south). Therefore <f> must lie between the limits 6 N. and e S. 

Thus, if the Sun be vertically overhead at some time in the year, 
the latitude must not be greater than 23° 27' N. or S. 

Again, from Art, 31 we see that the Sun, like a circumpolar star, 
will remain above the horizon during the whole of its revolution 
provided that 90° — S < This requires that <f) > 90° — e. 

Thus, if the Sun be visible all day long during a certain period of 
the year, the latitude must be greater than 66° 33' N, or S. 

f th ^ do to revise Chapter II, Section III, before proceeding 
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These circumstances have led to the following definitions : — 

The Tropics are the two parallels to the Earth’s equator in north 
and south latitude c, or 23° 27'. The northern tropic is called the 
Tropic of Cancer, the southern the Tropic of Capricorn . 

The Arctic and ArUart^ic Circles are respectively the parallels of 
north and south latitude 90° — c, or 66° 33'. 

These four parallels divide the Earth’s surface into five regions or 

zones. 

The portion between the tropics is called the Torrid Zone. 

The portion between the tropic of Cancer and the arctic circle is 
called the North Temperate Zone. The portion between the tropic of 
Capricorn and the antarctic circle is called the South Temperate Zone. 
The portions north of the arctic circle, and south of the antarctic 

circle are called the Frigid Zones, and are dis- 
tinguished as the Arctic and Antarctic Zones. 

105. Sun’s Diurnal Path at Different 

Seasons and Places 

We shall now describe the various appear- 
ances presented by the Sun’s diurnal motion 
at different times of the year, beginning in 
each case with the vernal equinox. We 
shall first suppose the observer at the 
Earth’s equator, and shall then describe 
how the phenomena are modified as he 

^.ravels northward towards the pole. 



106. At the Earfli’s equator 

At the Earth’s equator ^ = 0, and the poles of the celestial sphere 

are on the horizon (P. F, Fig- 38). Hence, between su^ and 
the Sun has always to revolve about the poles through an angle 150 , 
and the days and. nights are always equal, each bemg 12 ^loura lon^ 
On March 21st the Sun is on the celestial equator, and it descnbes 
the circle EZW, rising at the east point, passing through the zemth at 

“‘’''BetwferM^h*21rtl^^ SepH^^^^ the Sun is north of the cel^tial 

Ind sets’north of W. Its N. meridian zenith distance z is dways equal 
to its N. declination 8 (since by Art. 30, z - 8 <f> ^ ^ )• 

,nne 2 w! . W its psatest N. value e. and the Sun deaonbes the cneU 
E'Q'W, where ZQ" — e. 

From Jane 2Ut to Sept. 23rd, r decreases ftom . to 0. 

On Sept. 23rd, the Sun agam descnbes the great circ Q 
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From Dec. 22ad to March 21st, the length of the day increases again 
to 12 hours, and the Sun’s meridian zenith distance decreases to z = ^. 

t 

108. On the Tropic of Cancer 

Here <j> = e. The variations in the lengths of day and night 
partake of the same general character as in the Torrid Zone. But the 
Sun only just reaches the zenith at noon once a year, namely, on the 
longest day, June 21st. At other times the Sun is south of the zenith 
at noon, and z attains the maximum value 2e on December 22nd. 


iiar. 


Here the 
but more 



109. In the North Temperate Zone 

In the North Temperate Zone <f>> € but < 90° 
variations in the lengths of day and night are sii 
marked, owing to the greater latitude. 

On March 21st, the Sun describes the equator EQWR (Fig. 40), 

which is bisected by the horizon ; hence the 

day is 12h. long. 

The length of the day increases from 
March 21st to June 21st, The day is 
longest on June 21st, when the Sun describes 
E’Q'W'R, and the hour angles ZPE', ZPW 

are greatest. 

The days diminish to 12h. on Sept. 23rd, 
when the Sun again describes EQWR. The 
day is shortest on Dec. 22nd, when the Sun 

describes E''Q’'W’R'’ . 

From Dec. 22nd to March 21st, the days 

increase in length, and on March 21st the day is again 12 hours long. 

The difference between the longest and shortest days is the time 
taken by the Sun to describe the angles E'PE', WPW\ and is therefore : 

= i^ETE’ -f /_W'PW') = A • AE'PE’, 

the time being measured in hours and the angles in degrees. 

It wUl be seen that is greater in Fig. 40 than m Fig. 39, 

thus the variations are more marked in the temperate zone than m t e 
torrid zone The variations increase as the latitude increases. 

The Sun never reaches the zenith in the temperate zone, but always 
transits south of the zenith. The Sun’s zenith distance at noon is 

least or, June 21 at. when a = Zt? = ^ - c and U 
22nd. when s = ZQ' = ^ ^ At the equmoxes (March 21st and 

Sept.’ 23rd), z = ZQ = <f>. 

110. On the Arctic Circle c » xrnn 

Here = 90° — Hence on June 21st, when the Suns N.P.U 

^ 90= — c the Sun at midnight will only just graze the horizon at thi 
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north, point without actually setting'. On Dec. 22nd. at noon, the Sun s 
Z.D. = 90°, and the Sun will just graze the horizon without actually 
rising. As in the preceding case, the days increase from Dec. 22nd to 
June 21st, and decrease from June 21st to Dec. 22nd ; on March 21st 
and Sept. 23rd, the day and night are each 12h, long. 


111. In the Arctic Zone 

In the Arctic Zone we have ^ > 90° — c, and the variations are 
somewhat different {Fig. 41). 

On March 21st, the Sun describes the circle EQW , and the day is 
12h. long. 

As S increases, the days increase and the nights decrease, and this 
continues until S = 90° — When this happens, the Sun at mid- 
night only grazes the horizon at n. 

Subsequently, while 8 > 90° — the Sun remains above the 
horizon durmg the whole of the day, circling about the pole like a 
circumpolar star. This period is called the 
Perpetual Pay. 

During the pe^etual day, the Sun’s path 
continues to rise higher in the heavens every 
twenly-four hours until June 21st, when the 
Sun traces out the circle R'Q\ The Sun's 
least and greatest zenith distances will then 
be ZQ' = ^ — e, and ZR' = 180° — e — ^ 
respectively. 

After June 21st, the Sun's path will 
sink lower and lower. 

When 8 is again = 90° — the perpetual day will end. Subse- 
quently, the Sun will be below the horizon during part of each day. 
The days will then gradually shorten and the nights lengthen. 

On Sept, 23rd, the Sun will again describe the circle EQW^ and 
the day and night will each be 12 hours long. 

The days will continue to dimmish till the Sun's south declination 

S' := 90° — When this happens the Sun at noon will only just 
graze the horizon at s. 

While S' > 90° — <f>, the Sun remains continually below the horizon. 
This period is called the Perpetual Night. 

On Dec. 22nd the Sun traces out the circle R^Q"* below the horizon . 

When 8' is again = 90° — the perpetual night will end. 

Subsequently, the day will gradually lengthen imtil March 21st, 
when it will again be 12 hours long. 

112. At the North Pole 

Here (Fig. 42) the phenomena are much simpler. The celestial 
equator coincides with the horizon. Hence, from March 21st to 


z P 
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Sept. 23rd. the Sun will be above the horizon, and there will be 
perpetual day. The Sun’s altitude will attain its greatest value c on 

June 21st, when the Sun will trace out the circle Q^R. 

From Sept. 23rd to March 21st there will be perpetual night. The 
Sun will be at its greatest depth below the horizon on Dec. 22nd, when 

it will trace out the circle Q’R'. 


Sou&em Hoaoispbeie 

e equator, the variations will partake 
1 those in the corresponding north la 


but the seasons will be reversed. The south pole will be above the 
horizon, instead of the north pole, and the days will incr^ in length 
as the Sun passes to the south of the equator. In fact, if we consider 
two antipodal points or places at opposite ends of a diameter of ihe 
Earth, the dav at one place will coincide with the night at the other. 

Hence, at any place between the 

7. equator and antarctic circle, Dec. 22nd wiD 

be the longest day, and June 2l8t the 

shortest. 

Within the antarctic circle there will 
be perpetual day for a certain period before 
and after Dec. 22nd, and perpetual night 
for a certain period before and after June 

21st. 

The variations in the Sun s north zemth 
distance at noon will be the same as the 
variations in the south zenith distance m 

the corresponding north latitude six months earlier.* 

114 The Seasons .. , ^ 

Having thus described the variations in the Sun’s daUy paA a 

ditooTLea and p.«es. .e ahaU Jo. to. vanatoaa 

.ccoun. fo, .to ®to toto 

U dmdad by tto equinoxes and .to solstices. Thna, 
in northern latitudes, 

^ - ea^sasa. at thp Ycmal Equinox (March 2l8t), 

Spnng commence, at the q_^^ 

u^er „ \atnmnal Equinox (Sept. 23id), 

Aut^n „ •. Winter Solstice (Dec. 22nd). 

anv Tblace will depend in i 



s ^ *11 it instructive to trace out Juuy 

• The student ^ fed it in^cu 

htitudes corresponding to those descrinea ui 
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great measure upon the length of the day. The portion of the Earth^s 
surface for which the Sun is above the horizon is receiving a consider- 
able portion of the heat of his rays, the remaining portion being absorbed 
by the Earth’s atmosphere through which the rays have to pass. 1 rom 
the portion of the surface for which the Sun is below the horizon, heat is 
radiating away into space, although the heated atmosphere retards this 
radiation to a considerable extent. Thus, on the whole, the Earth is 
most heated when the days are longest, and conversely. 

The variations in the Sun’s meridian altitude have a still greater 
influence on the temperature. When the Sun’s rays strike the surface 
of the Earth nearly perpendicularly, the same pencil of rays will be 
spread over a smaller portion of the surface than when the rays strike 
the surface at a considerable angle ; hence the quantity of heat received 
on a square foot of the surface will be greatest when the Sun is most 
nearly vertical. The Sun’s heating power when above the horizon is 
proportional to the cosine of the Sun’s zenith distance or the sine of its 


altitude. 

In this statement, however, the absorption of heat by the Earth’s 
atmosphere has been neglected* But when the Sun’s rays reach the 
Earth obliquely, they wifi have to pass through a greater extent of the 
Earth’s atmosphere, and will, therefore, lose more heat than when they 
are nearly vertical. This cause will still further increase the effect of 
variations in the Sun’s altitude in producing variations in the 
temperature. 


115. Further Details 

Between the Tropics. — Here the combination of the two causes 
above described tends to produce high temperatures, subject only to 
small variations during the year. The Sun’s meridian altitude is 
always very great, and the variations in the lengths of day and night 
are small. If the latitude be north, the Sun’s heating power is greatest 
while the Sun transits north of the zenith. During this period the 
Sun’s meridian altitude is least when the days are longest. Thus the 
effects of the two causes in producing variations in the Sun’s heat 
counteract one another, to a certain extent, and give rise to a period of 
nearly uniform but intense heat. 

In the North Temperate Zone. — In the North Temperate Zone 
the Sun is highest at noon when the days are longest, and therefore both 
causes combine to make the spring and summer seasons warmer than 
autumn and winter. But the highest average temperatures occur some 
time after the summer solstice ; for the Earth is gaining heat most 
rapidly about the summer solstice, and it continues to gain heat, but 
less rapidly, for some time afterwards. Similarly, the Earth is losing 
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heat most rapidly at the winter solstice, and it continues to lose heat, 
but less rapidly, for some time afterwards. For this reason, summer 
is warmer than spring, and winter is colder than autumn. 

As we go northwards, the Sun’s altitude at noon becomes generaUy 
lower throughout the year, and the climate therefore becomes colder. 
At the same time, the variations in the length of the day become more 
marked, causing a greater fluctuation of temperature between summer 
and winter. 


W iTHix THE Arctic Circle.— H ere there is a warm period during the 
perpetual day, but the Sun s altitude is never sufficiently great to cause 
very intense heat. During the perpetual night the cold is extreme ; 
and the low altitude of the Sun, when above the horizon at intermediate 
times, gives rise to a very low average temperature during the year. 

ts' THE SoTTTHEitx HEMISPHERE. — In this Hemisphere the seasons 
are reversed : for, in south latitude when the Sun’s south declination 
is 8. the same amount of heat will be received from the Sun as in north 
latitude when his north declination is S. Hence, the seasons corre- 
spending to our spring, summer, autumn and winter wffl begin respec- 
tively on September 23rd, December 22nd, March 21st, and Jxme 21st, 
and will be separated from tbe corresponding seasons in north latitude 

bv six months. 


116. Other Causes affecting the Seasons and Chmate 

It is found (as will be explained in section HI) that the Sun’s 
distance from the Earth is not quite constant during the year. The 
Sun is nearest the Earth about January 3rd, and furthest away on 
July 4th (these are the dates of perigee and apogee respectively). But 
the heat radiation received from the Sun varies inversely as the square 
of the Sun’s distance. Hence the Earth receives, on the whole, more 
heat from the Sun after the winter solstice than after the summer 
solstice. This catise tends to make the winter milder and the summer 
cooler in the northern hemisphere, and to make the su m mer hotter, and 

tbe winter colder in tbe southern bemisphere. 

The variations in tbe Sun’s distance are, however, small, and their 
effect on the seasons is more than counteracted by purely terrestrial 
causes arising from tbe unequal distribution of land and water on the 
Earth. The sea has a much greater capacity for heat than the rocks 
forming the land ; it is not so readily heated or cooled. In the southern 
hemisphere the sea greatlv preponderates, the largest land-surges 
being in the northern hemisphere. Hence, the climate of the southern 
hemisphere is generallv more equable, and tbe seasons are not so 
as in the northern hemisphere, quite in contradiction to what we should 

exnect from the astronomical causes. 
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118. To find the length of the Feipetoal Day and Ni^t at pla^w 

vrithin the Arctic or Antarctic CSrrJes 

The perpetual day lasts while the Son’s declination at local midnight 
is greater than the colatitode (or complement of the latitude), during 
spring and summer. The perpetual night lasts while the Sun’s S. 
decL at local noon is greater than the colat. during autumn and winter. 
The Sun’s decL at Greenwich midnight being given for every day of the 
year, in the Naulicai AlmanaCy it is easy to find approximately the 
durations of the perpetual day and night in any given latitude greater 
than 66° 33'. 


119. To find the thne the Sun takes to Base or Set 


Let ly be the Sun’s an gnlar diameter, measured in seconds. When 
the Sun begins to rise, his upper limb just touches the horiaon, and his 
centre is at a depth below the horizon. When the Sun has just 
finished rising, his lower limb touches the horizon, and his centre is at 
an altitude ^ly above the horizon. D uring the sunrise, the centre 
rises through a vertical height D*. The problem is closely simil ar to 
that of Art. 90, where the effect of dip is considered. Hence if I 
seconds be the time taken in rising, S the declination of the Sun’s 
centre, and x the inclination to the vertical of the Sun’s path at 
rising {Hx'x or fixPj Fig- 31) we have 

t = ^ ly sec S sec x, 

= 4 sec S sec x x (O’s angular diameter in minutes). 

As in Art. 90, this gives, for a place on the equator, 

t = D' sec S, 


and at an equinox in latitude 

t = ^ D' sec 

—At an equinox in latitode 60“, the O’s angular diameter 
being 32', the time taken to rise will be = 4 X 32 X sec 60 seconds 

4m. 16s. 



120. Hole . 

It may be mentioned that, owing to atmospheric refraction, 

Son really appears to rise earUer and set later than the tmes crf^ted 
bv tbeorV. L the phenomena of refraction will be discussed more 

f^y in Chapter VI, it will be sufficient to mention 

of ^ht from the Sun are bent to such an ei^t 

sphere that the whole of the Sun’s disc is visible wl^n it wo J 

entirelv below the horizon if there were no atoos^ere. 

the Sun has vanished, so that what is commonly caUed night does n 
begin for some time after sunset. 
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For the same reasons, the perpetual day at a place in the tic 
circle is lengthened, and the perpetual night shortened, by several 

The time taken in rising and setting is, however, practically 

unaffected in moderate latitudes. 


II. — The Ecliptic 

121. The First Point of Aries 

In determining the right ascensions of stars, the first step must 
necessarily be to find accurately the position of the first point of Aries, 
since this point is taken as the origin from which R.A. is measured. 
Observations of the stars will only enable differences of R.A. to be 
determined. Thus, for instance, the sidereal time at which a star 
transits across the meridian is equal to the R.A. of the star. We can 
determine with the transit circle, by the methods that will be explained 
in Chapter ^III, the times of transit of stars across the meridian , 
we thereby obtain the differences of their R.A.'s. If the R.A. of one 
star is known, the R.A.’s of the others are then obtained. But since 
the origin from which R.A.’s are measured is defined as the point of 
intersection of the ecliptic and equator and the ecliptic is determined by 
the apparent path of the Sun in the sky, observations of the Sun are 
required for finding the position of the first point of Aries. Two methods 
by which this position may be found will be described. 


122. First Method for finding the First Point of Aries 

The position of T niay be found thus : — At the vernal equinox the 
Sun’s declination changes from south to north, or from negative to 
positive. Let the Sun’s declination be observed by the transit circle 
at the preceding and following noons, and let the observed values be 
— and + Sg S., and Sg N.). Let be the corresponding 

times of transit of the Sun’s centre, as observed by the astronomical 
clock, and let T, the time of transit of any star, be also observed. Then ; 

T — = difference of R.A. of Star and Sun at first noon. 

T — #2 = •• j) M at second noon. 


Let T — ti — Ui and T — ^2 ~ have : 


Increase in Sun’s decl, in the day 




R.A. 




S 2 - (-Si)= 8 


t 


t 


a 


2 ~T- Si, 


and both coordinates increase at an approximately uniform rate 
during the day. 

Therefore the O's decl. will have increased from — to 0 in a time 
^i/(8i + So) ^ day, and the corresponding increase in R.A. will be : — - 

(ai — tto) X 81/(81 + 8.2) 
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The Sun is now at T» so that O’s R.A. is- now 


The star’s R.A. 


+ 8 , 


= 0. Hence : 
~l" ®a®i 



123. Second Me&od for finding file First Foint of Aries 


The principle of the method now to be described is as follows ; — 
Let S„ S be two petitions of the Sun shortly after the vernal and before 
the autumnal equinox respectively, and such that the declinations 
and SM are equal. Then the right-angled triangles 
and — MS will be equal in all respects, and we shall therefore have 


TAfi = ^ M. 

At noon, some day shortly after March 21st, the Sun is observed 
with the transit circle, say when at Si- We thus determine its meridian 

zenith distance and also 
the difference between the 
times of transit of the Son 
and some fixed star x, 
whose R.A. is ^uired. 
This difference, which is the 
difference of R. A. of the Sun 
and star, we shall call o^. 
K 8^ be the Sun’s declina- 
tion, and if> the observer’s 
latitude, we shall have 

8j ^ 2I|, 

MiN = oj. 

We now have to deter- 
mine MN, the difference of 

R.A. of the Sun and star shortly before September 23rd, when the 
Sun’s declination SM is again equal to 8^. But the Sun can only 
be obsen^ed with the transit circle at noon, and it is highly improb- 
able that the Sun’s declination will again be exactly equal to 8i 
at noon on anv day. We shaU, however, find two conseentwe days 
in September on which the declinations at noon, SM^ and 5,Mj, 

are respectively greater and less than 8i. a a 

Let 22 and s, be the obsen’ed meridian zenith distances at Og and 

5 ; Sj and 8, the corresponding declinations Sgifg, SjM, ; a, and 

the observed arcs M^N and M,N, being the differences of R.A. of the 

Sun and star on the two days. 

During the dav which elapses between the observations at Ag, 
we mav assume that the Sun’s decl. and R.A. both vary at a uniform 
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re&action. Heace, the “ principle of proportional parts ” will KnlH 
so that the small differences in the true Z j).’s are proportional to the 
differences in the observed Z.D.’s. Hence we may nse the observed 
Z.D.’s uncorredei for refraction. Since, however, refraction vanes 
vrith the barometer and thermometer, it most not be neglected where 
an accurate result is desired. 


Example . — Find the. Bight Atcension of Sirins and the dock emra in Monk 
arid Sept. 1940, from the following data, the rate of the clock being tuppoted tomrt. 
(Decl. of Siriue = 16® 37' 57' S.) 


1940. 

Mar. 2^ 

L 

Sept. 18. 

Sept. 19. 

Dec. of Sim at noon 

1 ° 28' 

25' 

1’ 49' 

40' 

10 26' 24' 

Time of transit of Sun 

Oh. 13m. 48s. 

llh. 43m. 

49. 

llh. 46m. 398. 

Time of transit of 

6 h. 42m. 

43s. 

6 h. 42m. 

29s. 

6 h. 42m. 298. 


On Mar. 24th (R.A. of Sirius) — (Son’s R.A.) = 6h. 42m. 43s. — Oh. 13m. 488. 

— 6h. 28m. 508 . 

Hence, in angular measure, the difference of R.A. is about 97°. 

Draw the diagram as in Fig. 49, but make the angle SiPX = 97’ ; A’ will 
therefore lie 6e<tpecn Mi and Jf„ instead of where represented. 

Alan, since 5ir»tts is south of the equator, it should be represented at a point x 
on PX produced through X. In this figure we shall have 

5 , 3/1 = r 28' 25' ; MiX = 6h. 42m. 438. — Oh. 13m. 48s. = 6h. 28m. 558. 
S^M,— 1°49'W'; NMs= llh.43m. 4s. — 6h. 42m. 298. = 5h. Om.Sfie. 
5,3/] = 1° 26' 24' ; NM, == llh. 46m. 398. — 6h. 42m. 298. = 6h. 4m. lOs. 

Also, 53/ is by construction equal to 5,3/,. Hence, applying the prindple of 

proportional parts, we have 

3/,3/ 5,3/, - 5,3/, _ 21' 15' _ mS 

~ 5,3/, — 5,3/, 23' 16' 1396' 

and 3f,3/, = 3m. 35s. = 215s. ; 
therefore 3/^1/ = 215 X 1275/1396 = 196 seconds ; 
and XM = 5h. Om. 35s. + 3m. Ids. = 6h. 3m. 51s. 

Now, NMt — NM= NT — X^ = 2iVT — 12h. 
rX = 6h.4-4(AW,— N3/) = 6h.+K61>. 28m. 558. —5h. 3m. 518.) 

= 6h.+i(lh. 25m. 4s.) = 6h. 42m. 32s. 

Thus the right ascension, of Sirius = 6h. 42m. 323. 

Also, clock error in March = 6h. 42m. 32s. — 6h. 42m. 43s. = — lls. 

Sent = 6h. 42m. 32s. — 6h. 42m. 29s. = + 3s. 

ff yf 

125. Preoesaon of tho Equiii(«es 

Thus far we have treated the first point of Aries as being fixrf, Md 

this will evidently be the case if the equator and ecliptic are fixed in 

direction. But if the right ascensions of various stars are observed over 

an interval of several years, it will be found that the position of ^e 

first point of Aries is slowly changing, and that it ^ 

in fhp Tvtrnicnpade direction at the rate of about 50-26 m a year. 


Hence, 
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This m o t io n is called Precession of the Equinoxes, or, briefly, Precetnon 
(see Art. 28). 

Precession is the consequence almost entirely of gradual changes m the 
direction of the plane of the equator, the ecliptic remaining almost fixed 
among the stars. Its effect is to produce a yearly increase of 50*26' 
in the oeW -ial longitudes of all stars, their latitudes being constant. 

In a large number of years the effect of precession will be consider- 
able. Thus, T wifl perform a complete revolution in the period 

360 X 60 X 60 ^ ^ 25,800 years. Actually the period of 

50*26 J > 

a complete revolution is variable by many years ; for precession varies 
with the amount of obliquity, and this fluctuates, according to Newcomb, 
between the limits 24° 13^, attained 9100 years ago, and 22° 35 , which 

will be attained 9600 years hence. 

About the year 60 B.c. the vernal equinoctial point moved out of 

the constellation Aries into the adjoining constellation Pisces. It 
still, however, retains the old name of ‘‘ First Point of Anes.” 

It will move into the constellation Aquarius about the year 2740 A.D. 

126. Determination of Obliquity of Ecliptic 

The method now used for finding the obliquity of the ecliptic is 
similar in principle to that 
of Art. 40, but the Sim’s 
meridian zenith distance is 
observed by means of the 
transit circle instead of the 
gnomon. 

The obliquity is equal 
to the Sun’s greatest de- 
clination at one of the 
solstices. Since observa- 
tions of the Sun with the 
transit circle can only be 
performed at apparent 
noon, while the maximum 
declination will probably 
occur at some intermediate 

hour of the day, it will be necessary to apply a correction for the 
change of declination in the interval. 

The correction required can be derived as follows : in the triangle 
VlfN, the sides TAf, MS are a, 8, the right ascension and declination 
of the Sun. The angle S*tM is c, the obliquity and the angle at M 
is a right angle. From the formulae for a right-angled triangle 
(Art. 10), we have tan e sin a = tan 8. 



U. ASTBON. 














The Sun s Apparent Motion in the Ecliptic 




Suppose that when a becomes fa — s), 8 becomes (d — x), then : 

tan € sin fa -r •>*) = tan (8 - - x). 

Therefore tan € {sin (a -j- s) — sin a} = tan (8 ~ x) — tan 8 


nr 2 tan € sm - cos i a 

9 


9 


Sin X 


COS 8 cos (8 — X) 


Now suppose that a, 8 refer to the solstices and that s and x are 
small a is 90" when the Sun is at C and 270"^ when it is at i ; 8 is -r c 

at C and — e at X. Then : — 




sm 


s 

9 


^05 ( a - 2 ) 


SO that X 


9 ■ 




sin 2 * = X ; cos id — ^) = cos 8 


tan e eos^ 8 


N 


— sm e cos €, 

9 


r and ■? are here expressed in circular measure. If -s is expressed 
in seconds, of time and x in seconds of arc, we obtain 

j = ^ -000273 sin 2c . s^. 

We can put sin 2c = -730, since the value of c is known approxi- 


matelv. giving 


(X)0191t 




wh.r. the number of seconds of time by wbich the Sun s observrf 
R \ differs from «h. or ISh. The observed decUnution must altrays be 
increased numericallv by the conection i in order to give the ohliqml^ 

' A.s an example of the magnitude_ of the eonectiou, if s = 200 

.=;econds of time, the correction is 7-96". 

126a. Obliquity and Longitude 

Wh^n the position of T has been determined^ the obhqmty can 

thus find the two sides Td/r 3/S of 
and these data are sufficient to determine both the obliquitx ./T , 

and the Sun's longitudf> tS. 


j]] Xhe Earth Orbit about the Sln 

127. Observations of the Sun’s Relative Orbit i P \ of 

Bv dailv observations with the transit circle, d^cd- and J 

the Sun's centre at noon are found for 126 a, by solving 

thes^ data the Sun s lirif the obliquitv of the ecliptic is 

the spherical triangle I'.Sdi (lig- i-H- ^ - 


Kepler’s First and Second Laws 
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also known, we have three data, any two of which suffice to determine 
the longitude ^S. Thus the accuracy of the observations can bo 
tested, and the Sun’s motion at various times of the year can be 
accurately determined. 

Although the determination of the Sun’s actual distance from the 
Earth in miles is an operation of great difficulty, it is easy to compare 
the Sun’s distance from the Earth at different times of the year, for 
this distance is always inversely proportional to the Sun’s angular 
diameter. This property is proved in Art, 13, but numerous simple 
illustrations may also be used to show that the angular diameter of any 
object varies inversely with its distance.* 

The Sun’s angular diameter may be observed by means of any form 
of micrometer. The Sun’s distances at two different observations will 
be in the reciprocal ratio of the corresponding angular diameters. 
Thus, by , daily observation, the changes in the Sun’s distance may bo 
investigated. 

If the circular measure of the Sun’s angular diameter is 2r, then 
rrr^ is called the Sun’s apparent area. In fact, this is the area of a disc 
which would look the same size as the Sun if placed at unit distance 
from the eye. 

Example. — The Sun's angular diameter is 31' 32" at midsummer, and 32' 30" at 
midrpinier. Find the ratio of its distances from the Earth at these times. 

The distances being inversely proportional to the angular diameters, we have 

Dist. at midsummer 32' 36" 1956 489 _ , , 

Dist. at midwinter ~ 31' 32" ~ Ts^ ~ 4^ " nearly. 

Hence the Sun is further at midsummer than at midwinter, in the proportion 
of very nearly 31 to 30. 

128. Kepler’s First and Second Laws 

We may now construct a diagram of the Sun’s relative orbit. Let 

E represent the position of the Earth, the direction of the first 

point of Aries. Then, by making the angle ^ES equal to the Sun’s 

longitude at noon, and ES proportional to the Sun’s distance, we 

obtain a series of points S, S' . . representing the Sun’s 

position in the plane of the ecliptic, as seen from the Earth at noon on 

different days of the year. Draw the curve passing through the points 

S, S • • •) Si . . . ; this curve will represent the Sun’s orbit relative 
to the Earth, and it will be found that 

I. Sun s anntud path is an ellipse, of which the Earth is one focus, 

II. TJ^ r<^ of rmtion is everywhere such that the radius vector {i.e. 

the line joining the Earth to the Sun) sweeps out eguod areas in eaued 
intervals of time. 

• Thw law only holds when the object subtends so small an angle that its 
sine and its circular measure are appreciably equal. * 


100 


The Sux's Apparent Motion in the Ecliptic 


These laws were discovered by Kepler for tbe motion of Mars about 
the Sun, and he subsequently generalised them by showing that the 
orbits of all the other planets, including the Earth, ^ 
laws. In their general form they are known as Kepler’s First and 

Second Laws, (See p. 199). 

129. Perigee and Apogee 

When the Sun’s distance from the Earth is least, the Sim is said to 

AVhen the distance is greatest, the Sun is said to he in 

apogee. 

The positions of perigee and apogee are caUed the two Apses of the 

orbit ; thev are indicated at p. a in Fig. 15. The line pEa joining 

them is the major axis 

of the ellipse (Ellipse, 

4), and is sometimes 

also called the a pse line. 


130. Verification of 
Kepler’s First Law 

The Sun’s angular 
diameter is observed to 
be greatest about Jan, 
3rd, and least about 
July 4th ; we therefore 
conclude that these are 
the days on which the 
Sun passes through 
perigee and apogee 
respectively. The posi- 
tions of perigee and 
apogee being thus found, 
the angle between ET 
and Ep is known, which 



Fig. -to 


• .L of oeri'^ee when measured anticlockwise from T top. 

" ‘f, to pongee is about 12 days. Heuee 

dutfu ° this inten-al the Stm will have moved through an angle of about 


12^ : thus 


longitude of perigee 


270-' 4- 12 


282° roughly. 


To verifv that the orbit is an ellipse, it is now 
^h *:lith\ltn%i: orbit “s an ellipse 

of eccentricity e, wo must have 

ES \ (1 — ^ pES] — 


I (a constant), (p- 313)- 
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Verification' of Kepler’s First Law 
Therefore the Sun’s angular diameter must be always proportional to 

1 + e COB pES. , , 1 1 A. xu' * 

As the result of numerous observations, it is found that this is 
actually the case, and the truth of Kepler’s First Law for the Sun s 

orbit relative to the Earth is confirmed. 

131. To find e, the Eccentricity of the Ellipse 

A simple plan is to compare the greatest and least angular diameters 
of the Sun, i.e. the diameters at perigee and apogee. Since at these 
positions pE-S becomes 0° and 180° respectively, we have, from the above- 

Angalar diameter at p ; ang. diam. at <z = • 1,'^^ 

= 1 c cos 0° : 1 + e cos 180° 

= 1 € I 1 e, 

from which proportion e can be found. 

The greatest angular diameter of the Sun is 32 35 , about January 

3rd ; the least is 31' 31', about July 4th. We have, therefore— 

1 + e 32' 35' _ 1955 
l^e ~ 3 F 3 T" “ 1891' 

So that e = 64/3846 = 1/60, approximately. 

The eccentricity can, however, be found far more accurately by 
studying the rate of the Sun’s motion in longitude at different times of 
the year. Using the method of Art. 51, we find that early in April the 
Sun is 1° 54' ahead of its mean place, while early in October it is the same 
amount behind its mean place. We have thus an arc of 3° 48' from 
which to deduce e, instead of an arc of 64", using the method of diameters. 

Owing to the smallness of e, the orbit is very nearly circular, being, 
really, much more nearly so than is shown in Fig. 45. However, the 
Sun is quite appreciably out of the centre of the orbit, being 3 million 
miles nearer to the Earth in perigee than in apogee. 


132. Verification of Kepler's Second Law 

It is found, as the result of observation, that the Sun’s increase in 
longitude in a day, at different times of year, is always proportional to 
the square of the angular diameter, and is, therefore, inversely pro- 
portional to the square of the Sun’s distance. The following figures 
illustrate this relationship; — 


Date 

Daily motion in longitude 

Apparent Diameter 

Jan. 3rd 

3670" 

32' 35' = 1955' 

April 3rd 

3547" 

32' 2' = 1922' 

July 4th 

3434" 

31' 31" = 1891' 

Oct. 3rd 

3547' 

32' 2' = 1922' 
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K the appareut diameters are squared and divided by the daily 
motion in longitude, it will be found that the result is in each pjiae the 
same, viz. 1011 ’I. 

From this relationship it may be readily deduced, in the following 
way, that the area described by the radius vector in one day is the 
same in any part of the orbit ; — 

Let SS' (Fig. 45) represent the small arc described by the Sun in a 
day in any part of the orbit. Then the sector ESS' is the area swept 
out by the radius vector. This sector does not differ perceptibly ffom 
the triangle ESS' : therefore, by trigonometry, 

area ESS' = lES.ES'. sin SES'. 

Since the change in the Sun’s distance in one day is imperceptible, 
we may write ES for ES' in the above formula without materially 
affecting the result ; also, since the angle SES' is small, the sine of 
SES' is equal to the circular measure of the angle SES'. Therefore : — 

area ESS' = iES^ X I.SES'. 

But, by hypothesis, the change of longitude SES' varies inversely 
as ES^, so that ES^ x /_SES' is constant ; it follows that the area 
ESS' is constant, that is, the area described by the radius vector in a 
dav is constant. Thus, the area described in any number of days is 
proportional to the number of days, and generally the areas described 
in equal intervals of time are equal. 


133. Deduction &om Kepler’s Second Law 

(i) If the circular measure of the Sun’s angular diameter is 2r, then 
rrr is the Sun’s apparent area. Hence the Sun’s daily rate of change 
e f longitude is proportional to the apparent area of its disc. 

(ii) Since the intensity of the Sun’s heat and its rate of motion in 
longitude both vary as the inverse square of its distance, they ate 
proportional to one another. Hence the Earth, as a whole, receives 
equal amounts of heat while the Sun describes equal angles. In 
particular, the total quantities of heat received in the four seasons 

are equal. 

(iii) The Sun’s longitude changes most rapidly on Januar}' 3rd, and 
least rapidly on July 4th. 

(iv) Since the apse line, or maj or axis, pSo, bisects the ellipse, the 
time from perigee to apogee is equal to the time from apogee to perigee. 

134. The Lengths of the Seasons 

If T . K.^.L represent the Sun’s positions at the equinoxes and 
solstices, we have : — 

EL = ^LE^ = 




Verificatiox of Kepler's Second Law 
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and it is readily seen from figure 45 that : — 

area LE^ < area EL < area ^EK < area KE 


and the lengths of the seasons, being proportional to these areas, are 
unequal, their ascending order of magnitude being 

Winter, Autumn, Spring, Summer* 

The actual lengths of the seasons may be readily determined from 
the motion of the mean Sun. 

The equation of time, as defined in Art. 47, is the quantity that 
must be added to meantime to obtain apparent time. Since, however, 
apparent solar time is measured by the Sim’s hour angle and mean 
solar time is measured by the hour angle of the mean Sun, the equation 
of time is the quantity that must be added to the hour angle of the mean 
Sun to obtain the hour angle of the true Sun. But since hour angle 
and right ascension are measured in opposite directions, the equation 
of time must be subtracted from the right ascension of the mean Sun to 
obtain the right ascension of the true Sun. Since, by the definition of 
the mean Sun, its right ascension increases uniformly, the lengths of 
the seasons can be compared. 

At the vernal equinox. Sun’s R.A. = Oh., equation of time 
summer solstice ,, = 6h., 

autumnal equinox „ = 12h., 

winter solstice ,, = 18h., 


JJ 


>5 


T t 


I f 




If 


7in. 29s. 
Ira. 378. 
7ra. 33s. 
Im. 348. 


Thus, in spring, from the vernal equinox to the suramer solstice, 
whilst the R.A. of the true Sun increases from Oh. to 6h. the R..\. of the 
mean Sun increases from Oh, — (7m. 29s.) — 23h. 52m. 313. to 6h. — 
(Im. 37s.) == 5h. 58m. 23s., or by 6h. 5m. 52s. But in a year, the R.A. 
of the mean Sun increases by 360° = 24h. Hence, since the motion 
of the mean Sun is uniform, the length of spring is the fraction 6h. 
5m. 52s./24h. of the year. Similarly for the other seasons. In this 
way, the lengths of the seasons are found to be 

Spring 92d. 19-2h, 

Summer 93d. 15'2h. 

Autumn 89d. 19'0h. 

Winter 89d. 0'4h. 

135. To find the Position of the Apse T.inA 

The Sun’s distance remains very nearly constant for a short time 
before and after perigee and apogee, hence it is difficult to tell the exact 
instant when this distance is greatest or least. For this reason, the 
following method is generally used : — 

The Sun’s longitude is observed at two points, 5, before and 
after the apse, when its angular diameters, or its rates of motion in 
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longitude, are found to be equal. Then ES = £Si, and the symmetry 
of the ellipse shows that /jpES = /jpESy and /jaES = /jaES^. 
Hence the longitude of the apse is the arithmetic mean of the Sun’s 
longitudes at the two observations. 


Progressive Motion of Apse Line 

From such observations, extending over a long period of years, it is 
found that the apse line is not fixed, but has a forward or direct motion 

in the ecliptic plane of 11*25* in a year. 

This is referred to a fixed direction in space ; hence the longitude 

of the apse increases 11*25* — 50*26* = 61*51* in a year. 


y" - * 







he Sun’s Apparent Annual Motion may ne accouniea lor oy 

supposing &e Earth to revolve round the Sun 

The annexed diagram 

will show how the Sun’s 
annual motion in the eclip- 
tic, as well as the changes 
in the Seasons, may be 
accounted for on the theory 
, that the Sun remains at rest 
while the Earth describes an 
ellipse round it in the course 
of the year in a plane in- 
clined at an angle 25® 27' 
to the plane of the Earth’s 
equator. 

The distance of the 
nearest of the fixed stars 
is known to be over 200,000 
times as great as the Earth s 
distance from the Sun. 

Hence, Art. U eloees tint Ac directions of tke fad stars »ill 
chanee to anv considerable extent, as the Earth s position vanes. We 
shaU, therefore, in the present description, consider Ae 

jrcelestial sphere, such as the first point of face rf also be fixei 
On March 21st, the Earth is at £„ and the Sons dirMtion £,8 
determines of T, the first point of .Aries. The Snn ta vertltal at a 

on the eqiator, and as the Earth revolves a^nt ita ^ thrt^ 

I, all points on the equator jiU 7' 'aate^^^Ae test. 
1 Tend Aerefore. bfats the small circle traced ont hv the dad, 


Fig. 46. 


Position and Pbogkessive Motion of Apse Line 



rotation of any point on the Earth ; thus, the day and night are every- 
where equal. At the pole P the Sun is just on the horizon^ ^ ^ . 

On June 21st, the Earth is at and the Sxin s longitude ^^2^ 
90°. The Sun is vertical at a point on the tropic of Cancer. Since the 
arctic circle is entirely in the illuminated part there is perpetual day 


over the whole arctic zone. , o ^ ^ 

On September 23rd, the Earth is at P,, and the Suns longitude 

is 180°. The Sun is once more vertical at a point R on the 
equator, and the day and night are everywhere 12 hours long, as they 

On December 22nd, the Earth is at P4, and the Sun s longitude 
^tE^S (measured in the direction of the arrow) is 270°. The Sun is 
now at its greatest angular distance south of the equator, and overhead 
at a point on the tropic of Capricorn ; this tropic is not represented, being 
on the under side of the sphere. Since the arctic circle is entirely within 
the shaded part there is perpetual night over the whole arctic zone. 


New Definitions and Facts 

According to the theory of the Earth s orbital motion, Kepler s 
First and Second Laws can be re-stated thus for the Earth. 

I. The Earth describes an ellipse, having the Sun in one focus. 

II. The radiue vector joining the Earth and Sun traces out equal 
areas in equal times about the Sun, 


The ecliptic is now defined as the great circle of the celestial sphere, 
whose plane is parallel to that of the Earth s orbit. 

The Earth is nearest the Sun on January 3rd, and is then said to be 
in perihelion. The Earth is furthest from the Sun on July 4th, and is 
then said to be in aphelion. Thus, when the Sun is in perigee the Earth 
is in perihelion, when the Sun is in apogee the Earth is in aphelion. 
The positions of perihelion and aphelion are indicated by the letters p, 
a in Fig. 46. The line joining them is the apse line. 


137. Geocentiic and Heliocentric Latitude and Longitude 

Hitherto we have been dealing only with the directions of the 
celestial bodies as seen from the Earth. 

In dealing with the motion of the planets, it is more convenient, as 
a rule, to define their positions by the directions in which they would be 
seen by an observer situated at the centre of the Sun. 

In every case, the direction of a celestial body may be specified by 
the two coordinates, celestial latitude and longitude, which measure 
respectively the arc of a secondary from the body to the ecliptic 
and the arc of the ecliptic between this secondary and the first point 
of Aries (Art. 25). 
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ese coordmates are called the Geocentric LatUude and LongUude 

T oration 

relative to the centre of the Earth. The names HdiceeMrie Ldit«de 

.f T. *? “"“PO-diog coordinates when 
ployed to define the body s hdtocmlru: position, or position relative 

to the Stm s centre. 

When the distance of a fixed star is immeasurably great compared 
^t the rachus of the Earth s orbit, its geocentric and heliocentric 
directions coincide, and there is no difference between the two sets of 
coordinates. There is a slight difference between the geocentric and 
heliocentric positions of a few of the nearest fixed stars. There are 
perhaps some 200 stars for which the difference exceeds a tenth of a 
second of arc. But, in the case of the planets, and of comets, the 
heliocentric latitude and longitude differ entirely from the geocentric, 
and laborious calculations are required to transform from one system 
of coordinates to the other. 

One fact may, however, be noted. The direction of the Earth as 
seen from the Sun is always opposite to the direction of the Sun as 
seen from the Earth. Hence : — 


The Earth's heliocentric longitude differs from the Sun's geocentric 
longitude by 180°. 

This may be illustrated by referring to Fig. 46. We see that 

= 0°, = 90°, = 180°, ^SE^ = 270° ; 

thus, the Earth’s longitude is 0° on September 23rd, 90° on December 
22nd, 180° on March 21st, and 270° on June 21st. 


EXAMPLES 


1. Describe the phenomena of day and night at a pole of the Earth. 

2. Show how to find how long the midwinter Moon when full is above the 
horizon at a place within the arctic circle of given latitude. 


3. Show that the ecliptic can never be perpendicular to the horizon except at 
places between the tropics. 

4- Show that for a place on the arctic circle the Sun always rises at 18h. sidereal 
time from December 21st to June 20th, and sets at the same sidereal time from 
June 20th to December 21 st. 


5. Find the angle between the ecliptic and the equator in order that there 
should be no temperate zone, the torrid zone and the frigid zone being contiguous. 

6- Show how, by observations on the Sun, taken at an interval of nearly six 
months, the astronomical clock may be set to indicate Oh. Om. Os. when is on 
the meridian. 

7. On March 24th, at noon, the Sun’s declination was 1® 29' 5*1', and the 
difference of right ascension of the Sun and a star 6h. Im. 34-45s. On September 
1 8th, at noon, the Sun’s declination was 1® 49' 30’2'*', and it was distant tom the 
star 5h. 27m. 32*979. in right ascension. On September I9th, at noon, the Sun’s 
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was 1® 26' 12-8', and it was distant from the star 6h. 31m. 8-3s. m i^ht 
Find the right ascension of the star and that of the Sun at the first 

observation. 


S. Describe the appearance presented to an observer in the Sun of the parallels 
of latitude and the meridians of the Earth, any day (i) between the vernal equinox 
and the summer solstice, (u) between the autumnal equinox and the winter solstice. 


9. If a sunspot be situated near the edge of the Sun’s disc, describe how its 
position, relative to the horizon, will change between sunrise and sunset. 

10, Describe how the Sun’s apparent velocity in the ecHptic varies throughout 
the year ; and give the dates of apogee and perigee. Compare the daily motion 
in longitude at these dates, having given that the eccentricity of the Earth’s orbit 

is 


EXAMINATION PAPER 

1. What is the astronomical reason for the Earth being divided into tomd, 
temperate, and fiigid zones ? 

2. Assuming your latitude to be 52®, show by a figure the daily path of the Sun 
as seen by you on June 21st, December 22nd, and March 21st respectively. 

3. Explain the causes of variation in the length of the day on the Earth, Give 
the dates at which each season begins, and calculate their lengths in days. 

4. Discuss the variations in the length of the day at points within the arctic 
circle ; and show how to find, by the Nautical Almaruic, the length of the perpetual 
day. 

5. Prove that, in the course of the year, the Sun is as long above the horizon 
at any place as below it (neglect refraction). < 

6. Explain bow it is that winter is colder than summer, although the Sun is 
nearer. 


7. Investigate Flamsteed’s method of deter mining the first point of Aries. 


8. From the following observations calculate the Sun’s R.A. at transit over the 
meridian on March 30th, 1872 : — 



Sun’s 

declination. 

1 

Sun crossed 
meridian. 

a Serpentis 
crossed meridian. 

March 30th, 1872 

4° 0' 8-1" 

Oh, Im. 4*47s. 

15h. Im. 54®76s. 

Sept. 11th, 1872 

4® 20' 58-B" 

Oh. Im, 4®09s. 

4h. 19m. ll»38s. 

Sept. 12th, 1872 

3® 68' 3 0' 

Oh. Im. 4*07s. 

4h. 15m. 49-33S. 


9. State Xepler’s First Xjaw for the orbit of the Earth relative to the Sun, and 

explain how the eccentricity of the orbit can be found by observations of the Sun’s 
angular diameter. 


10. State Xepler’s Second Daw, and find the relation between the Sun’s angular 
velocity and its apparent area. 



CHAPTER VI 


ATMOSPHERICAL REFRACTION AND TWILIGHT 

138. Laws of B^cactioii 

It is a fundamental principle of Optics that a ray of light travels in 
a straight line, so long as its course lies in the same homogeneous 
medium ; but when a ray passes from one medium into another, or 
from one stratum of a medium into another stratum of different densitv. 
it, in general, undergoes a change of direction at their surface of separa- 
tion. This change of direction is called R^radion. 

Let a ray of light SO (Fig. 47) pass at 0 from one medium into 
another, the two media being separated by the plane surface AB, and 
let 01 be the direction of the ray after refraction in the second medium. 
Draw ZOZ' the normal or perpendicular to the plane AB at 0. Then 
the three laws of refraction mav be stated as follows : — 


Law I. The inddetU and r^racted rays SO, OT and the nonnal 
ZOZ' oH lie in one plane. 


Law II. 


The ratio 


sinZOS . I . r 

— — - ■ a constant gtiantUy, being the same 
sin Z OT 


for all directions of the rays, so long as the tiro media are the same.* 

This constant ratio of Law 11 is called the rdative index of r^radion 
of the two media, and is usually denoted by the Greek letter fi. 

Thus, if TO be produced backwards to S', we have 

sin ZOS = /I sin Z'OT = p sin ZOS', 

The angles ZOS and Z'OT are usually called the angle of incidence 
and the angle of refraction respectively. 


Law in. When light passes from a rarer to a denser medium, the 
angle of incidence is greater than the angle of r^raction. 

Since / ZOS > /Z'OT, sin ZOS > sin Z'OT and p>\. 


139. Gteneral Description, of Atmospherical Refraction 

If the Earth had no atmosphere, the rays of light proceeding from 
a celestial body would travel in straight lines right up to the obs^er’s 
eve or telesco^, and we should see the body in its actual direction. 

But when a ray Sa (Fig. 48) meets the uppermost layer AA' of the 
Earth’s atmosphere, it is refracted or bent out of its course, and its 
direction changed to oh. On passing into a denser stratum of afr at 
BB', it is further bent into the direction he, and so on ; thus, on reaching 

• The value of the ratio varies alighUy for rays of different colonra but with 
this we are not concerned in the present chapter. 

lOS 
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Since the interfaces of the media are parallel, this result will hold at 
each refraction and we shall have : — 


sin sin sin Z, ^ . . . = sin Z^. 

if A' denotes the last medium. Thus : — 


sin Z =— sin Z^, 

/^A 

But fJL^ /X, is the relative refractive index for refraction direct from 
the first medium to the last. It follows, that the final direction S'T 
of the ray is parallel to what it would have been if the ray had been 
refracted directly from the first into the last medium without traversing 
the intervening media. 

Thus, if a ray SO, drawn parallel to Sa, were to pass directly from 
the first medium to the last by a single refraction at O, its refracted 
direction would be the same as that actually taken by the ray Sa, and 
would coincide with OT. 


141. The Formula for Astronomical Refraction 

We shall now apply the above laws to determine the change in the 
apparent direction of a star produced by refraction. 

Since the height of the atmosphere is only a small fraction of the 
Earth’s radius, it is sufihcient for most purposes of approximation to 
regard the Earth as flat, and the surfaces of equal density in the atmo- 
sphere as parallel planes. With this assumption, the effect of refraction 
is exactly the same (Art. 140) as if the rays were refracted directly into 
the lowest stratum of the atmosphere, without traversing the inter- 
vening strata. 

Let OS (Fig. 47) be the true direction of a star or other celestial 
bodv. Then, before reaching the atmosphere, the rays from the star 
travel in the direction SO. Let their direction after refraction be 
S'OT. then OS' is the apparent direction in which the star will be seen, 
and the angle SOS' is the apparent change in direction due to refraction. 
The normal OZ points towards the zenith. Hence ZOS is the star’s 
true zenith distance, and ZOS’ or Z'OT is its apparent zenith distance, 
and the first and third laws of refraction show that the star’s apparent 
direction is displaced towards the zenith. 

Let Z_ZOS' = 2, /_S’OS = «, so that /_Z0S — z u', and let 
iL be the index of refraction of the atmosphere at 0. By the second 

law of refraction. 

sin (2 -r «) = /A sin 2 . 
or sin 2 cos u -f cos 2 sin u = /a sin 2 . 

Now the refraction m is in general very small. Hence, if « b. 
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the 


# 

measured in circular measure, sin u = u, and cos « = 1 very approxi 
mately. Therefore we have : 

sin 2 “h w cos z = ft sin z ; 

or = (ft — 1) ton z. 

Let TJ be the amount of refraction in circular measure when 
zenith distance is 45®, Putting z = 45®, we have 

17 = ft — 1. 

so that u = V tan z. 

Thus the amount of refraction is proportional to the tangent of the 
apparent zenith distance. 

The last result does not depend on the fact that the refraction is 
measured in circular measure. Hence, if be the numbers of 

seconds in m, Z7, we have 

= i7" tan Zy 


The quantity JJ'" is called the caejicient of refraction, 
the circular measure of we have ; — 

180 X 60 X 60 ^ , 206266 (u - 1). 


Since U is 


V 


. U 


7T 


whence, if U" is known, /z can be found, and conversely. 

142. Observations on the preceding Formula 

In. the last formula ti' represents the correction which must be 
added to the apparent or observed zenith distance in order to obtain 
the tme zenith distance. By the first law, the azimuth of a celestial 
body is unaltered by re&action. 

Thus the time of transit of a star across the meridian, or across any 
other vertical circle, is unaltered by refraction. 

In using the transit circle, there will, therefore, be no correction for 
observations of right ascension, but in finding the declination the 
observed meridian Z.D. wiU require to be increased by 17' tan z. 

A star in the zenith is unaffected by refraction, and the correction 
increase as the zenith distance increases. When a star is near the 
horizon, the formula u" = XJ" tan z fails, since it makes «” == oo, when 
2 = 90**. In this case u is no longer a small angle, so that we are not 
justified in putting sin u = u and cos u = 1. But there is a more 
important reason why the formula fails at low altitudes, namely, that 
the rays of light have to traverse such a length of the Earth’s atmo- 
sphere that we can no longer regard the strata of equal density as 
bounded by parallel planes. In this case, it is necessary to take into 

account the curvature of the Earth in order to obtain any approach to 
accurate results. 
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For senitli distances less tlian the fommla gives satbifMstotj 
results ; for greater distances the correction is too large* 

The coefficient of refraction U' is found to be about 58*2* when the 
height of the barometer is 30 inches and the temperature is 50^. But 
the index of refraction depends on the density of the air, and this 
again depends on the pressure and temperature. Hence, where accurate 
corrections for refraction are required, the height of the barometer and 
the thermometer must be read. Any want of uniformity in the strata 
of equal density, or any uncertainty in dete rmining the temperature, 
will introduce a source of error ; hence it is desirable that the cocrec* 
tions shall be as small as possible. Observations near the zenith are 

the most reliable. 

It is useful to note that since the circular measure of 1° is 1/57*3, the 
refraction at 1° fitom the zenith is almost exactly 1', at 2"^ it is 2', and so 
on, so long as the tangent can be taken as equal to its circular measure. 

143* Effect of Barometric Height and Temperature 

As mentioned in the preceding section, the constant of re&action 
depends on the pressure or barometric height and on the temperature. 
If denotes the constant refraction when the height of the barometer 
is B inches and the temperature is T'" Fahrenheit and U denotes the 
constant when the height of the barometer is 30 inches and the tempera- 
ture is 50°F., which are taken as standard conditions, the relationship 

between mid ^ is given by 

Ui ns 

^ “ 460 + T 

so that under these conditions the refraction becomes 


17jB 


u 


460 + 2 ’ 


17' tan z. 


this 


^144. Cassini’s Formula 

The l»w of refraction was also investigated by Dominiq^C^ « 
hypothecs that the atmosphere is spherical hat homogeneous Mraaptont ; 
way he obtained the approximate formula 

„ _ — 1 ) tan z(l — » sec**>. 

where » is the ratio of the height of the homogeneons atmosphere to the radios of 

formula may be proved as follows :-I.t SO'O 
of light from a star 5. ^ ^t^£A^«^^ofthooliaBrror, 

entering the homogeneons atmOT^ere ® ^ fm J^Mjd Cfy to Z'. 

C the centre of the Earth. Prodnce OCT to S . CO to A. m 
/_ SOS' (in circular measare), ZOS'^ 2 ^ Z. ^ 

Then, by Art. 183, if u is smaU, we have 

— 1) tiUl ^ 5 
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but here is not the apparent zenith distance, so that we must express tan s' in 

teims of tan 2 . ^r\fw 

Draw CT perpendicnlar to O'© produced, and O’N peirendicnJar to COZ. 

Then : — 

O'T tan 2 ' = TC — OT tan z ; 


or 


tan z O^T 


1 *4“ 


O'O 


1 + 


ON sec z 


1 + gg 860*2. 


tan z'” or ‘ * or ‘ ^ OG cosz 
Bat 02tf^ is very approximately the height of the homogeneous atmosphere 

OH 9 and is therefore = n . OC ; so that 

l + «seo*s; ■ 


or 


tan 2 ' = 


tan z* 

whence^ by sabstituting in the formula* we have 


1 + n 800*2 ’ 


u 


1 + n 

or ^ (ft — 1) tan z {1 — n sec *2 + »* 8 ec ^2 

Now n is very small ; we may therefore neglect 
its square and higher powers; hence we obtain 
approximately 

u— (ft — 1) tan 2 (1 — n sec^), 

which is Cassini’s formula. If the value of » be 
properly chosen* Cassini’s formula is found to give 
very good results for all zenith distances up to 80^, 
Since sec *2 = 1 + tan* 2 , Cassini’s formula has 
the form 

u= A tan z + B tan^z 

By determining the constants A and B from 
observations* instead of using their theoretical values, 
a much improved representation of the true refrac- 
tion by the formula can be obtained. 

145. To Detennine the Coefficient Befirac- 

tion from Median ObBervati<nis 


n* 8 eo* 2 , etc,}. 



Assmning the “ tangent law,” u = U tan z, the coefficient of refrac- 
tion U may be found from observations of circumpolar stars as follows. 

Let 02 , the apparent zenith distances of a circumpolar star, be 
observed at upper and lower culminations respectively. Then the 
true zenith distances will be 


-|- 17 tan and z* + tan z^. 

Now, the observer’s latitude is half the sum of the Tneridian altitudes 
at the two culminations (Art. 31), hence if ^ be the latitude, we have : 

= i{(90“ — % — £7 tan Zi) -I- (90“ — Za — ?7 tan z,)}, 

or 90“ — ^ = i (zi + 2 ^) + J£7 (tan z^ -f tan z,) (i) 

Now let a second circumpolar star be observed. Let its apparent 
zenith distances at upper and lower culminations be z' and z". Then we 
obtam m like manner 


90“ — si = i (a' -f z") -f \XJ (tan z' -f tan z(*) i...(ii) 


If. ASTBOK. 


8 
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Eliminating from (i) and (ii) by subtraction, we have 

(% 

(tan + tan Sg) — ' (tan -p tan 

If the two stars have the same declination, we shall have z' and 
Sg = 2 *, and the above formula will fail. Hence it is important that 
the two observed stars shotdd differ considerably in declination ; the 
best results are obtained by selecting one star very near the pole (c*j* 
the Pole Star), and the other about 30° from the pole. 


146. Alternative Method (Bradley’s) 

Instead of using a second circumpolar star, Bradley observed the 
Sun’s apparent ZJ)/s at noon at the two solstices. Let these be 
Zi, Zg. Now by Art. 40 since the true Z.D.’s are 

U tan Z^ and Zg + U tan Zg, 

Zi ?7 tan Zi = ^ Zg + ?7 tan Zg = ^ + e ; (e = obliquity.) 

or 2^ = Zj^ “p Zg — TJ (tan Z^^ — tan Zg) (di) 

Eliminating ^ from (i), (iii), we have : — 

U (tan tan 2 g + tan Z^ + tan Zg) = 180° — (21 + 22 + ^1 + ^ 2 )? 

whence TJ is found. 


147. Other Methods of finding the Befradion 

Suppose that at a station on the Earth’s equator, either a star on 
the celestial equator, or the Sun at an equinox, is observed the 

dav Its diurnal path from east to west passes through the zenith, and 
during the course of the day its true zenith distance will change uni- 
formly at the rate of 15° per hour. Thus the true ZJ>. at any time is 
known. Let the apparent Z.D. be observed with an altazimuth. The 
difference between the observed and the calculated Z.D. is the displace- 
ment of the body due to refraction. jt’xp + 

By this method we find the corrections for reficaction at difierent 

zenith distances without making any assumptions regarding the law of 

at stations on the Earth’s equator, it is not possible to 
observe the refraction at different zenith distences m such a ^ple 
manner. Nevertheless, methods more or less sunilar can be ^ployed. 
For this purpose the zenith distances of a knojm star ^ 

different tiSs- The true zenith distance at the time of ^h cita- 
wY,h^A.hl. «tut.cy. Mo^over. it can be employed to «nd the 
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corrections for refraction at low altitudes when the " tangent law ” 
ceases to give approximate results. 

148. Tables of Mean Refraction 

From the results of such observations tables of mean refraction 
have been constructed. The tables prepared by Bessel are calculated 
for temperature 50° and height of barometer 29‘6 inches , the} giv e 
the refraction for every 5' of altitude up to 10°, for larger intervals at 
altitudes between 10° and 54°, and for every 1° at altitudes varying 
from 54° to 90°, Subsidiary tables give the corrections, which must be 
added to or subtracted from the mean refraction given in the first table 
in allowing for differences in the temperature and barometric pressure. 
The corrections for temperature and pressure are applied separately. 
Still more refined tables, published by the Pulkova Observatory, 

have now been generally adopted. 


149. Bffects of Refraction on Rising and Setting 

At the horizon the mean refraction is about 33' ; consequently a 
celestial body appears to rise or set when it is 33' below the horizon. 
Thus, the effect of refraction is to accelerate the time of rising, and to 
retard, by an equal amount, the time of setting of a celestial body. 
In particular, the Sim, whose angular diameter is 32', appears to be 
just above the horizon when it is really just below. 

The acceleration in the time of rising due to refraction can be 
investigated in exactly the same way as the acceleration due to dip 
(Art. 90). If u" denotes the refraction at the horizon in seconds, 8 
the declination, x the inclination to the vertical of the direction in which 
the body rises, the acceleration in the time of rising in seconds is : — 

— u sec X sec 8. 

15 

Taking the horizontal refraction as 33', or 1980', and putting 
a; = 0, 8 = 0, we see that at the Earth’s equator at an equinox, the 
time of sunrise is accelerated by about 2m. 12s. owing to refraction. 
The time of simset is retarded by an equal amount. 

When the Sun or Moon is near the horizon, it appears distorted into 
a somewhat oval shape. This effect is due to refraction. The whole 
disc is raised by refraction, but the refraction increases as the altitude 
dimini shes ; so that the lower limb is raised more than the upper limb, 
and the vertical diameter appears contracted. The horizontal diameter 
is almost unaffected by refraction. Hence, the disc appears some- 
what flattened or elliptical, instead of truly circular. According to 
the tables of mean refraction, the refraction on the horizon is 33', 
while at an altitude 30', the refraction is only 28' 23', and at 35' 
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it is 27' 41'. Hence, taking the Sun’s or Moon’s diameter as 32', 
the lower limb when on the horizon is raised about 5' more than the 
upper. The contraction of the vertical diameter, therefore, amounts 
to 5', i.e. about one-sixth of the diameter itself, so that the apparent 
vertical and horizontal angular diameters are approximately in the 
ratio of 5 to 6. 

Even the horizontal diameter is slightly reduced, for its two extremi- 
ties are moved towards the zenith on converging great circles. The 
amount is nearly constant at all altitudes, about 0-5'. 

150, Slusoiy Variations in Size of Sun and Moon 

The Sun and Moon generally seem to look larger when low down 
than when high up in the sky. This is not an effect of refraction. It is 
merely a false impression formed by the observer, and is not in accord- 
ance with measurements of the 

angular diameter made with a micro- 
meter. When near the horizon, the 
eye is apt to estimate the size and 
distance of the Sun and Moon by 
comparing them with the neighbour- 
ing terrestrial objects (trees, hills, 
etc.). When the bodies are at a con- 
siderable altitude no such comparison 



IS 


poseible, and a different estimate of their size is instinctively formed. 


161. Effect of Refraction on Dip, and Distance of the Horizon 

Since refraction increases as we approach the Earth, its effect is 
always to bend the path of a ray of light into a curve which is concave 

downwards (Fig. 60). , , v .v 

Let O be any point above the Earth’s surface, and let T O be the 

curved path of the ray of light which touches the Earth at T and 

passes through O. Then OT’ is the distance of the visible hoi^n. 

the straight tangent OT, then OT would be the dist^ce 0^6 

visible horizon if there were no refraction ; hence, it is evident ftom 

the figure that — 

The Distance of the horizon is increased by refraction. 

Draw OT’, the tangent at O to the curved path OT'. then 01“ is 
the apparent direction of the horizon. Hence, from the figure we see 

that — 

The Dip of the horizon is diminished by r^fraciton. 

Both dip and distance are still approximately proportional to the 
square root of the height of the observer. 
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152. Effect of Refraction on Lunar Eclipses and on Lunar 

Occultations 

In a total eclipse the Moon’s disc is never perfectly dark, but appears 
of a dull red colour. This effect is due to refraction. The Earth 
coming between the Sun and Moon prevents the Sun’s direct rays from 
reaching the Moon, but those rays which nearly graze the Earth’s 
surface are bent round by the refraction of the Earth’s atmo.sphere, 
and thus reach the Moon’s disc. The red colour is due to the same 
cause that makes the setting sun look red. The long red light wave.s 
have more penetrating power than the short violet ones. 

From observing the ” occultations ’ of stars when the unilluniinated 
portion of the Moon passes in front of them, we are enabled to infer that 
the Moon does not possess an atmosphere similar to that of our Earth. 
For the directions of stars would be displaced by the refraction of such 
an atmosphere just before disappearing behind the disc, and just after 
the occultation ; and no such effect has been obser\'ed. 

153. Twilight 

The phenomenon of twilight is also due to the Earth’s atmosphere, 
and is explained as follows After the Sun has set, its rays still continue 
to fall on the atmosphere above the Earth, and of the light thus received 
a considerable portion is reflected or scattered in variou.s directions. 
This scattered light is what we call twilight, and it illuminates the Earth 
for a considerable time after sunset. Moreover, some of the scatt<Ted 
light is transmitted to other particles of the atmosphere further away 
from the Sun, and these reflect the rays a second time ; the result of 
these second reflections is to increase further the duration of twilight. 
Twilight is said to end when this scattered light has entirely disappeared, 
or has at least become imperceptible. From numerous observations, 
twilight is found to end when the Sun is at a depth of about 18^ below 
the horizon. 

The duration of twilight, especially in high latitudes, varies with the 
season of the year and may even last all night. But any given degree 
of indirect illumination will be associated with the same depression of 
the Sun below the horizon. It is therefore convenient to subdivide the 
interval between simrise and complete darkness into three periods, 
indicating times that have equal degrees of illumination. 

The name dvil twilight is applied to the time when the centre of the 
Sun is 6° below the horizon. It corresponds approximately to the 
time when ordinary outdoor civil occupations are impracticable without 
artificial light. The name nautical twilight is applied to the time when 
the centre of the Sun is 12° below the horizon. The name astronomical 
twilight is applied to the time when the centre of the Sun i.s 18° below 
the horizon : it is usually called simply twilight. 


118 


Atmospherical Eefractiox axd Twilight 


The Nautical Almanac gives tables of the times of beginning of 
cnnl, nautical and astronomical twilights in the morning and of their 
ending in the evening for a sufficient number of different latitudes 
be^een the equator and 60' X. to permit the times for any other 
latitude to be interpolated readily. The times for southern latitudes 
are found with the aid of an auxiliary table. 


154. Times of Beginning and Ending of Twilight 

^ ^Ij ^ denotes the zenith, iP the pole, wAs the horizon. 
denotes the position of the Sun when on the horizon and Y its position 
when IS' below the horizon. We denote the angle ZPX by H, the 
hour angle of the Sun at setting, and the angle XPY by h, so that 

-j- A is the hour angle 
of the Sun at the 
end of astronomical 
twilight. A is then a 
measure of the duration 
of twilight. 

In the tiiangle ZPX, 
the side ZZ is 90° ; the 
side PZ is 90° — 
where <f) denotes the 
latitude ; the side PX 
is 90° — 8, where S is 
the decimation of the 
Sun. 

From Art. 10, for- 
mula 1, we have 

Fig. 51. sin 8 sin ^ -f- c<» 8 

cos ^ cos = 0. 

In the triangle ZPY, the side ZF is 108° ; the side PF is 90° — 8 ; 
the side PZ is 90° — The same formula (Art. 10) gives 

.‘iin 8 sin ^ ~ cos 8 cos ^ cos (AT -f A) = cos 108°. 



The first of these formulae gives H, when 8, ^ are known; the 
second gives (H — A). The duration of twilight, and also the hour- 


angle of the Sun at its beginning (in the morning) or ending (in the 
evening) are thus obtained. 

At any point on the equator, ^ = 0. The first formula gives 
cos £f = 0, so that if = 90° or 270°. The second formula gives 


cos 8 cos {H h) = cos 108° 


or cos 8 sin h — ~ 


cos 108°. 
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The value of sin A, and therefore A, is greatest when cos 8 has its 
smallest value, t.e. at the summer and winter solstices. Also sin A has 
the same value for the two values + S, — S of the declination. Thus, 
at a place on the equator, the duration of twihght is greatest at the two 
solstices and least at the equinoxes. At two times symmetrically 
placed on either side of an equinox, the durations of twilight are equal . 

The variations in duration of twihght on the equator are not large, 
however. The duration is Ih. 19m. at the summer and winter solstices 
and Ih. 12m. at the equinoxes. The effect of refraction has been 
neglected ; it delays the time of sunset and sunrise and shortens the 
duration of twilight by a few minutes. 

The investigation of the duration of twihght for any latitude and 
declination of the Sun is a little complicated. The general effect of 
change of latitude can be seen by taking the case of S = 0, when the 
Sun is on the equator. H is then 90® or 270®, so that : — 

cos 108® = cos ^ cos (H -f* A) 

= ± cos 0 sin A. 

Thus A is greater, the higher the latitude. 

If the Sun, when it is 18® below the horizon is at R' on the meridian, 
the end of evening twilight will coincide with the beginning of morning 
twilight. When this is the case, it is seen from Kg. 51, that 

RR^ + jR'n + nP : 

or S *1“ 18® “I” ^ - 
so that ^ = 72® 

ItRn = 90® — ^ — 8 < 18® or if 4> 
below the horizon never gets as great as 18® and twilight lasts all night. 
But the greatest value of 8 is nearly 23J®, the obliquity of the ecliptic, 
and occurs at midsummer. Hence there is twilight all the night about 
midsummer at any place whose latitude ^ is greater than 72® — 23J® or 
48^®. This includes the whole. of the British Isles. 


90® 

90® 

8 . 

72® 


8 the Sun’s depth 


EXAMPLES 

1. What would be the effect of refraction on terrestrial objects as seen bv i 
fish under water ? 

2. For stars near the zenith show that the refraction is approximately proper 

tional to the zenith distance, and that the numher of seconds in the refraction ii 

equal to the number of d^rees in the zenith distance. (Take ooefScient of refrac 
tion = 57'), 

3. Prom the summit of a mountain 2,400 feet above the level of the sea, it i^ 
just possible to see the summit of another, of height 3,450 feet, at a distance oi 
143 miles. Find approximately the radius of the Earth, aflanming that the effeci 
of le&action is to alter the distance of the visible horizon in the ratin 19*14 
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4. Trace the changes in the apparent declination of a star due to refraction In 
the course of a day, at a place in latitude 4o“ X., the actual declination being 60» X. 

5. Prove that if the declination of a star observed off the meridian is unaffected 
by refraction, the star culminates between the pole and the zenith, and that the 
azimuth of the star from the north is a maximum at the instant considered. 

6. Show how the duration of twilight gives a measure of the height of the 
atmosphere. 

i ; is the lowest latitude in the arctic circle at which there is no twilight 

at midwinter, and what is the corresponding distance from the North Pole in nules ? 


EXAMINATION PAPER 

1 . What effect has refraction on the apparent position of star ? Show that the 

greater the altitude of the star the less it is displaced by refraction, and that a star 
in the renith is not displaced at all. 

2. Prove (stating what optical laws are assumed) that, if the Earth and the 
layers of the atmosphere be supposed flat, the amount of refraction depends solely 
on the temperature and pressure at the Earth’s surface. 

3. Prove the formula for refraction, r = (^ — 1) tan z. Is this formula 
universally applicable ^ Give the reason for your answer. 

4. Given that the optical coefficient of refraction of air (p) = 1-0003, find the 
astronomical (wfficient of refraction (C) in seconds. 


5. What is the refraction error ? How may we approximately determine the 
correction for refraction from observations made on the transits of circumpolar 
stars? 


6. Show how the constant of refraction {on the usual assumption that the 
refraction is proportional to the tangent of the zenith distance) might be determined 
by observing the two meridian altitudes of a circumpolar star whose declination 
is known. 


7. Assuming the tangent formulae for refraction, find the latitude of a place at 
which the upper and lower meridian altitudes of a circumpolar star were 30° and 

( \ '3 = 1*732), the coefficient of refraction being 57*. 

S. ^Vhy is the Moon seen throughout a total ecUpse ? 

0. It has been stated that ** The atmosphere by its refraction acts as a lens, 
producing an apparent increase in the diameter (of the Sun and Moon) near the 
horizon. When we consider that the atmosphere, as seen from the surface of the 
globe, is a section of a vast lens whose radius is the semi-diameter of the Earthy it 
is reasonable to assume a small increase in the size of the objects seen through it, 
and a still greater increase when seen in the obli<juity of the horizon.” Why is the 
above statement altc^ther incorrect ? 

10. Find the duration of twilight at the equator at an equinox. 





CHAPTER VII 

GEOCENTRIC AND ANNUAL PARALLAX 

I. — Geocentric Parallax 


155. Definitions 

By the Parallax of a celestial body is meant the angle between the 
straight lines joining it to two different places of obse^^'ation. 

In Art. 14 we stated that the fixed stars are seen in the same 
direction from all parts on the Earth ; hence such stars have no 
appreciable parallax. The Moon, Sun, and planets, on the other 
hand, are at a (comparatively) much smaller distance from the Earth, 

and their parallax is a measurable quantity. 

To avoid the necessity of specifying the place of observation, the 

direction of the Moon or any other celestial 
body is always referred to the centre of the 
Earth. The direction of a line joining the 
body to the Earth’s centre is called the body’s 
geocentric direction. The angle between the 
geocentric direction and the direction of the 
body relative to any given observatory is 
called the body’s Geocentric Parallax, or more 
shortly, its ParaUax. Thus the geocentric 
parallax is the angle subtended at the body 
by the radius of the Earth through the point 
of observation. 

The Horizontal Parallax is the geocentric parallax of a body when on 
the horizon of the place of observation. 



156. General Effects of Geocentric Parallax 


Assuming the Earth to be spherical, let C (Fig. 52) be the Earth’s 
centre, 0 the place of observation, and M the centre of the Moon or other 
observed body. Then the angle OMC is the geocentric parallax of M. 

Produce CO to Z ; then OZ is the direction of the zenith at 0, and 
ZOM is therefore the zenith distance of M as seen from 0 (corrected 
of course for refraction). Now 


Z^ZOM = /_ZCM + /_OMC : 

therefore the apparent zenith distance of is increased by the amount 
of the geocentric parallax. CJonversely to find /JZCM we must sub- 
tract the parallax OMC from the observed zenith distance ZOM. 

The azimuth is unaltered by parallax, because OM, CM lie in the 
same plane through OZ. 
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157. To find the Cotzection for Geocentric FaiaUax 
In Fig. 52, let 

® = CO = Faith’s Badins, 

d = CM = Moon’s (or other body’s) geocentric distance, 

^ = ZOM = observed aenith distance of JIf * 

p = OMC ~ parallax of M. 

Since the sides of J\f)MC are proportional to the sines of the opposite 
angles, 

sin CMO CO sin p a 

sin COM CM ^“d* 


Therefore 



a 

j aiag. 

d 


Let P be the horizontal parallax of M. Then, when z = 90®, 
P = P, and therefore the last formula gives 



Hence, by substitution. 


sin p = sin P . sin z. 

This formula is exact. But the angles p and P are in every case 
very small, and therefore their sines are very approximately equal to 
their circular measures: for the Moon this assumption involves. an 
error of 0*15' ; for all other bodies it is insensible. Hence we have the 
approximate formula 

p — P . sin z. 


or. The parallax of a celestial body wries as the sine of its apparent 
zenith distance. 


The last formula holds good no matter what be the unit of angular 
measurement. Thus, if p', P* denote the numbers of seconds in p, P 
respectively, we have, by reducing to seconds, 

p' = P* sin z. 


Etamples. — 1. Supposing tkt Sun's horizontal paroBax to be 8*8', find the 
eorreetion for pandiax vdun the Sun's altitude is 60®. 

Here 2 = 90® — 60® = 30®, P® = O'O', and tiierefore 

P'am30®= 8-Sr x 4*4'. 

2. Find the eorredions for the Moon's pardSax far altitudes of 30® and 45® , the 
Moon's horizontal parallax being 67'. 

In Oie two «>«>««« we have reqieetivdy 2 = 60® and z = 45®, and the eone- 
sponding correctionB are 

j>' = 67' sin 60®= 67' X ky/^= 28' 30* X ^/^ 

= nlO* X 1*7320 = 2961*7' = 49' 21*7' 
p' = 67' sin 45® = 57' X = 28' 30* X 
= 1710' X 1*4142 = 2418*3' = 40' 18*3' 


and 
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CORBECTION FOB GeOCBNTBIC PaBALLAX 

158. Edation between the Horizontal Parallax and Distance of a 

Celestial Body . , , k. 

In Art. 157 we showed that sin P = a/d. is 

on the horizon at A ; the I.CMA is therefore the horizontal parallax 

P, and we have immediately 

sin P = sin CMA = CAICM = ajd. 

Since P is small, we have approximately 

Circular measure of P = n/d, 
and therefore in seconds 

180 X 60 X 60 onAOftF\ - 

d' 


P 


which shows that the horizontal 
as its distance from the Earth. 

Jf we know the EartVs 
radius a and the distance d, 
the last formula enables us to 
calculate the horizontal parallax 
P'. Conversely, if we know the 
horizontal parallax of a body 
we can calculate its distance. 

Examples. — 1. Oiven that the Moon* i 
the Jlfoon’^ horizontal parallax. 

We have t — A so that ; — 

a 60 


d 




circular measure of P = ^ approximately. 
Now the unit of circular measure = 57^-2957 ; so that ; 


(in angular measure) “ ^ ^ 57^*2957 
s the required horizontal parallax. 


57^-2957 = 57' 17-7", 


2, — Oiven &at the Sun^s parallax is 8-8^. find the Sun*s d 
radttfs being 3,960 miles. 

_ ^ . 8*8 X 7T 

The circular measure of 8*8 is — 


180 X 60 X 60’ 

and, by the formula, we have, for the Sun’s distance in miles, 

a _ 3960 X 1 80 X 60 X 60 

^ ~ circ. meas. of P 8*8 X ir 

Taking ir = 3y, and calculat^Ti g the result correct to the first three significant 
figures, we find the Sun’s distance d = 92,800,000 miles approximately. 


1S9, CSomparison between Parallax and Befiraction 

It will be noticed that while paraUax and refraction both produce 
displacements of the apparent position of a body along a vertical circle, 
the displacement due to parallax, is directed away from the zenith, and 




124 


Geocentric and Annual Parallax 


is always proportk>nal to the sine of the zenith distance, while that due 
to refraction is directed towards the zenith, and is proportional to the 
tangent of the zenith distance, provided the altitude is not small. Also 
the correction for parallax is inversely proportional to the distance of 
the body, and is mperceptible, except in the case of members of our 
solar system ; while the correction for refraction is independent of the 
body s distance, and depends only on the condition of the atmosphere. 

The Moon s horizontal parallax is about 57^, while the horizontal 
refraction is only 33 . Hence, by the combined effects of parallax and 
refraction, the Moon’s apparent altitude is diminished, or its Z.D. 
increased. The time of rising is, therefore, on the whole retarded, 
and the time of setting accelerated. The effect of parallax on the 

times of rising and setting may be investigated bv the methods 
of Arts. 90, 149. 

For other bodies, including the nearest planets, but with the occas- 
ional exception of comets, the correction for refraction far outweighs 
that due to parallax. The comet Pons-Winnecke in June 1927 passed 
within 3^ million miles of the Earth. Its parallax at altitude 60"^, was 2\ 
whereas the refraction was SS''. Lexell’s comet in July 1770 passed within 
14 million miles of the Earth, the nearest cometarv annroach on record. 


160. Effect of Parallax on Right Ascension and Decimation 

When determining the right ascension or decimation of a body with 
sensible geocentric parallax, it is necessary to correct for the parallactic 

displacement in 
order to obtain the 
right ascension and 
declination as seen 
from the centre of 
the Earth and 
therefore freed 
from the effect of 
the observer’s 
. position. 

If 5 is the position 
of the body as seen 
from the centre of 
the Earth, S' the 

position as seen bv the obser\’er, S' lies on the vertical circle through 

S and SS' — p sin z. • o/ rm. 

From S, draw ST perpendicular to the great circle PS . The 

triangle 5ST being small can be treated as plane. The displacement 
SS' can be resolved into the components 

ST = SS' sin q and S'T = SS' cos y, 









R.A. AND Declination 
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Effect of Parallax on 


angle ZSP approximately, which is 


where y is the angle ZS P 

’^"l^th^* tlie three sides PZ, ZS, SP are respectively 

^--6 z and - - 8, where S are the latitude of the place of observa- 
2 ’ 2 
tion and the declination of S. 
and the angle ZSP is y. 

s SS' sin y = p sin z sm j 

sin z sin y = sin A cos 


The angle ZPS is h, the hour angle. 


Then ST 


But since 


sing 


cos 4> 
Hence 


sm z 

ST 


p sin h cos 


The displacement of 5 to «S' decrea^s its right ascension by the 

angle SPS' = -ST/cos 8 = p cos ^ sec 8 sin ft. 

The effect of parallax is therffare to decrease the r%ght ascension of 

the body hy the amount p cos ^ sec h sin h. . i • 

When the body is to the west of the meridian, as in Fig. 54, h is 
<■ 180°. sin h is positive and the R.A. is, in fact, decreased ; when 
the body is to the east of the meridian, 180° < A < 360°. sin h is 
then negative and the R.A. is increased by parallax. ^ 

Thus parallax increases the RA. when ea^ of the meridian and 

decreases it when west of the meridian. 

Also S’T = SS' cos g = 

Bxr njdnff fnrmula f3) of Art. 10, we find 


p sin z cos g 


tp ain z cos g = p (sin ^ cos 8 — cos ^ sin 8 cos A). 


Parallax 


by this quantity, 
which may be numerically posi- 
tive or negative, according to 
the values of the quantities 
involved. 

P 

161. To find the Moon’s Paral- 
lax by Meridian Obsnvations 

The Moon’s parallax may 
be conveniently determined as 
follows. Let A and B be two 
moTirliftTi, one uorth, the other sontii, of the equator. Let M denote 
the Moon’s centre, and let 2 be a star having no appreciable parallax, 
whose R.A. is approximately equal to that of the Moon, their 
declinations being also nearly equal. 

Let the Moon’s meridian zenith distances ZAM. and Z'BM be 
observed witii the transit circles at A and B, and let xAM and xBM, 



situated 
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the differences of the meridian Z-D/s of the Moon and star at the two 
stations, be also observed 

Let Z.ZAM, 2 j= 

«! = IxAM, ttj = ZjxBM. 

P = Moon’s required horizontal parallax. 

By Art. 157, we have, approximately, 

/_AMC = P sin Zi, /_BMC = P sin 

so that AMB — P (sin + sin Zg) (i) 

Moreover, if MX be drawn parallel to Ax or Bx : — 

/_XMA = /_MAx = Oi ; Z_XMB = l_MBx = ; 


and Z_AMB = 


a, 


(ii) 


From (i) and (ii), we have : — 


P (sin 2 ^ -j- sin 2 ,) = 


a 


2 > 


<*1 — «2 


P = ^ ^ 

sm Zj + sm Zj 
whence the Moon’s parallax, P, may be found. 

162. Practical Details 

If the two observatories are not on the same meridian, allowance 
must he made for the change in the Moon’s declination between the 
two observations. Let the stations be denoted by A, B, and let B' be 
the place on the meridian of A, which has the same latitude as B. 
Then, if the Moon’s meridian Z.D. be observed at B, we can, by adding 
or subtracting the change of declination during the interval, find what 
would be the meridian Z.D. if observed from B\ Moreover, the star’s 
meridian Z.D. is the same both at B and at B". Hence it is easy to 
calculate what would be the angles at 5* corresponding to the observed 
angles at B. From the former, and the observed angles at A, we find 
the parallax P, as before. 

To ensure the greatest accuracy, it is advisable that the difference 
of longitude of the two stations should be so small that the correction 
for the Moon’s motion in declination is trifling. It is necessary, how- 
ever, that Oi — a, should be large ; for this reason the stations should 
be chosen one as far north and the other as far south of the equator as 
possible. The observatories at Greenwich and the Cape of Good Hope 

have been found most' suitable. 

The principal advantage of the above method is that the probable 
errors arising from any uncertainty in the corrections for refraction are 

diminished as far as possible. , .i j i- 

For since the Moon and observed star have nearly the same dechna- 

♦inn the corrections for refraction to be applied to Oj, Oj, their smaU 
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differences of Z.D., are very small indeed, 
much moment in the denominator sin 


The errors are not ot so 
sin ^ 2 , as the latter is not 


itself a small quantity. r .u \r „ 

From such observations, the mean horizontal parallax of the Moon 

has been found to be 57' 2-63". , o-r ■ , .i 

This value corresponds to a mean distance of 60*27 times le 

equatorial radius of the Earth, or 238,862 miles. The distance and 

parallax of the Moon are not, however, quite constant ; them greates 

and least values are in the ratio of (roughly) 19 : 17. 
calculations, the Moon’s distance may he taken as 60 times the Earth s 


radius. 

This method can also be used to determine the parallax of a planet. 
The observations can be conveniently made by photography, the planet 
and neighbouring stars being photographed on the same plate. 



To find the Parallax of a Planet fro: 
a Single Observatory 



Observations made at 


The parallax of Mars, when nearest the Earth, and of some of the 
minor planets have also been determined by the following method, 
depending on the Earth’s rotation. 

It has been shown in Art. 160 that parallax increases the R.A. of a 
planet when it is east of the meridian and decreases it when it is west ot 
the meridian, the effect in each case being proportional to sin h. The 
planet’s right ascension, relative to certain fixed stars, is observed soon 
after rising, so as to obtain as large a value of sin h as is conveniently 
possible, and again shortly before setting. The observ^ations are made 
by photography or visually, using either an equatorial provided with a 
micrometer or a heliometer. By comparing the observations east and 
west of the meridian, a larger relative parallactic displacement is 
avaUahle for the determination of the parallax. 

The observed change of position is due partly to parallax and 
partly to the planet’s motion relative to the Earth’s centre during the 
interval between the observations, which produces displacements far 
greater than those due to parallax. But by repeating the observations 
on successive days, the planet’s rate of motion can be accurately 
determined, and the displacements due to parallax can thus be separated 
from those due to relative motion. We must apply the small differences 
of refraction between the planet and stars, since the parallax problem 
is one of refinement. 

This method can be used for the Moon, but the motion of the Moon 
is so rapid that the calculations are complicated. Also different stars 
would have to be used in the two positions, as the Moon would have 
moved through several degrees. 
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Neither this method nor the method in Art. 162 gives accurate 
results for the Sun, for the brilliancy of the ravs renders all stars 
in its neighbourhood invisible. 


^164. Effect of the Earth's Elliptidty 

The effect of parallax is made rather more complicated by the spheroidal form 
of the Earth. For, by Art. 157, the magnUude of the horizontal parallax at any 
place depends on its distance from the Earth’s centre, and since this d i st an ce is 
not the same for all places on the Earth, the horizontal parallax is not every- 
where tiie same. Again, the direction in which the body is displaced is away 
from the line (produced) jo inin g the centre of the Earth with the observer 
(Art. 156). But this line does not pass exactly through the zenith (Art. 101). 
Hence the displacement is not in general along a vertical, so that the azimuth as 
well as altitude is very slightly altered by parsdlax. 


165. Equatorial Horizontal Parallax. Relation between Parallax 

and Awg tdar Diameter 

The equatorial horizontal 'parallax is the geocentric parallax of a 

body seen on the horizon of a 

phase at the Earth’s equator. 
It is generally adopted as the 
measure of the parallax of a 
celestial body. Its sine is equal to 

Earth’s equatorial radius 
body’s geocentric distance 

In Fig. 56 it will be seen that the angle CMA, which measures the 
narallax of M also measures the Earth’s angular semi*diameter as it 
To^ld appeM from . This. Moon’s paraito is ««»- 

iiameUrof the Earth as it toooH appear if observed from the Moon. 


A 



Fig. 56. 


166. 


Rnd the Moon’s Diameter 


Let o c be the radii of the Earth and MOon respecuvey 
in milL d the distance between their centres, P the Moon s honzonte 
P Jut: n. the Moon', engnlax semi— r - ^ wonld appee. d 
Ln from the Earth’s centre. Then, from Fig. 56 


sin P 


a 

d’ 


TM 


sin Ml — sin TCM. 


c 

d*’ 


and c ; a 


sin m ; sin P = ^ approximately ; i.e. 



angnla 


^ ’s horizontal parallax 


its angola 

Hence, knowing tne ,- 

diameter, the Moon’s radius can be found. 
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The Moon’s Diameter 

The Moon'e mean angular diameter 2». obaerved W be abo^ 
sr 5'. From this the Moon’s actual diameter is readily fonn 

oVirkiii- 91 fiO niilos or of “feliG Esrtli s di&niGtGr. 

The surfaces of spheres are proportional to the squares, and t c 

volumes to the cubes of their radii. Hence the Moon « 

about or and its volume about of that of the Earth. 

Example.— i’lwd the Moon’s diameter in miles, given that 

’s angular diameter =31'^ T*', 

([ ’s equatorial horizontal parallax =: 67 2 , 

Earth’s equatorial radius ^ 3963 miles, 

2m _ oQfia V ^ == 3963 X = 2162. 

(£ ’s diameter 2c = <j X -p- — 3963 X 2 -^ •>ao-i 

fTUtno fKa \T/u^n'a diameter is 2162 miles. 


II, — Annual Parallax 


167. Annual Parallax, Definition 

By Annual Parallax is meant the angle between the directions of a 
star as seen from different positions of the Earth in its 
annual orbit round the Sun. 

We have several times (Arts. 14, 155) mentioned that 
the fixed stars have no appreciable geocentric parallax. Their 
distances firom the Earth are so great that the angle sub- 
tended at one of them by a diameter of the Earth is far 
too ffTnall to be observable even with the most accurately 
constructed instruments. But the diameter of the Earth s 
annual orbit is about 23,400 times as great as the Earth’s 
diameter, or about 186 million miles (twice the Sun’s 
distance), and this diameter subtends, at certain of the 
nearest fixed stars, an angle which is measurable — approaching 1' in 

the case of the nearest stars. 

Now, the Earth, by its annual motion, passes in six months from 
one end to the other of a diameter of its orbit ; hence, by observing the 
s^a.mPL star at an interval of six months, its displacement due to annual 



Fio. 57. 


parallax can be measured. 

Since the Sun is fixed, the position of a star on the celestial sphere 
is corrected for annual parallax by referring its direction to the centre 
of the Sun ; this is called the star’s heliocentric direction, as in Art. 137 . 

The correction for annual parallax is the angle between the geocentric 
and heliocentric directions of a star. Let 8 be the Sun, E the Earth, 
X the star (Fig. 57). Then Ex is the apparent or geocentric direction 
of the star, Sx its heliocentric direction, and Z_ExS is the correction 
for ntinnal parallax. This angle is also equal to xEx' where Ex' is 

parallel to Sx. 


M. ASTBON. 


9 
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We notice that the correction for annual jaraBax (ExS) is the angular 
distance of the Earth from the Sun as they would appear if seen to an 
observer on the star. 


168. To find the Coirectioii for Anniia.i Paiallaz 

Let r = ES = radios of Earth’s orbit. 
d — Sx = distance of star. 

E = /_SEx — angular distance of star from Sun. 
p = £ExS = annud parallax of star. 

We have in the triangle SEx : — 

^ExS ES . ^ ^ . f . „ 

= -jr ; whcncc* stnv= -stnE 

sm OCX ox a 



Hence the parallactic correction p is greatest when E = 90®. This 
happens twice a year, and the corresponding positions of the Earth in 
its orbit are evidently the intersections of the ecliptic with a plane 
drawn through S perpendicular to Sx. Let this greatest value of p 
be denoted by P, then P is called the star's annual paraUax, or simply 
the star’s parallax. 

Putting £ = 90° in (i), we have : — 


f . . . 

sin P = -j ; and therefore sin p = sin P . sin E. 

d 

But the angles P, p are always very small ; therefore their sines 
are very approximately equal to their circular measures. Thus we have 
approximately 

f 

P (in circular measure = -j, p = P sin E\ 

d 


and, if F', p* denote the numbers of seconds in P, p, 


F 


180 X 60 X 60 r _ 2og 265 [approximatdy) 

rr d d 

and p' = P* sin E. 


169. Belatian between tiie Parallax and Distance of a Star 
If a star’s parallax be known, its distance from the Sun is { 
the formula 

P* = 


180 X 60 X 60 r 

d 


IT 


206,265 j ; 

a 


whence d 


180 X 60 X 60 


w X P' 

From the Earth 


206,265 ^ , 


■e the close sunikrity between the preaent investigation 
parallax in Art. 157. 


131 


Relation between Parallax anp Stab Distance 


stars 


known star being about 25 milli on miUion miles) that it is inconvement 
to express them in miles. A larger unit of distance is needed. The 
unit commonly used is the parsec^ which, as the term implies, is the 
distance corresponding to a parallax of one second of arc. From the 
above relationship between d and P"", it is evident that the parsec is 
206,265 r where r, the distance of the Earth from the Sun, may be 
taken as 93 million miles. Expressed in miles, the parsec is approxi- 
mately 19*18 million million miles or 19-18 X 10^* miles. 

If the distance d is expressed in parsecs, the relationship between 
distance and parallax becomes simply : — - 


P 


The distance, in parsecs, is therefore the reciprocal of the parallax 
in seconds of arc. 

Stellar distances are sometimes expressed also in terms of light-year. 
A ligM^year is the distance travelled by light in the course of a year. 
The velocity of light has been found to be 186,285 miles a second. The 
light-year is therefore : — 

186,285 X 60 X 60 X 24 X 365J = 5-89 X 10^* miles. 

It follows that one parsec is equal to 19*18/5*89 light-years, or to 
3*26 light-years. 

Examples. 1. The parallax of Cctelor is 0*063^ ; find its di^nce. 

We have d = 206,265 ^ 

0-063 

= 304,000,000,000,000, or 304 x 10** miW 

approximately. It would be useless to attempt to calculate more Sguree of the 
result with the given data, which are only approximate. It is moat convenient 
(besides being shorter) to write the result in the second form. 

Alternatively, the distance may be given as l/*063 = 15-9 parsecs or 

16-9 X 3-26 = 61-8 light-years. It follows that the light by which Castor is 
seen left the star about 52 vears nrevionalv. 


Here d — 


CeTtlauri (1) in terms of 
ears, taking its parallax 


276,000r 


206,265r 

•76 


=» 276 X lO* X 93 X 10«= 26,676 X liP 
= 266 X 10^^ miles approximately. 

Che distance in parsecs 1/-760 *= 1-33 parsec. 

distance in light-years = 1-33 x 3-26 = 4-36 light years. 
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170. General Effects of Parallax 

Since Ex' is parallel to Sx, it is in the same plane as ES and Ex. 
Hence the lines ES, Ex, Ex cut the celestial sphere of E at points S, 

X, Xq, lying in one great circle, and we have the two following laws : — 

(i) Parallax displaces the apparoU position of a star from its helio- 
centric position towards the direction of the Sun. 

(ii) The parallactic displacement of any star at different times varies 
as the sine of its angular distance from the Sxoi. 

Let Fig. 59 represent the observer’s celestial sphere, S the Sun. 
Let X be the apparent or geocentric position of the star, whose parallax 
is P. Draw the great circle Sx and produce it to Xq, making 

xXq = P sin Sx, 

Then Xq represents the star's heliocentric position, and this is its 

position as corrected for 

annual parallax. 

Conversely, if the star’s 
heliocentric position Xq is 
given, we may obtain its geo- 
centric or apparent position 
X by joining x^S, and on it 
taking 

XqX = P sin Sx = P sin Sx, 

very approximately 
(for the difference between 

P -^in Sx and P sin Sx, is exceedingly small, and may be neglected). 
^ 'ihe terms Pamllax in Latitude and ParaUax in Longitude are 
to designate the corrections for parallai which most be apph^ to the 
celestial latitude and longitude of a star respMtively. Si^rly, the 

in decl. and paradax in R.A. denote the corresponding coiiec- 

tions for the decl. and R.A, 

in. To show that any Star, owing to Paranaa, appears to descnho 

an Ellipse . 

In Fig 58, Ex’ is parallel to the star’s heliocentric dir^ion. 

therefore, is ^ 

SH' ^ as dough it revolved in an e,nal orbit about its 

hehocentrio position i, in a plane the star a 

Let the circle MX (Fig- 60 ) represent to path w^ 
hence if denote its projection on the celestial spnere. 
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(c) the ^ar is displaced- along the major axis it has no 
parallax in latitude. 

(d) At these times the Sun’s longitude differs from the star’s by 90®. 

(ii) (a) The length of the semi-axis minor is P sin b. 

(b) The minor axis is perpendicular to the ediptic. 

(c) When the star is displaced along the minor axis it has no 

parallax tn longittide, 

(d) At these times the Sun’s longitude is either equal to the Mr’s, 

or differs from it by 180°. 

On the celestial sphere let x® denote the heliocentric position of the 
at, ABA'B' the ecliptic, K its pole, B^KxJB the secondary to the 
iliptic through the star. Then, if S is the Sun, the star lo is displaced 

) X. where 

Xji = P sin XqS. 


latest when sin x^S is greatest; 
happens when 



sin XgS 


x^ = 90' 


If, therefore, we take A, A' on the 
ecliptic so that 

x^ = x^’ = 90°, 

A, A' are the corresponding positions 
of the Sun. 

Now A, A' are the poles of BKV, 
and therefore the great circles A^' is 
a secondary to BKBi . Hence, if a, o 
denote the displaced positions of the 
star, aa' is perpendicular to KB, and 

is therefore parallel to the ecliptic. Also 

Xffi — xfi' = P sin 90 = P , 

dispUced putaUel to tie ecUpw, its 
ot algelst distance from tie ecUptic, is unaltered, and therefore th 

ytaralfax in latitude is zero. 

(iil The parallactic displacement is least when ^ 
this hapi^ns »hen S is at B. For B is the point on the eehptte ue«.st 

tor, 

it follows that the par.ll.etie displacement is also least when S m at Jf 
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Axes of the EiiiPSE described by a Star 


If, theiefoie, 5, b' be the extremities of the minor axis, the arc 
is along KB, and is therefore perpendicular to the ecliptic. Also 


xJ> 


xjb' 


P sin I, 


= P sin XoB 

therefore the semi-axis minor is P sin 1. 

When the Sun is at B, it has the same longitude as the star ; when 

at K, the longitudes differ by 180°. 

Ajid since the star is displaced in a direction perpendicular to the 

ecliptic, its longitude is unaltered ; therefore the parallax in 

longitude is zero. 

The parell^^TT in latitude is evidently equal to the apparent angular 
displacement of the star resolved parallel to XqK, and its maximum 
value is x^p, or x^jb'. The parallax in longitude is not equal to the 
star’s angular displacement perpendicular to Kxo, but to the change of 
longitude thence result* 

ing, and this is measured ^ 

by the angle 
Hence, in Fig. 61, 



(i) The 
parallax in latitude 

= xjb = P sin L 

(ii) The maximum 
parallax in longitude 

= Xffljsin Kxq 

= P/coaXf^= Psech 



173. Amiial Parallax in Bight Ascension and Declination 

In Fig. 62, P is the pole and K is the pole of the ecliptic, x is the 
star and S is the Sun. a, S denote the It. A. and Dec. of the star and 
oq. So the It.A. and Dec. of the Sun. 

Parallax di^laces the star from x to x\ where xx^ = P sin E, 
E being the angular distance of x frona the Snn. 

A displacement P sin A* along xS can be resolved into PainPsin dper< 
pendicular to xM and P sin E cos 6 along xAf , where 0 is the angle SxM. 

In the triangle PSx, the sides Px = “ — S, PjS = ^ — Sq, and 

the angle SPx = a — oq are known. Hence the side Sx = E and the 
angle iSasP = w — 0 can be determined. We have : — 

sin E cos $0 

sin (a^ — Oo) sin 0 * 

Hence P sin E sin 0 — P sin (a — Oo) cos Sq. 
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This is tlie coDiponent of the displacement perpendicular to xil. 
The corresponding displacement in right ascension is P sin (a — o^) 
cos Sq sec 8. This must be subtracted from the true R.A. to obtain 
the apparent R.A. as affected by parallax or added to the apparent R.A. 

to obtain the true R.A. 

The component of the displacement along t 3/ is P ^in E cos 6. 
Bv the use of formula (3) of Art. 10. this is equal to 

P {cos (a — oo) sin 8 cos 8o — cos 8 sin 8(,). 

This Quantity must be subtracted from the true Dec. to obtain the 
apparent Dec. as affected by parallax, or added to the apparent Dec. 

to obtain the true Dec. 


174 . 


Parallax 


P 



and Longitude 

Referring to Fig. 63, 
P is the pole of the 
equator, RtQ and 
K is the pole of the 
ecliptic L ^ C — . x is 
the heliocentric position 
of the star as seen from 
the Sun, a-' is the position 
as displaced by parallax. 
M is the foot of the 
^ secondary circle from the 
pole of the ecliptic, K, 
to the ecliptic . S denotes 
the position of the Sun. 

In the triangle SxM, 
Sx is E, the angular dis- 
tance of the star from 
the Sun. SM is (I — ^o), 
where 1, I q are the longi- 
xM is the latitude, b, of the 


P siu E. This can be 


tudes of the star and Sun respectively: 

■.tar The angle at is a right-angle. 

The parallactic to r.V and 

resolved into components P mu sin ox.u per pc 

P ^in E cos SxH along x3/. 

"ror the compound perpendicular to x31, we have 

P sin E sin SxM = P sin (/ — 

The corresponding difference of longitude is P sin (1 — 1.) see b. 

The component along J.U is P sin E cos Sxil. But using th. 
forZlae fZ right-angled triangle, cos Sx3t = tan 6 cot £. 
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^ CvW P cc« E tiui h ^ E 5?‘in h cos [t ^9) 

Hence P sin £ co& SxH - r coe r. uui 

eknce cos t = ^ ““ V* , ^ p ^ k Wn {/ — L) and the 

Th. p„^ in longit^e B th-M^foK P «c 6 ... » '. 

p,i,ll«inUtitnd.i.PW-4«^^^‘j^ longitnd. .nd 


EXAMPLES 

,. If «. «' be the tn.e «d api««t altitude of a planet affected by paralUx, 
prove the equation a = « ' ^ ® ‘ declination - 2C*“- 

„ ly r. «..d .h. — .1.“ 1" i>«i.~>.' ■• “ -* • , , 

, TV oV«.-l ~Hdi- «d.h di.UV. of ^ 

♦«' ei' The horiaoatal parollax is 60' 16', the semi-diameter 16 -5 . and »he 
iS 21 , noraoa i— vi^iA thi» Moon s declination, 

Utilude of tlie pUce <d ohserrmtM ie ^ 

that the constant of r^»ction is 58 
5 Prove that co«c 6 76' = 23M6 approximately and t^« 
dnunee of the Son is neariy 81 million geographi^ t iT ^th’i 

the W. pamllax. and a geogmphical mile subtending I at the Earth i 

A Find the Son's diameter in miles, taking the Sun s parallax a 
Mwolar diameter as 3i', and the Earth's radius as 3,960 miles 


7. A spot at the centre of the Sun’s disc is 

absolute diameter ‘ 


obeerved to subtend an angle of 5 


g If the annual parallax be S', determine the distance of the star, taking 

San's distance to be 90.000,000 miles. Hence, deduce the distance of a 
whom pa ra l l a x is 0 

9. Find, roughly, the distance of a star whose parallax is 0-5', given that t 

Son's is O', and the Earth's radios is 4000 mike. 

10. The V of 61 Cppui is 0-3', and its proper motiw, perpei^cular 

the line of sight, is 5' a y«*r : compare its velocity in that direction with that 

the Earth in ita orl»t round the Sun. 


11 Account for the following phenomena : (i) all 
. rtraight line about their moxn plm« in the coon 

slara in the ecKptk appear to approach and 
a of the 3 rear. 


stars in the ecliptic oscillate 
B of the year ; (ii) two very 
from one anoth^ in the 










CHAPTER Vni 

.\BERRATION 


175. Aberration 

III the two preceding chapters, we have discassed the displacementa 
of the apparent position of a body produced by refraction and by 
geocentric and annual parallax. In the present chapter, we discuss 

further effects that give rise to small changes in the positions of 
celestial bodies. 

The Aberration of Light is a displacement of the apparent directions 
of stars, due to the effect of the Earth’s motion on the direction of the 
relative velocity with whicb their light approaches the Earth. 

The velocity of light has been measured by laboratory experi- 
ments in a variety of ways. Recent determinations by Michelaon 
have given a velocity of 299,796 kilometres or 186,285 miles a second : 
this may be taken as the most probable value. 

The rays of light emanating from a star travel in straight lines 

through space* with a velocity of about 186,285 miloa 
per second. We see the star when the rays reach 
our eye, and the appearance presented to us depends 
solely on how the rays are travelling at that instant. 
If the Earth were at rest, and there were no refraction, 

r 

we should see the star in its true direction, because 
the light would be trayelling towards our eyes in a 
straight line from the star. But in eyery case the 
direction in which a star is seen is the direction 
of approach of the light -rays from the star at the 
instant of their reaching the eye. 

Now the yelocity of approach is the relative velocity of the light with 
respect to the observer. If the observer is in motion, this relative 
velocity is partly due to the motion of the light and partly due to the 
motion of the observer. If the observer happens to be travelling 
towards or away from the source of light, the only ejBfect of his motion 
will be to increase or decrease the velocity of approach of the light, 
without altering its direction, but if he he moving in any other direc- 
tion, his own motion will alter the direction of the relative velocity of 
approach, and will therefore alter the direction in which the star is seen. 

Suppose the light to be travelling from a distant star x in the 
direction xO. Let V be the velocity of light, and let it be represented 
by the length MO. Suppose also that an observer is travelling along 
tbe direction NO with velocity «, represented by the straight line NO. 
Then, if we regard O as a fixed point, the light is approaching 0 with 

♦ Of conrse the rays are refracted when they reach the Earth’s atmosphere, 
but the effects of refraction can be allowed for separately. 
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1 


I I 


^ 1 I \fn XUo since tlie observer is api)roaching 

velocity lepresentcd by UO. approaching the 

0 with velocity ^ “Xitv repreid thcrefon. 

observer i the light is 

rr ity is represented ' ^ —"th'e 

fbser^ef’s eye. Therefore when the observer has re-^^ed 0 the sU 
is seen in the direction Ox' drawn parallel to i ^ , a loug t 

directio^n^e the star appears to be displaced from true 

position r to the position r' This displacement .s 

the star, and its amount is, of course, measured by the angle Mx . I 

angle is sometimes called the o/^le 0 / oierroboo or the aherml.m error. 

176 . Illustrations of Relative Velocity and Aberration 

The following simple illustrations may possibly assist the reader in 
understanding more thoroughly how aberration is produced. 

(1) Suppose a shower of rain-drops to be falUng perfectly vertically, with a 
velocity of 40 feet per second. Then, if a man walk through the shower, sa> 
Sth a Velocity of 4 feet per second, the drops wUl appear to be coming towanU 
him, and therefore to be falUng in a direction inclined to the jerlical. ^e^ rt. 
man is moving towards the drops with a horiiontal velocity of 4 fwt per , e ^ 
and therefore the drops appear to be coming towards the man with an equal and 

oppositehorizontal velocity of 4 feet per second. 

Their whole relative velocity is the resultant of this horizontal velocity and he 
vertical velocity of 40 feet per second with which the drops arc approaching e 
eround By the rule for the composition of velocities, this relative velocity ma es 
In angle tan-» A or tan-‘ 1 with the vertical. Hence the man's own motion 
causes an apparent displacement of the direction of the rain from the vertical 
through an angle tan'* -1. This angle correspond.^ to the angle of aberration in 

the case of light . 

(2) Suppose a ship is saUing due south, and that the wind is blowing from due 
west with an equal velocity. Then to a person on the ship the wind will appear to be 
blowing from the south-west, its southerly component being due to the motion of t In- 
ship, which is approaching the south. In this case the ship’s velocity cau.ses the w ind 
to apparently change from west to south-west, i.e. to turn through 45'’. \\ e might, 
therefore, consistently say that the “ angle of aberration ” of the » ind was 4.5 . 

177 . AriTiiinl and Diurnal Aberration 

A point on the Earth’s surface is moving through space with a 
velocity compounded of (i) the orbital velocity of the Earth in the eclipt if 
about the Sun ; (ii) the velocity due to Earth’s rotation about the poles.* 

♦ There are still other velocities, viz* that due to the Sun’.^ motion in hjxh i 
fArt. 392) These, however, are constant for long periods. 
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These give rise to two different kinds of aberration, known respec- 
tively as annual and diurnal aberrudion. Now the Earth’s orbital 
velocity is about 2^7 X 93,000,000 miles per annum, or rather over 18 
miles per second, while the velocity due to the Earth’s rotation at the 
equator is roughly 2^7 X 4000 miles per day, or 0-3 miles per second. 
The former velocity is about y ^ of the velocity of light, and there- 
fore the annual aberration is a small though measurable angle. The 
latter velocity is only ^ as great; hence the diurnal aberration is 
much smaller and less important. For this reason the term “ aber- 
ration ” always signifies annual aberration, unless the word diurnal ” 
is also used. We shall now consider the effects of annual aberration, 
leaving diurnal aberration till the end of this section. 





178. To Determine the CoixectiQn for Aberratioii on tiie Position 

of a Star 

Let Ox be the actual direction of a star x seen from the Earth at 0; 

OJJ the direction of the 
Earth’s orbital motion 
at the time of observa- 
tion. On Oz take OM 
representing on any 
scale the velocity of 
light, and draw MY 
parallel to OTJ^ and 
representing on the 
same scale the velocity 
of the Earth. Then 

YO represents the relative velocity of the light in magnitude and 
direction, so that OYx is the direction in which the star x is seen (Fig. 65). 



For if OX be drawn paraUel and equal to Flf, the parallelogiam of velocities 
JIXO T shows that MO, the actual velocity of the light-rays in space is the resultMit 
of the two velocities TO and XO, or TO and MY, and therefore YO is the required 

relative velocity. 

Since Ox, Ox, and OU all lie in one plane, it follows, by representing 
their directions on the celestial sphere, that o star is dtsplaeed by aberra- 
tion along the great cirde joining its trve place to the point on the cdestial 

sphere towards which the Earth is moving. 

The displacement xOx' is called the star’s aberration error. Let it 

be denoted by y, and let 

u = NO = velocity of Earth, V = MO — velocity of light. 

Then the triangle OM Y gives : 

sin MOY _MY_u 

sin MYO ~ MO V' 
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or sin y 


~ sin MYO = y sin U(ho . 


9(r. 


The aberration error y is, therefore, greatest when UOx' 

Let its value, then, be k. Putting UOx’ = 90^ we have : 

sin k = ti/y ; 

sin y = k sin JJOx * 

The angle UOsf is caUed the Earth’s Way of the stor, and * is called 
the CoejBUcient of Aberration. Since y and k are both smaU, we have, 

approximately 

y = k sill (Eartli^s way), 
k (in circular measure) = «/F ; 

and, therefore, if y’, kT denote the number of seconds in y, * respectively 

y' = k" sin {Earth’s Way), 

180 X 60 X 60 «_ 

^ V~ 


k‘ 
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velocity > 
velocity 


179. Genmal Effect of Aberration on the Celestial Sphue 

Neglecting the eccentriciiy of the Earth’s orbit, the direction of 
motion of the Earth, in the ecliptic plane, is always perpendicular to 
the radius vector drawn to the Sun. Hence, on the celestial sphere, 
the point V, towards which the Earth is moving, is on the ecliptic, at 
an distance 90“ behind the Sun. This point is sometimes 

called the apex of the Earth’s Way. 

Let x' denote the observed position of the star. Draw the great 
circle sfTJ , and produce it to a point x, such that 

=s k sin 3^ U. 

’s true position, corrected for aberration, 
m the true position x, we can find the 
g xU and tal^g 


xx’ = k sin xU, 

for it is quite sufficiently approximate to use k sin xU instead of k 
sin x'D. 

We thus have the following laws : — 

(i) Aberration produces displacement in the apparent position of a 
star towards a point V on the edijAic, distant 90“ behind the Sun. 

(ii) The amount of the displacement varies as the sine of the Earth’s 
Way of the star, i.e. the star’s angular distance from the point U. 
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180. Ck>mparison between Aberration and Aniinal Parallax 

The student will not fail to notice the close analogy between the 
corrections for aberration and annual parallax. 

The point JJ for the former (Fig. 65) corresponds to the point S for 
the latter (Fig. 57), in deter minin g the direction and magnitude of the 
displacement. In fact, the aberration error of a star is exactly the same 
as its parallactic correction would be three months earlier (when the Sun 
was at U) if the starts apinual parallax were k\ 

There is, however, this important difference that the annual parallax 
depefids on a starts distafice, whilst the copistaM of aherration Jc is the same 

for cdl stars. 

For k depends only on the ratio of the Earth’s velocity to the 
velocitv of li«yht, and not on the star’s distance. The value of k in 
seconds is about 20*47' ; for rough purposes it may be taken as 20*5'. 


BT 
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that the Abeiratioii Curve of a Star is an Ellipse 


This result, which follows immediately from the analogy between 

aberration and parallax, may be proved independently as follows 

On Ex (Fig. 67), the true direction of a star Ex, take x to represent the 

velocity of light, and xAf to represent the Earths velocity. Then 

MO meets the celestial sphere in m, the star s apparent position. 

\s the Earth’s direction of motion in the ecUptic vanes, while its 

velocitv remains constant. M describes a circle about x as centre m a 

plane paraUel to the ecliptic plane. The projection of t^ circle on the 
^ . . ■ 1 V ; Qnr! fliiR is the curve traced out by a star 


celestial sphere is an euipse, aim iui» ic 
during the rear in consequence of aberration. 

PABTicrL.vR Cases.— .4 star in the ecliptic 
straight line, or more accurately an arc of a | 
A star at the pole of the ecliptic revolves m a 

(rf. Art. 171). 


s to and fro in a 
cle of length 2A*. 
ircle of radius k 
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182. Major and Minor Axes of the Aberration Ellipse 

By writing U for S and jfc for P in the investigation of Art. 172, wo 
obtain the analogous results relating to the ellipse described by a star 
in consequence of aberration, namely 

(i) {a) The length of Ae semi-axis major is k. 

{b) The major axis of the ellipse is parallel to the ecliptic. 

(c) When the star is displaced along the major axis it has no 

aberration in latitude. 

(d) At these times the Sun's longUude is eUher egual to the star s, 

or differs from it by 180®.* 

The length of the semi-axis minor is k sin 1. 

The minor axis is perpendicular to the edipAk. 

(c) When the star is displaced cdong the minor axis, it has no 
aberration in 

longitude. r 

(d) At Aese times the 
Sun's longitude 
differs from the 
star's by 90°. 


(ii) (o) 
ib) 


CoBOLLARY.— The mazi- 
mum aberration in longitude 
= jfc sec 1 (cf. Art. 172, ii). 


R 
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183. Aberration in Bi^t 
Ascension and Declination 

The effect of aberration in right ascension and declination can be 
derived in exactly the same way as in Art. 173 for annual parallax. 
In Fig. 62, the point S is now a point on the ecliptic whose longitude 
is 90° smaller than that of the Sun. If oq, Sq ^ 
of this point, we have, as in Art. 173, 

Aberration in B.A. ~ h sec 3 sin (a — Oq) cos Sq. 

Aberration in Dec. = ib{cos(a — ao)sin8cos8o — cosSsuiSq}. 

We have now to express og, Sq in terms of the Sun’s longitude l^. 

In Fig. 69, in the spherical trian^e *pST, *VT is og, ST is 80, ^8 is 
Ig— 90° and the angle S*fT is e, the obliquity of the ecliptic. From 
the formulae for a right-angled triangle, we have 


sin Oq cos 80 
cos 00 cos 80 
sin 80 


sin(l0 
sin (1 q 


cos 


cos 


90°) — an In 
90°) sin' e = 


cos In sin e. 


* Note tiiat (i, d) and (S, d) are the lerene of tiie oonreqpondiDg piopertiM 

Alt. m. 




44 


Abebration 


We obtain, therefore, aberrcAion in R.A. 

— A- sec 8 sin (a — o^) cos Sq 
— k sec 8 (sin o cos — cos a sin Op) cos 8g 
= A; sec 8 (sin a sin Jq -j- cos « cos a cos Aq) 
lud aberration in Dec. 

= k ((cos o cos a® -|- sin a sin oq) sin 8 cos 8o — cos 8 sin 8o} 

= k (cos a sin 8 . sin Jq — sin a sin 8 cos c cos sin e cos 8 cos ^ 
= k (sin 8 (cos a sin A# — cos e sin a cos l^) + sin e cos 8 cos Q. 

These qnantities must be added to the apparent R.A. and Dec. to 
obtain the true values. 


184. Aberration in Latitude and Longitude 

The expressions for the aberration in latitude and longitude can be 
derived in exactly the same way as those for annual parallax in latitude 
and longitude in Art. 174. In Fig. 63, xx becomes k sin E, where 
E is the distance xS, S now being a point whose longitude is 90° less 

than that of the Sun. 

The expressions for aberration in latitude and longitude are there- 
fore obtained firom those for annual parallax by substituting the 
constant of aberration it for P and io - 90° for A,- We thus obtain 


Aberration in longitude = A: sec 6 sin (A 


it sec 6 cos (A 


k + 90°) 

Afl) 


Aberration in latitude 


A; sin 6 cos (A — Aq + 90°) 
— it sin 6 sin (A — Aq) 


These qoantities must be added to the observed lougitade and 
latitude to obtain the true values. 

*185 Effect of Ecoentridty of EartJi’s Orbit 

o™* .o the ehipU. fo™ 

rriTth.” w ' ** *1*^, 

inversely proportion^ to ^ ^ coefficient of aberration is pmpor- 

1 _ e : 1 T <. or * V ♦ - it* greatest and least values are therefore in the 

tn the Earth s velocity, its greawsi anu ico- 
tional to me :__i- si ond iS of its mean value. 

„ H to the 

which a star is displaoed. may be distant a little more 

Sun at different seasons. ^ the more 

The aberration curve » stiU an ellipse, in W.V. traced out by 
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M, is in this case the “ hodograph ” of the Earth’s orbit^ 

known, in the case of elliptic motion, such as the Earth s that 

a circle, whose centre does not, however, quite coincide with *. Hence the a 

tion curve hk is an ellipse. 


186* Discovery of Aberration 

Aberration was discovered by Bradley, in 1725, in the coi^e of a 
series of observations made with a zenith sector on the star y raconis 
for the purpose of discovering its annual parallax. The star s atitu e 
was observed to undergo small periodic variations during the course ot 
the year, and these differed from the variations due to annual parallax 
in the fact that the displacement in latitude was greatest when the 
Sun's longitude differed from that of the stars by 90° ; that is, at 
the time when the parallax in latitude should, be zero (Art- 172, i, c). 
It can he seen also from Art. 174 that the parallax in latitude is 

zero when I — 1 ^= i 90®. 

The fact that the phenomenon recurred annually led Bradley to 
suppose that it was intimately connected with the Earth s motion about 
the Sun, and he was thus led to adopt the explanation which we have 
given above. It will be seen that the peculiarity which led Bradley to 
discard annual parallax as an explanation is quite in harmony with the 

results of Arts. 182 and 184, 
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To Deter 



infi the (Jonstant of Aberration by Observation 


The constant k can best be found by observing the declinations of 

stars with a zenith telescope or with a transit circle. 

K 8 is the true declination of the star and Sj is the observed declina- 


tion, we can write : — 

8 — 8i = kFi 

where kF^ is the expression given in Art. 183. At another season of the 
year, observations are made again. If 83 is the observed declination : 

8 — 82 = kF ^ 

whence 83 — 81 = k {F^ — F 2 ) determines k. 

The seasons of the year at which observations are made are chosen 
to give the largest range in {Fi — -^ 2)9 bi order to give the most favour- 
able conditions for an accurate determination of the constant of aberra- 
tion. These conditions can be seen from the expression in Art. 183 for 
the aberration in declination. As c is about 23^®, the first two terms 
do not differ greatly from the value obtained by putting cos € = 1 (the 
correct value being •92). The first two terms then become sin 8 sin 
(^0 ■ Gt). Stars of high declination and values of (^0 u) near fih. 
and 18h. are therefore required. The conditions are satisfied if the 
stars are on the meridian at about 6 h. and 18h, local mean time. 
Observations should therefore be made as near 6 h. as conditions 
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permit at one season of. the year and near 18h, six months later. 
Corrections must be applied for refraction and for precession. 

The constant of aberration is difficult to determine accurately. 
Systematic errors are liable to enter when observations taken at 
different seasons of the year and at different times of the night 
have to be compared. 

The star y Draconis was chosen by Bradley because it was nearly in 
the zenith and its position was therefore but little affected by refraction. 
The star is very favourable in another respect, for its longitude is very 
nearly 270°. It therefore lies very nearly in the solstitial colure,” 
its declination circle passing nearly through the pole of the ecliptic. 

At the vernal equinox, the star’s longitude is less than the Sun’s by 
90°, and it is therefore displaced away from the poles of the ecliptic and 
equator through a distance k’' sin 1, its declination being therefore 

decreased by i*' sin I, At the autumnal 
equinox its declination is increased by 
ifc' sin h 

Hence the difference of the apparent 
declinations — 2jt^ sin and this is also 
the difference of the star's apparent mer- 
idian zenith distances. By observing 
these, h* may be found, I being of 
course known. The value of is very 
approximately 20*47'. 

An alternative method of finding the 
aberration constant is to measure with 
a spectroscope the exact positions of 
the spectral lines of selected stars near the ecliptic at different seasons of 
the year. The motion of the Carth to or from the stars alters the wave 
length of the light, and catises a shift of the spectral lines to and fro ; 
from this, the ratio of the Earth’s speed to that of Light can he deduced, 
whence we obtain the aberration constant and the Sun’s distance. 



188. P^lAtinn between the Coefficient of Aberration^ 

Paxallaz, and the Velocity of Light 

We have seen (Art. 17S) that 


the Sun 


A* 


180 X 60 X 60 H 

= F 


(i) 


where k* is the coefficient of aberration in seconds, u the velocity of the 
Earth, r that of light, both of which we will suppose measnied in miles 

per second. . j • i \ 

Now let r represent the radius of the Earth’s orbit (supposed circular; 

in ^les. Then in one sidereal year, or 365i days, the Earth travels 
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round its orbit through a distance 27rr miles* Hence the Earth 

27rr 

velocity in miles per second is u = .. Substituting 


in (i), we have : — 


k" 


366i X 24 X 60 X 60 
15 r 


3654 r 


If, therefore, the coefficient of aberration be determined by observa- 
tion and F, the velocity of light be measured experimentally, the Sun’s 
distance r can be foxmd. Thus the Sun’s parallax can be calculated 
from the coefficient of aberration and the velocity of light or, 
conversely, the coefficient of aberration can be calculated from the 
sun’s parallax and the velocity of light. 

It can be shown that, when the fact that the Earth’s orbit is not 
circular but is an ellipse of eccentricity e is taken into account, this 
expression should be changed to 


k" 


15 


3654 ■ vT^2 F‘ 


Now if p is the Earth’s radius, the Sun’s parallax, P, is given by 


P" 


180 X 60 X 60 p 


TT 


Therefore P^k" = — ^ 


P 


TT X 1461 -y/i _ y’ 

Putting p = 3963 miles, F = 186,285 miles per sec, e 
we obtain 

P^k" = 180-3. 


001674 


189. Planetary Aberration 

The direction of any planet is affected by aberration, which is due 

partly to the motion of the Earth, and partly to that of the planet 

Itself. For, during the time occupied by the light in travelling from a 

pl^et to the Earth, the planet itself will have moved from the position 
which it occupied when the light left it. 

We shall, however, show that ihe direction in which a planet is seen 
at any instant was the actual direction of the planet relative to the Earth 
at the instant previously when the light left the planet. 

Let the the time required by the light-to travel from the planet to 
the Earth. Let P, Q be the positions of the planet and Earth at any 
instant ,• P Q' their positions after an interval t. The light which 
fraves the planet when at P reaches the Earth when it has arrived at 

Q . But PQ and QQ are the spaces passed over by the light and 
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the Earth respectively in the time t (and QQ’ is so small an arc that it 
may be regarded as a straight line). Therefore 

QQ ' : PQ' — velocity of Earth : velocity of light. 

Hence it follows from Art. 178 that the line PQ represents the direction 

of relative velocity of the light with respect 
to the Earth. Therefore, when the Earth 
is at Q' the planet is seen in a direction 
parallel to PQ, and its apparent direction 
is exactly what its real direction was at a 
time t previously. 

The same is true in the case of the Sun 
or a comet, or any other body, provided 
that the time taken by the light from the 
body to reach the Barth is so small that 
the Earth’s motion does not change sensibly 
Fio. 71. in direction in the interval. 

The dberration of the planet at any 

instant is the angle between the apparent direction PQ and the actual 
direction P'Q’. 

Tl ^atnplc — find the effect of aberration on the posUions of (i) the Sun, (ii) 
Solum in opposition, taking its distance from the Sun to 6e Umes the Earth's. 

(i) The light takes 8m. 20s. to travel from the Sun to the Earth, therefore the 
Sun’s apparent coordinates at any instant are its actual coordinates 8m. 20 b. 
previously. Thus, its apparent ded. and R.A. at noon are its true decl. Mid RA. 

at llh. 51m. 40s. . o oa. .tv 

Xow the Sun describes 360® longitude in 365J days. Hence m 8m. -Os. - r/K 

seconds it describes 

360 X 60 X 60 v- = — — = (by Art. 188). 

365i X 24 X 60 X 60 V 365i V 
This is otherwise evident from the fact that the Earth’s way of the Son is OOP ; 
and it is at rest, consequently its aberration = k. 

fii) The distance of Saturn from the Earth at opposition is = 9J - 1, or 8* 

times the Sun’s distam*. Light tr^ls over this di^ce m 

8m ’Os. X 84= 500 X 8|s.= Ih, 10m. 50s. 

W»e, tl» !h. I0». 

'“SSL ol«™d 

and R.A. at 22h. 49m. 10s. 

190. Kumal Aberration „ , , j 14 . 

Dinrnal aberration is due to tbe effect of tte Barth a diurnal rotation 

oKmit the Doles on the relative velocity of light. 

rs tt M revolves from west i» east, the porton of 
-r eakwAnror due to this diumal rotatiou is in the direction of tiie east 
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point E of the horizon. The effect of diurnal aberration can thus be 
investigated by methods precisely similar to those of Art. 178, taking 

the place of U.* 

Hence, every star x is displaced by diurnal aberration towards the 
east point E. And if x' be its displaced position, then 

the displacement xx' — A sin xE, 


where circular measure of A 


velocity of observer 


velocity of light 

Taking a for the Earth’s radius, V for the velocity of light, let the 
observer’s latitude be <j>. In a sidereal day (86164' 1 mean seconds) 
the Earth’s rotation carries the observer round a small circle, whose 
distance from the Earth’s axis is a cos <f>, and whose circumference is, 

therefore, 27ro cos Hence : — 

, . 2^70 cos <f> , 

Observer’s velocity = • miles per second ; 


86164-1 


and the circular measure of A 


Therefore, A" (number of seconds in A) 


2TTa cos <f> 

"" S6164-i X 1” 

180 X 60 X 60 277a cos <f> 

- X y 


15a cos <f> 

V 


approximately. 


Thus the coef&cient of diurnal aberration varies as the cosine of the 
latitude. If K" denote the coefficient of diurnal aberration at the 
equator in seconds, we therefore have 

15a 15 X 3963 


K 


V 


186,000 


0-32", 


A" = K’’ cos <f> = 0-32" cos <f>. 


*191. Effect of Diurnal Aberration on Meridian Observations 

The correction for diurnal aberration is greatest when the star is 
90® from the east point, i.e. is on the meridian. In this case, the 
displacement is perpendicular to the meridian, and is equal to A”. 

The star’s meridian altitude is thus unaffected, but its time of 
transit is somewhat retarded at upper culmination, and (for a circum- 
polar star) accelerated at lower culmination, since the star appears on 
the meridian, when it is really A" west of the meridian. 

For a star on the equator, seen from the Earth’s equator, the 
retardation of the time of transit would be t-V K" seconds, — of a 
second nearly, and it would be difficult to observe such a small interval. 

* The student will find it useful to go through the various steps of Arts. 
178-181, cozisidering the diurnal motion. 
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192. To determine the Coefficient of Dinnial Abenaticm 

Dinmal aberration can be calculated if we know the size of the 
Earth, the period of its rotation, and the speed of light. All these 
constants are known to at least 4 significant figures ; hence diurnal 
aberration could be calculated, if required, to 4 figures ; two figures, 
however, suffice in practice, and about their value there can be no 
shadow of doubt. Hence it is useless to attempt to find this quantity 
bv obser%'ation, which would be difficult to make with the necessary 
accuracy, since differential measures, such as are used in parallax work, 
are here unavailable. 


EXAMPLES 


1, Suppose the velocity of light to be the same as the velocity of the Earth 
round the Sun. Discuss the effect on the Pole Star as seen by an observer at the 
North Pole throughout the year. 

2. Sound travels with a velocity 1100 feet per second. Determine the aberra* 
tion produced in the apparent direction of sound to a person in a railway train 
travelling at sixty miles an hour, if the source of sound he exactly in front of one 
of the windows of the carri^e. 


3. Show that, in consequence of aberration, the fixed stars whose latitude is I 
appear to describe ellipses whose eccentricity is cos 1. 

4. How must a star be situated so as to have no displacement dne to (i) abena- 
tion (ii) t>arallax ? Where must a star he so that the effect may be the greatest ? 


5. On what stars is the effect of aberration or parallax to make them appear to 
describe (i) circles, (ii) straight lines? 

6. Show that the effect of annual parallax on the position of a star may be 
represented by imagining the star to move in an orbit equal and parallel to the 
Earth s orbit and that the effect of aberration may be represented by imagining 
it to revolve in a circle whose radios is equal to the distance traversed by the Earth 

while the light is travelling from the star, 

7 Supposing the star ij Virginia to be situated (as it nearly is) at the first 
point of Libra, find the direction and magnitude of its displacement due to aberra- 
tion about the 21st day of every month of the year, taking the coefficient of aberra- 
tion to be 20 o'. When is its aberration greatest ? 


S At the soUtices show that a star on the equator has no aberration in declina- 
tion. If its R.A, be 22h.. show that its time of transit is retarded at the sununer 

and accelerated at the winter solstice by *63 of a second. 

9 If the coefficient of aberration be 20", and an error of 2000 mfles a second 
be made in determining the velocity of light, find, in miles, the consequent error 
in the value of the Sun’s mean distance as computed from these data. 

10. Show that when a planet is stationary its position is unaffected by aberra- 


tion. _ 

1 1 Taking the Earth's radius as 4000 miles, velocity of Ught 186.000 
second, show that the coefficient of diurnal aberration at the equator is aboo 

one-third of a second. 
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12. Prove that the prodoet of a etafs parallax and ite distance in light-years 

' 1 Kir 


coefficient 


coe: 


parallax 


ination paper 

equatorial horizontal 


eJterration 


miles 


miles 


and the constant of aberration. 


angular 


3963 miles 


What k the valne of the horizontal parallax when the angular diameter is 33 L8 . 

4. Define parsec and light-year and find how many light-years are equivalent 
to one parsec. 

5. The parallax of a star is to be determined from observation of the displace- 
ment of the star in R.A. when on the meridian. Discuss when the observations 


parallactic 


accurate 


6. Distinguish between solar and stellar parallax. Towards what point does 
a star seem to be displaced by heUocentric parallax ? Find an expression for the 

displacement. 

7. Explain the aberration of light, and investigate the direction and magnitude 
of the displacement which it produces on the apparent position of a star. 

8. Show that owing to aberration a star in the pole of the ecliptic appears 
to describe a circle, and that a star in ecliptic appears to oscillate to and fro in a 

straight line during the course of the year. 

9. Show how the velocity of light may be determined from the aberration of 
a star when the Sun’s mean distance is known. 

10. Investigate the general effects of diurnal aberration due to the Earth s 
rotation about its axis. In what direction are stars displaced by diurnal aberration ? 
Show that the coeffident of diurnal aberration at a place in latitude I is K cos I, 

where K is the coefficient at the equator 






CHAPTER IX 

THE MOON 


I. — iloTiox AXD Phases of the Moox : its Distance and 

Dimensions 


193. Motion of the Moon 

The Moon describes among the stars a great circle of the celestial 
sphere, inclined to the ecliptic at an angle of about 5°. The motion is 
direct, and the period of a complete “sidereal” revolution is about 
27^ days. In this time the Moon’s celestial longitude increases by 
360“. The Moon therefore has a rapid motion in the sky relative to the 
stars, in an eastward direction. If the Moon is watched on any night 
when it happens to be in close proximity to a bright star, its eastward 
motion relative to the star will be readily apparent to the naked eye in 
the course of a few hours. 

MTien the Moon has the same longitude as the Sun, it is said to be 
Xew iloon, and the period between consecutive new Moons is called a 
Luiwtion. When the Moon has described 360° from new Moon, it will 
again be at the same point among the stars ; but the Sun will have 
moved forward, so that the Moon will have a little further to go before 
it catches up the Sun again. Hence the lunation will be rather longer 
than the period of a sidereal revolution, being about 29| days. 

Th^ Age of the Moon is the number of days which have elapsed since 
the preceding new Moon. Since the Moon separates 360° ftom the 
Sun in 29i davs, it will separate at the rate of about 12°, or more 
accurate! V 12 1°, per day, or 30' per hour. This enables us to calculate 
roughlv the Moon s angular distance from the Sun, when the age of the 
Moon is given, and conversely, to determine the Moon’s age when its 

angular distance is given. 


Example.— On September iird, the Moon w 20 days old. i%nd rougMy \u 
ojiguJor disto fire froen the Sun ond its longitude on that day. 

(1) In one dav the Moon separates 125 ° from the Sun ; therefore, in 20 da^ 
it will have separated 20 x 12i, or 244°, and this, or rather 360° — 244°= 116°. 
is the required angular distance from the Sun. 

(2) On September 23rd the Sun's longitude is 180° ; therefore the Moon’s 
longitude is 180° - 244° = 424°= 360° -f- 64°, or 64°. 


The method of the above example only gives very rough re^ts ; 
for the Moon’s motion is far from uniform, and the variations follow 
.^ry complex laws. Moreover, the plane of the moon’s orbit is not 
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fixed, but its intersections with the ecliptic (called the .Vodes) have a 
retrograde motion of 19° per year. However, for rough purposes, it is 
possible to neglect the small inclination of the Moon’s orbit, and to 
consider the 51oon in the ecliptic. If greate 

Moon’s decl. and R.A. mar be found from the Xautical Almanar. 


194. The Moon’s Motion in Decimation 

The Moon has a rapid motion in declination. 


If the Moon moved in 



the ecliptic, its declination would 
change from 23 N. to 23-2° S. in 
the course of its monthly motion 
round the Earth, just as the declina- 
tion of the Sun varies between these 
limits in the course of the annual 
motion of the Earth round the Sun. 

But the orbit of the Moon is inclined 
at about 5° to the ecliptic. The 
range in the declination of the Moon 
in the course of a lunation will de- 
pend upon the position of the nodes 
of the Moon’s orbit with respect to 
the first points of Aries and Libra. 

The retrograde motion of the nodes of the ^Moon’s orbit, referred to 
above, causes the pole of the Moon’s orbit to describe a small circle, of 
radius about 5°, around the pole of the ecliptic. In Fig. 72, P, K are 
the poles of the equator and the ecliptic. PtQ— is the equator, 
L^C— is the ecliptic. L'N'C'N is the great circle described bv the 
Moon, when the pole of its orbit is at K'. When the retrograde motion 
of X carries it to T, the pole K' is on the great circle PitP. and between 
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K and R (Fig. 73). The decimation of the Moon then has its gieatest 

range in the conise of a month : QC' = QC -f- CC' = 23|“ -}- 5 ® = 284“ ; 

the declination thus varies between 284“ N. and 28|“ S. Abont 94 
years later, N has moved ronnd to :ii:, and Ihe pole of the Moon’s orbit 
is again on the great circle PKR, bnt between K and P. The range in 
declination in the conrse of a month is now only between 184“ 

184“ S, (Fig. 74) because QC’ = QC — CC' = 234“ — 5°. 


Phases of the Moon 

e accompanying diagrams will show how the phases 
counted for on the hypothesis that the Moon is an < 

figure 


sents the Earth, the others represent the Moon m different parts of its 



orbit, while the Sun is supposed to be at a great distance away to the 
right of the figure.* The half of the Moon that is turned towards the 
Sun is illuminated, the other half being dark. The Moon’s appearance 
depends on the relative proportions of the ill umin ated and darkened 
portions that are turned towards the Earth. The lower figures, o, 
6, c, d, e, f, y, A, represent the appearances of the Moon relative to the 
ecliptic, as seen from the Earth when in the positions represented by 

the corresponding lettera in the upper figure. 

At a the Moon is in conjunction, and only the dark part is towards 

the Earth. This is called New Moon. 

At B,b& portion of the bright part is visible as a crescent at the 

western side of the disc. 'The Moon’s appearance is known as homed. 

The points or extremities of the horns are called the 

• The Sun's distance is about 390 times the Moon's. If the latter be repre- 
^nted bv an inch, the former will be repreeented by about 11 yards. 
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At C, c the Moon’s elongation is 90°, and the western half of the 
disc, or visible portion, is illuminated, the eastern half being dark. 
The' Moon is then said to be dichotomized. This is called the Ft rsl 

Quarter. The Moon’s age is about 7J days. 

At />, d more than half the disc is illuminated. The Moon’s appear- 
ance is then described as gibbous. 

At E, € the Moon is in opposition. The whole of the disc is illumi- 
nated. This is called Full Moon. The Moon’s age is about 15 days. 

At F, / a portion of the disc at the western side is dark. The 
Moon is again gibbous, but the bright part is turned in the opposite 

direction to that which it has at D, d. 

At g the Moon’s elongation is 270^. The eastern half of the 
disc is illuminated, and the western half is dark. The Moon is 
again dichotomized. This is called the Last Quarter. The Moon s 
age is about 22 days. 

At Hy h only a small crescent in the eastern portion is still illumin- 
ated. The Moon is now again horned, but the horns are in the opposite 
direction to those in B, b. 

Finally, the Moon comes round to conjunction again at and the 


whole of the part towards the Earth is dark. 

From new to full Moon, the visible illuminated portion increases, 
and the Moon is said to be waxing. From full to new, the illuminated 
portion decreases, and the Moon is said to be tvaning. 

It will be noticed from a comparison of the figures that the 
illuminated portion of the visible disc is always that nearest the 
Sun. Moreover, its area is greater the greater the Moon’s elongation.* 


196. Belation between Phase and Elongation 

Let M (Fig. 76) be the centre of the Moon, 31 S the direction of the 
Sun, E'ME that of the Earth. Draw the great circles AMB perpendic- 
ular to 31 Ey and C3ID perpendicular to 31 S ; the former is the boundary 
of the part of the Moon turned towards the Earth, and the latter is the 
boimdary of the illuminated portion. Hence the visible bright portion 
is the lune ASIC. The angle of the lune, / A31C^ is equal to / E'SIS. 
The area of a spherical lune is proportional to its angle. Hcmce, 

area of visible illuminated part A.ASIC /_E'31S 


area of hemisphere 


180 


180 


180 ^ — ^E3IS 

IgQb 


* The phases of the Moon may be readily illustrated experimentally, by takine 

an op^ue ball, or an orange, and holding it in different directions relative to the 
light from the Sun or an electric light. 
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Earth-Shine ox the Moon. Phases of the 

T his method of estimating the distance of the Sun m terms ot that 
of the Moon is of historical interest, because it was the firet serious 
attempt to obtain information about the distance of the Sun But 
it is incapable of giving reliable results, owing to the imp^si ^ 

finding the exact instant when the Moon is dichotomized. The Moon s 
surface is rough, and covered with mountains, and the tops of these 
catch the light before the lower parts, while throwing a shadow on the 
portions behind them. Hence the boundary of the bright part is 
always jagged and is never a straight line, as it would be at the quarters, 
if the surface of the Moon were perfectly smooth. The angle SE3I is 
so nearly a right-angle that a small error in its measurement makes a 
very large error in the estimation of the Sun s distance. In fact, 
Aristarchus estimated the Sun’s distance as only about 19 times that ot 
the Moon, whereas they are really in the proportion of nearly to 1 . 

198* Earth-Shine on the Moon. — Phases of the Earth 

When the Moon is nearly new the unilluminated portion of its 
surface is distinctlv visible as a disc of a dull-grey colour. This appear- 

V 

ance is due to the light reflected from the Earth as “ Earth-shine, 
which illuminates the Moon in just the same way that the moonshin** 
illuminates the Earth at full Moon, From Art. 167, the Earths 
superficial area is greater than the Moon’s in the proportion of 
about 40 : 3, Consequently the Earth-shine on the Moon is more 
than 13 times as bright as the moonshine on the Earth. 

The Earth, as seen from the Moon, would appear to pass through 
phases similar to those of the Moon, as seen from the Earth. The 
Earth’s and Moon’s phases are evidently supplementary. Thus, when 
the Moon is new the Earth would appear full, and vice-versa ; when the 
Moon is in the first quarter, the Earth would appear in the last quarter. 

Owing, however, to twilight, the boundary of the Earth’s illuminated 
portion would not be so well defined as in the case of the 3Ioon ; there 
would be a gradual shading off from light to darkness, extending over 
a belt of breadth 18° beyond the bright part. The entire absence of 
twilight on the Moon is one of the evidences against the existence of a 
lunar atmosphere similar to that of our Earth. A stronger one is 
derived from occultations (Art. 152). 


199. Appearance of Moon relative to the Hori 2 on 

We are now in a position to represent, in a diagram, the Moon’s 
position and appearance relative to the horizon at a given time of day 
and year when the Moon’s age is given. 

The ecliptic having been found, as explained in Art. 42, the age of 
the Moon determines the Moon’s elongation, as in Art. 193. Measuring 
this angle along the ecliptic, we find the Moon’s position roughly ; for 
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the Moon is never very far from the ecliptic {cf. Art. 193) . The elongation 
also determines the phase, and enables ns to indicate the appearance 
of the disc. The bright side or limb is always tnmed towards the Snn. 
The cusps, therefore, point in the reverse direction, and the line joining 
them is perpendicular to the ecliptic. 

We can also trace the changes in the direction of the Moon’s horns 
relative to the horizon, between its time of rising and setting. 

Take, for example, the case when the Moon is a few (say three) days 
old. The Moon is then a little east of the Sun ; therefore the bright 
limb is at the western side of the disc, and the horns point eastward. 
Hence, at rising, the horns are pointed downwards, and at setting they 
are pointed upwards [Fig. 79 (o)]. 

When the Moon is waning, the reverse will be the case [Fig. 79 (6)1. 


200. Summer and Winter Full Moons 

From Art. 195, it is apparent that at full Moon the direction from 

the Earth to the Moon is diametrically opposite to 
the direction from the Earth to the Sun. If the 
orbit of the Moon were in the same plane as that 
of the Sun, i.e. in the ecliptic, the Moon would be 
in the Earth’s shadow at foil Moon and there would 
then be an ecHpse of the Moon at every fall Moon. 
But as the inclination of the Moon’s orbit to the 
ecliptic is about 5°, there is not normally an eclipse 
of the Moon at full Moon. It follows that at full 
Moon the declination of the Moon is nearly equal 
and opposite to the declination of the Sun, within 
about 5*. At the winter solstice, the declination of the Sun is 23^° S ; 
the dechnation of the full Moon at the winter solstice is accordingly 
231= ^5= N., or between 281° and 18|° N. At the summer solstice, 
the dechnation of the Sun is 23J° N . ] the declination of the fall Moon 
is then 231° + 5° S., or between 28^° and 18^° S. Since the south 
zenith distance, when on the meridian, is — S), where if> is the 
latitude, it follows that the meridian zenith distance of the fall Moon 
in northern latitudes is much greater in summer than in winter. 
Thus, at Greenwich, for instance, whose latitude is approximately 
511° N., the meridian zenith distance of the full Moon at the winter 
solstice is between 23° and 33°, but at the summer solstice it is 
between 70° and 80°. For this reason the Moon is said to ride high 
in the winter and to ride low in the summer. 



( 6 ) 

Fig. 79. 


201. Distance and Dimensions of the Moon 

The method by which the parallax of the Moon is determined wm 
described in .\rt. 161. The horizontal parallax depends upon t e 
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Relation between Sidereal and 

position of the Moon in its orbit and varies within an appreciable 
range, because of the considerable eccentricity of the Moon s orbit. 
As stated in Art. 162, the greatest and least values are m the ratio 
of about 19 to 17. The mean horizontal parallax corresponds to a 
mean distance of nearly 240,000 miles. The Moon is thus the Earth .s 

nearest neighbour in space. , , • i. t 

The diameter of the Moon is easily inferred from the horizontal 

parallax, as shown in Art. 167. The diameter of the Moon is about 

2,160 miles ; its volume is about l/50th of that of the Earth. 


jj Synodic and Sidereal Months — Mountains on the Moon 


202. Definitions 


In Art. 193 we defined the lunation as the period between consecutive 
new Moons, and showed that it was rather longer than the period of the 
Moon’s revolution relative to the stars. We shall now require the 
following additional definitions, most of which apply also to the planets. 

The elongation of the Moon or planet is the difference between its 
celestial longitude and that of the Sun. If the body were to move in 
the ecliptic its elongation would be its angular distance from the Sun. 

The Moon or planet is said to be in conjunction when it has the same 
longitude as the Sun, so that its elongation is zero. The Moon is in 
conjunction at new Moon (Art. 193). The body is in opposition, when 
its elongation is 180°. In both positions it is said to be in syzygy. The 
body is said to be in quadrature when its elongation is either 90° or 270°. 

The period between consecutive conjimctions is called the synodic 
period of the Moon or planet. The Moon’s synodic period is, therefore, 
the same as a lunation ; it is also called a Synodic Month. In this 
period the Moon’s elongation increases by 360°, the motion being 


direct 


The period of revolution relative to the stars is called the sidereal 
period ; that of the Moon, the Sidereal Month. 


The average length of the Calendar Month in co 
in excess of the synodic month. 


• Iff* 


on use is slightly 


203. Relation between the Sidereal and Synodic Months 

Let the number of days in a year be F, in a sidereal month 3/, and 
in a synodic month S. 


In M days the Moon’s longitude increases 
So that in 1 day the Moon’s longitude increases 
Similarly in 1 day the Sun’s longitude increases 
and the Moon’s elongation increases 


360 ^ ; 
36073 /. 
3607 
360 ^' 5 . 
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Now, from the definition : — 

(Moon’s elongation) = (Moon’s long.) — (Sun’s long.), 
and their daily rates of increase must be connected by the same reUtion : 

360 360 360 


S 


M 


Y 


*.c. 


1 


1 


1 


i.e. 


S M 
1 


1 1 

r jf 


1 


1 

f ’ 


1 


sider. month synod, month ' year 


Example.— f'ind {roughly) the Ungth of the sidereal monih, given that 
month (S) ^ 29J<f., and the year ( T) = sesjrf. 

M 


Here we have 


29i ■ 365V 

To simplify the calculations, we put the relation into the form 

29i X 3651 ... 3651 , 294 

29i + 3651 * ^ 3^ ~ ^ ~39i| 

— 2*20 = 27*3, 


= 29*5 


*>n - 118 

29-0 X = — 

1579 


) 


29-5 


Hence the sidereal month is very nearly 271 days. 

204. To determine the Moon’s Synodic Period 

An eclipse of the Sun can only happen at conjunction, and an eclipse 
of the Moon at opposition, and the middle of the eclipse determines the 
exact instant of conjunction or opposition, as the case may be. Hence, 
by observing the exact interval of time between the middle of two 
eclipses, and counting the number of lunations between them, the 
length of a single lunation, or synodic period, can be found with great 
accuracy expressed in mean solar units of time. 

The records of ancient eclipses enable us to find a still closer approxi- 
mation to the mean length of the lunation. From modem observations, 
the length of a lunation has been fonnd with sufficient accuracy to 
enable us to tell the exact number of lunations between these ancient 
eclipses and a recent lunar eclipse (this number being, of course, a 
tchole number). By dividing the known interval in days by this number, 
the mean length of the synodic period during the interval can be 
accurately found. At the present time the length of a lunation is 
29‘5305881 days, or 29d. 12h. 44m. 2-7s. nearly. 

From this the length of the Moon’s sidereal period is calculated, as 
in Art. 203, and found to be 27d. 7h. 43m. ll*5s. nearly. 


205. Heights of Lunar Mountains — ^First Method 

We stated in Art. 197 that the Moon’s surface is covered with 
mountains, and that in consequence the bounding line between the 
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illuminat€d and dark portions of the disc is always js-gged and 
irregular, while the mountains themselves throw their shadows on 
the portions of the surface behind them* These circumstances hav e 
led to two different ways of measuring the height of the lunar mountains. 
The first method is as follows : — 

If a tower is standing in the middle of a perfectly level plain, it is 
evident from trigonometry that the length of the shadow, multiplied 
by the tangent of the Sun^s altitude, gives the height of the tower. 
The same will be true in the case of the shadow cast by a mountain, 
provided we measure the length of the shadow from a point vertically 
underneath the summit. Now, in the case of the Moon it is possible, 
from knowing the Moon’s age, to calculate exactly what would be the 
altitude of the Sun as it would be seen from any point of the lunar 
surface. The apparent length of the shadows of the mountains can 
be measured, in angular measure, by means of a micrometer ; from 
this their actual length can be calculated, allowance being, of course, 
made for the fact that we are not looking vertically down on the 
shadows, and hence they appear foreshortened. In this way, the 
height of the mountains can be found. 

The principal disadvantage of this method is, that if the surface of 
the Moon surrounding the mountain should be less flat than it has been 
estimated, there will be a corresponding error in the height of the 
mountain. In particular, it would be impossible to apply the method 
to find the heights of mountains closely crowded together, 

206. Heights of Lunar Mountains — Second Method 

In treating of the Earth in Art. 90, we showed that one effect of the 
dip of the horizon is to accelerate the times of rising, and to retard the 
times of setting of the Sun and stars. We also showed how to calculate 
the amount of the acceleration if the dip be known. Conversely, if 
the acceleration in the time of rising be known, the dip of the horizon 

can be calculated, and from this the height of the observer above the 
general level of the Earth may be found. 

Now precisely the same method may be applied to measure the 
heights of lunar mountains. When the Moon is waxing the Sun is 
gradually rising over those parts of the Moon s surface which are turned 
towards the Earth. The tops of the mountains catch the rays before 
the lower parts, and, therefore, stand out bright against the dark 
background of the unilluminated parts below. Similarly, when the 
Moon is waning, the summits of the mountains remain as bright specks 
after the lower portions are plunged in shadow. By noticing the exact 
instant at which the Sun’s rays begin or cease to illuminate the summit, 

this acceleration or retardation, due to dip, may be calculated, and the 
height of the mountain determined. 
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If the Mooli’s surface around the mountain is fairly level, the 
distance of the mountain from the illominated portion at the instant of 
disappearance determined the distance of the visible horizon as seen from 
the mountain. This distance can be calculated from measurements 
made with a micrometer (proper allowance being made for fore- 
shortening if the mountain is not in the centre of the disc)* 

Hence the height (A) of the mountain may be calculated by the 
formula of Art*. 87 (i), viz. h = d^j2a, where d is the estimated distance 
of the horizon, and a the Moon’s radius. 


III.- — The Moon’s Orbit and Rotation 


207. The Moon’s Orbit about the Earth 

This can be investigated by a method precisely similar to that 
employed in the case of the Sun (see Art. 128). The Moon’s R.A, and 
decL may be observed daily by the Transit Circle. The observed deck 
must be corrected for refraction and parallax: (neither of which affect ' 
the R.A., since the observations are made on the meridian). We thns 
find the positions of the Moon on the celestial sphere relative to the 
Earth’s centre for every day at the instant of its transit across the 

meridian of the observatory. 

The Moon's relative distances from the Earth’s centre on different 
days, may be compared by measuring the Moon’s angular diameter, 
with the heliometer. Here, however, another correction for parallax 
is required. For the observed angular diameters are inversely pro* 
portional to the corresponding distances of the Moon from the observer, 

and not from the centre of the Earth. 

This correction is by no means inconsiderable. Thus, for example, 
if the Moon be vertically overhead, its distances from the observer and 
from the Earth’s centre* will differ by the Earth’s radi^, i.e. by about 
of the latter distance, and its angular diameter will, therefore, be 

increased in the proportion of about 60 to 59. ^ i_ tlt ’ 

Having thus determined the direction and distance of the 

centre, relative to the Earth’s centre, for every day in the month, the 
Moon’s orbit may be traced out in just the same way as the s 
orbit was traced out in Art. 129. It is thus found that the motion 

obevs approximately the following laws : 

(i) The Moon^s orbit lies in a plane through t^EarlKs centre, inclined 
(o the plane of the ecliptic at an angle of about 5*^ 8 . 

(ii) The orbit is an ellipse, having the Earth^s centre in one focus, 
the eccentricity of the ellipse beifig about — . 
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(iii) The radius vector joining the Earth's and Moon's centres traces 
out equal arms in equal intervals of time. 

The period of revolution is, of course, the sidereal lunar month, as 

defined in Section 11, namely, about 27^ days. 

The laws which govern the Moon’s motion are thus identical with 
Kepler’s laws for the Earth’s orbital motion round the Sun (Art. 136). 


208. The Eccentricity of the Moon’s Orbit 

This is found by comparing the Moon’s greatest and least distances, 
which are inversely proportional to its least and greatest (geocentric) 
angular diameters respectively. The latter are in the ratio of 
about 17 to 19, and it is inferred that the eccentricity is about 
(19 — 17)/(19 + 17), or yV («/• Art. 131). 

The terms perigee, apogee, apse line are used in the same sense as in 
Art. 130. Perigee and apogee are the points in the orbit at which the 
Moon is nearest to and furthest from the Earth respectively. Both 
are called the apsm or apsides, the line joining them being called the 
apse line, apsidal line or lirte of apsides, according to choice. It is the 
major axis of the orbit. 

As in Art. 133, it follows that the Moon’s angular motion in its 
orbit is swiftest at perigee, and slowest at apogee. 


209. Nodes 

The points in which the Moon’s orbit, or its projection on the 
celestial sphere, cuts the ecliptic are called the Moon’s Nodes (cf. Art. 
193). The line joining them is called the Nodal Line. It is the line 
of intersection of the planes of the Moon’s orbit and ecliptic. That 
node through which the Moon passes in crossing from south to north 
of the ecliptic is distinguished as the ascending node, the other is 
distingmshed as the descending rhode. 

210. Perturbations 

As the result of observations extending over a large number of lunar 
months, it is found that the Moon does not describe exactly the same 
ellipse over and over again, and that, therefore, the laws stated in 
Art. 207 are only approximate. Even in a single month the departure 
from simple elliptic motion is quite appreciable, owing chiefly to the 
disturbance called the Variation (Art. 477). The disturbance known as 
the Evection (Art. 477) causes the eccentricity to change appreciably 
from month to month. Further, the motions described in Arts. 211 
212 cause the roughly elliptical orbit slowly to change its position. 

The complete investigation of these small changes or perturbations 
as they are called, belongs to the domain of Gravitational Astronomv! 
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It will be necessary here to enumerate the chief perturbations, on 
account of the important part they play in determining the circum- 
stances of eclipses. 

211. Betrograde Motion of the Moon’s Nodes 

The Moon’s nodes are not fixed, but have a retrograde motion along 
the ecliptic of about 19° in a year. This phenomenon closely resembles 
the retrograde motion of ^ (Precession, Art. 125), but is far more rapid. 
Its effect is to carry the line of nodes, with the plane of the Moon’s 
orbit, slowly round the ecliptic, performing a complete revolution in 
6793-391 days, or rather over 18*6 years. 

One result of this nodal motion is that the angle of inclination of 
the Moon’s orbit to the equator is subject to periodic variations, as 
alreadv described in Art. 194. 

212. Progresave Motion of Apse Line 

The line of apsides is not fixed, but has a direct motion in the plane 
of the Moon’s orbit, performing a complete revolution in 3232-575 days, 
or about nine years. A similar progressive motion of the apse line of 
the Earth’s orbit about the Sun was mentioned in Art. 135. The latter 
motion is. however, much less rapid, its period being about 108,000 years. 


213. 


Perturbations 


The inclination of the Moon’s orbit to the ecUptic is not quite 
constant. It is subject to small periodic variations, its greatest and 

least values being 5° 18J and 4 59^ . 

In addition there are variations in the eccentricity of the orbit, in 

the rates of motion of the nodes, and in the length of the sidereal period. 

All of these render the accurate investigation of the Moon’s orbit one 

of the most complicated problems of Astronomy. 

214. The Moon’s Rotation 

It is a remarkable fact that the Moon always turns the same side of 
ite sLface to the Earth. Whether we examine the markings on its 
surface with the naked eye, or resolve them into mountains and steeala 
with a telescope, they always appear very nearly the same, although 

their illumination, of course, varies with the phase. . 

From this it is evident that the Moon rotates upon its a^ in the 
same “ sidereal ” period as it takes to describe its orbit about the Earth, 
i e once in a sidereal month. It might, at a first glance, appear as if 
the Moon had no rotation, but such is not the case. To explain this, 
let us consider the phenomena which would be presented to an observer 
if situated on the Moon in the centre of the portion turned towards 

the Earth. 
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Librations of the Moon 

The Earth would always appear directly overhead, i.e. in the 
observer’s zenith. But as the Moon describes its orbit about the 
Earth, the direction of the line joining the Earth and Moon revolves 
through 360°, relative to the fixed stars, in a sidereal month. Hence the 
direction of the observer’s zenith on the Moon must also revolve throng 
360° in a sidereal month, and therefore the IMoon mu-st rotate on its 

axis in this period. . . , r * 1 , 

The Moon would be said to describe its orbit icitnout rotation, it the 

same points on its surface were to remain always directed towards the 

same fixed stars. Were this the case, different parts of the surface 

would become turned towards the Earth as the Earth s direction 

changed, and this is not what dctuolly occkts. 

It thus appears that, to an observer on the Moon, the directions of 

the stars relative to the horizon would appear to revolve through 360 
once in a sidereal lunar month. Thus, the sidereal month is the period 
corresponding to the sideral day of an observer on the Earth. In a 
similar way, the Sun's direction would appear to revolve through 360*^ 
in a synodic month. This, therefore, is the period corresponding to the 
solar day on the Earth, as is otherwise evident from the fact that 
the Moon’s phases determine the alternations of light and darkness on 
the Moon’s surface, and that they repeat themselves once in every 

svnodic month, 

215. Libratioiis of tbe Moon — ^Libratdon in Latitude 

If the axis about which the Moon rotates were perpendicular to 
the plane of the Moon’s orbit, we should not be able to see any of the 
surface beyond the two poles {i.e. extremities of the axis of rotation). 
In reality, however, the Moon’s axis, instead of being exactly perpendic- 
ular to its orbit, is inclined at an angle of about 6i° to the perpendicular, 
just as the Earth’s axis of rotation makes an angle of about 23° 27’ 
with a perpendicular to the echptic. The consequence is that during 
the Moon’s revolution, the Moon’s north and south poles are alternately 
turned a little towards and a little away from the Earth ; thus, in one 
part of the orbit we see the Moon’s surface to an angular distance of 
6° 44' beyond its north pole, in the opposite part we see 6° 44' beyond 
the south pole. This phenomenon is called the Moon’s libratian fu 
latitude. It makes the Moon’s poles appear to nod, oscillating to 
and fro once in every revolution relative to the nodes. 

Libration in latitude may be conveniently illustrated by the corres- 
ponding phenomenon in the case of the Earth’s motion round the Sun, 
as represented in Fig. 46 (Art. 136). At the summer solstice the whole 
of the Arctic circle is illuminated by the Sun’s rays, and therefore an 
observer on the Sun (if such could exist) would see the Earth’s surface 
for a distance of 23° 27' beyond the north pole. Similarly, at the 
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winter solstice an observer on the Sun would see the whole of the 
Antarctic circle, and a portion of the Earth’s surface extending 23“ 27' 
beyond the south pole. 

216. Libration in Longitude 

Owing to the elliptical form of the orbit, the Moon’s angular velocity 
about the Earth is not quite uniform, being least at apogee and greatest 
at perigee. But the Moon rotates about its polar axis with practically 
uniform angular velocity equal to the average angular velocity of the 
orbital motion (so that the periods of rotation and of orbital motion 
are equal). 

Thus, at apogee the angular velocity of rotation is slightly greater 
than that of the orbital motion, and is, therefore, greater than that 
required to keep the same part of the Moon’s surface always turned 
towards the Earth. In consequence, the Moon will begin to gradually 
turn round, so as to show a little more of the eastern side of its surface. 

At perigee, the angular velocity of rotation is less than that of the 
orbital motion, and is, therefore, not quite sufficient to keep the same 
part of the Moon’s surface always turned towards the Earth. In 
consequeuce we shall begin to see a little farther round the western side 

of the Moon’s disc. 

This phenomenon is called libration tn longitude. Its maximum 
amount is 7' 45' ; thus, during each revolution of the Moon relative 
to the apse line, we alternately see 7*' 45' of arc further round the 
eastern and western sides of the disc than we should otherwise. 


217. Diurnal Libratioii 

The phenomenon known as diurnal libration is really only an effect 
of parallax. If the Moon were vertically overhead, and if we were to 
travel Oiistwards, we should, of course, begin to see a little further 
round the eastern side of the Moon’s surface. If we were to travel 
westwards we should begin to see a Uttle further round the western side. 
Now, the rotation of the Earth carries the observer round fromwert to 
oast. Hence, when the Moon is rising we see a little farther round its 

side, and when setting we see a little farther round its eastern 
shle. than we should from a point vertically underneath Ae Moon. 

Similarlv an observer in the northern hemisphere would always sw 
rather more of the Moon’s northern portion, and an observer m the 
s-)uthem hemisphere would see rather more of the southern po ion 

tlian an observer at the equator. 

The ereateet amount of the diurnal libration is equal W the a 

horizon.'al parallax, and is therefore about 67'. We a« 57 
.thon's rreslrn edge when rising, and 57' round the eastern edge when 
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An observer at any given instant sees not quite half (49-77 per cent.) 

the Moon’s surface. The visible portion is bounded by a cone through the 

observer’s eye enveloping the Moon, and is less than a hemisphere by a 

belt of breadth equal to the Moon’s angular semi-diameter, i.e. about 16 . 

* 

218. General Effects of Libration 

In consequence of the three librations, about 59 per cent, of the 
Moon’s surface is visible from the Earth at some time or other, instead 
of rather under 50 (49-77) per cent., as would be the case if there were 
no libration. At the same time only about 41 per cent, of the surface 
is always visible from the Earth. The remainder is sometimes visible, 

sometimes invisible. 

To an observer on the surface of the Moon the result of libration in latitiide and 
longitude would be that the Earth, instead of remaining stationary in the sky. 
would appear to perform small oscillations about its mean position. It %^oula 
really appear to describe a series of ellipses. The motion of the different parts of 
the Earth across its disc in the course of the Earth's diurnal revolution would be 
the only phenomenon resulting from the cause which produces diurnal libration. 

219. The Moon and the Calendar: the Epact: the Golden Number: 

the Sunday Letter 

The name Month is derived from the Moon, and the majority of the nations 
of antiquity made their months begin with the New ifoon, or more strictly when 
the Moon’s thin crescent could first be seen in the west after sun.set. But the 
months had to be taken as an exact number of days; the usual plan was to make 
them alternately 29 and 30 days long, so that twelve months made 354 days ; 
actually 12 synodic months make 354*36706 days, or about 11 days less than an 
average solar year, so that the age of the Moon on January 1st becomes 11 days 
greater in successive years. This age has received the name of the Kp^trt, and is 
of importance in the calculation of Easter, 

The Mohammedan Calendar uses the year of 354 days unmodified, so that each 
month goes right round the seasons in about 33 years ; but some nations of anti- 
quity kept their years in close accord with the solar year by the insertion of a 
thirteenth lunar month about once in three years. Meton and Euctemon intro- 
duced into Greece in b.c. 433 the cycle known as the Metonio it was already 
known in eastern countries. This rule introduces the thirteenth month seven 
times in 19 years; this gives 19 X 12 + 7, or 235 lunar months. Their length 
amounts to 6939*6882 days ; now the average length of the Gregorian year is 
365*2425 days (see Art, 170); nineteen times this is 6939*6075 days. The difference 
is only 0*0807 or Ih. 56m. ; hence 19 years gives a very close repetition of the dates 
of New Moon ; the error is only about a day after 237 years. 

It is said that Meton had the years of this cycle inscribed in golden letters on 
a temple in Athens, whence the phrase Gol<hn X umber which is still used to indicate 
the place of a year in the nineteen-year cycle. The rule for finding the Golden 
Number is : “ It is the remainder when the a.d. date increased bv 1 is divideil 
by 19.” Hence the year a.d. 0, which is called b.c. I in Civil reckoning, had 
Golden Number 1. 

Previously to the change of style in 1582 by Gregory XIII., the rule for finding 
the Epact was : The remainder when 11 x (Golden Number — 1) i.s dividt^ bv 
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This would g;iTe Epact 0, that is Kfew Moon on Jaouaxy 1st in tl*** nv 
). It is sometiines stated that die New Moon actually ooconod imi n 
was really 6 days earUer, on December 26th. 2 bx. The diffeienoe arises final the 
slight error of the Metonic cycle. 

In 1582. when the change of slyle was made, new roles were sJwi wtaA* 
finding Ihe Epact : (1) The Epact is diminished by 1 in the centennial jreaia 1700. 
1800. 1900. etc., that are not leap years (tins is called the aolw eqnataoii). (2) 
The Epact is increased hy 1 in the years 1800. 2100. 2400. etc. ; Le. evetw 300 


present 


years, but once in 2,500 years a 400-year interval replaces the 300-year one ; thos 
after 3900. occurs 4300 ; after 6400. oc^curs 6800. etc. (this is called hmar 
equation). When both equations occur together they compensate each other 
there is no ch^oige ; this occurred in 1800 and wfll oocnr again in 2100. The last 
year that had the Golden Number 1 was 1938 ; starting with that year (or with 
1900. two Metonic cycles earlier) the succesaiye Epacts for 19 years are 29. 10. 21. 

2, 13, 24, 5, 16. 27, 8, 19, 0, 11, 22, 3, 14. 25, 6. 17. They then repeat themselvea. 
and the cycle will recur unchanged up to the year 2199 ; after that they will aD 
be diminished by 1. (For a special reason the number 25 above is to be used as 
26 in finding Easter.) 

The Gr^oiian Calendar was adopted by Greece and Russia in the 
century, so that its use is now practically universal ; in Greece, however. Easter 
is calcnlated fiom the date of the real foU Moon, the time being reckoned according 
to the meridian of Jerusalem, instead of using the Epact. 

The Sunday LeUer, If we assign the seven letters A to G in regular snooeasiaa 
to the days of the yw, starting with January 1st, and onutthig the kapday. 
February 29tb. there will be a change each year in the letter for Sunday ; and 

farther. Leap years win have two Sunday letters, one for January and Febiuaiy. and 

the other for the remainder of the year ; the foUowing are the Sunday letters fiorn 
1940 to 1946 : ’40 GF, ’41 E, ’42 D, ’43 C, ’44 BA. ’45 G. ’46 P; after 28 years 
they recur, unless a non-leap centennial year intervenes ; in that case they recur 
after 40 years ; thus 1901 was the same as 1861, and so on. 

Having calculated the Epact and Sunday letter, the date of Easter is givra by 
a table which wfll be found in Encyclopaedia Briiannka^ 141h Edition, VoL 4, p. 
572 ; for Easter to come on March 22nd. its earliest date, we must have Epact23, 
Sun^v Letter D- It wfll be seen that there is no 23 in the Epacts up to the year 
^199 ; * but in the following century 24 is turned into 23, and Easter is on March 

22nd in 2285. The last time it happened was in 1818. 

As an example of the use of the Sunday letter, we may take Question 10, p. 66 ; 
for a year to have five Sundays in February it must be a leap year, andFebniaiy 
1st must be Sunday. Now February 1st is the 31st day from January 1st, hence 

its Letter is D • we want a leap year whose first Letter is D ; reckoning hack from 

1928 we find that 1920 was such a year; after that the 28-year cyde wfflgive 
otmilai- vears at 28-vear intervals till the end of next century, since 2000 is a leap 

h." 'to go b«k 40 ye«. kefa. 1920, tho .oa-hop yo. 1900 

is indaded ; thus 1880, 1852. and 1824 were similar years. 

It is weU to remember that 400 years in the Gregorian calendar iro an eiart 

“ttber of weeks, so that the Sunday letters recur after tiiat pen^. 
this, since the period is equal to 400 times 52 weeks pins 400 days pins 97 leap. 

days ; and 497 is divisible by 7. • 

The nd. fcr finding “f" “f' 

l.ttd fro. the Bpnet) on or idter March 21>t! if the cdcnlatod foU moon la on 
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Sunday, Easter is the foBowing Sunday. The rule was devised to make Easter 
come at nearly the same time as the Passover, which was a fixed date in the Jewish 

lunar year. . ^i. i • 

Widespread endeavours have been made in recent years to alter the reckoni^ 

of Easter, ejg. to make it the Sunday after the second Saturday in April ; there is, 

however, considerable opposition to such an alteration in certain quarters, and 

tiiere is little prospect of it being made in the near future. 

220. Retardation of Moon’s Transit 

The eastward motion of the Moon amongst the stars causes a pro 
gressive retardation in the time of the Moon s transit across the meridian. 
The average amount of this retardation can be determined as follows. 

Let Tj, Tg denote the sidereal times of two successive transits of the 
Moon across a given meridian and a|, denote its right ascensions at 

these transits. Then : — 

Tj = oi ; Ti = 24A. + oj 

If we denote the interval in sidereal hours between the two transits 
by X, then : — 


X 


To — Tj = 24A. -{■ (®2 — ®i) 


Now if if is the length of the sidereal month (Art. 203) in mean 
solar days the R.A. of the Moon increases by 24h. in M mean solar 
days or by 1/if hours per mean solar hour. 

But (oj — oi) is the increase in the R.A. during x sidereal hours or 
during xYI(Y -f 1) mean solar hours, Y being the length of the year 
in days (365j days). Thus : — 

= 24h. 4 


Y 


X 


if ' y + 1’ 


or 


1 



y+i 

y 



24h. 


y +1 

y 


By Art. 203, ^ "f" Y S denotes the synodic month. 

Therefore x (1 — ~ “Y"” ^ sidereal time 

= 24h. in mean solar time. 

.24h. = 24h. 4- ^ *. mean solar hours 


or X 


S-l 


Thus the interval between 
24h./(N — 1) on the average, 
successive transits is : — 


S-l 

successive transits exceeds 24h. by 
Thus the average retardation of 


24 


hours 


24 


S — 1 28-53 

approximately. 


hours 


1440 

28-53 


minutes 


50-5 minutes 
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221. Retardation of Times of Moon’s Rising and Setting. The 

Harvest Moon 

When the time of the Moon’s meridian transit is known, the times 
of rising and setting can be inferred. These depend upon the latitude 
of the place and the declination of the Moon. If the declination 
remained constant then, at any given place, the retardation from night 
to night in the times of rising and setting would be the same as the 
retardation in the time of meridian transit. But the Moon has a rapid 
motion in decimation (Art. 194), and the change in declination from day 
to day has a considerable influence on the times of rising and setting. 

The Full Moon which occurs nearest the autumnal equinox is called 
the Harvest Moon. In the case of the harvest Moon the daily retarda- 
tion is less than in the case of any other full Moon, as we shall now show. 
To simplify our rough explanations we suppose the Moon to be moving 
in the ecliptic. 

When the Moon is in the first point of Aries it is passing from south 
to north of the equator, and its declination is increasing most rapidly. 
Now. the arguments of Arts. 107-109 are applicable to the Moon as well 
as the Sun, and they show that, as the decimation increases, there is, 
in north latitudes, a corresponding increase in the length of time that 
the Moon is above the horizon. The effect of this increase is to lengthen 
the interval from the Moon’s rising to its transit ; this lengthening 
tends to counterbalance, mote or less, the retardation in the time of 
transit, thus reducing the retardation in the tune of tnoonrise to a 
minimum. The retardation in the time of setting is thus a maximum. 

Similarly it may be shown that whenever the Moon passes the first 
point of Libra, the daily retardation of moonrise will be a maximum, 
while that of the time of setting will be a minimum. These phenomena, 

therefore, recur once each lunar month. 

Now, at harvest time the Sun is near ^ : hence, when the Moon is 

near T it is full ; and the minimum retardation of the Moon’s rising, 
therefore takes place at full Moon. And since the Moon is then 
opposite the Sun. it rises at sunset. Both these causes make the 
phenomenon more conspicuous in itself than at other times, and as the 
continuance of Ught is useful to the farmers when gathermg in their 

harvest the name Harvest Moon has been appbed. 

At the following full Moon the phenomena are similar but less 

marked. But as it is now the hunting season, the Moon is called the 

Hunter s ^loon, i j +1,^ 

The phenomenon of the Harvest Moon is most marked when the 

Moon’s orbit is at its maximum inclination to the equator that is 

when the Ascending node of its orbit is at the First oin 

(see Art. 211). This happened at the beginning of 1932, and recurs a 

intervals of lS-6 years from that date. 
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EXAMPLES 


1. If the diameters of the Moon at perigee and apogee are 33' 10* and 29 2*1'', 
respectively, find the eccentricity of the Moon’s orbit. 

2. jPind the approximate altitude of the full Moon at meridian transit at a place 
in latitude 62® N. on March 21st, June 2l8t and December 22nd, when the ascending 
node of the Moon’s orbit is at (a) the first point of Aries, (6) the first point of Libra. 

3. If in our latitude, on March 2l3t, the Moon is in its first quarter, about what 
fimn may it be looked for-on the meridian, and how long does it remain above the 


horizon 1 

4. Show that from a study of the Moon’s phases we can infer the Sun to be 
much more distant than the Moon. Prove that if the synodic period were 30 days, 
and the Sun only twice as distant as the Moon, the Moon would be dichotomized 

after only 6 days instead of 7J. 

5. Taking the usual values of the Sun’s and the Moon’s distances, calculate, 
roughly, the mean value of the angle ESJI when the Moon is dichotomized, 

6. There was an eclipse of the Moon on Jan. 28th, 1888, central at 11.10 in 
the evening. What was the Moon’s age on May 21st of that year T 

7. Find approximately the position and appearance of the Moon, relatively to 
the horizon, in latitude 60® N., in the middle of November at 10 P.M., when it is 


ten days old 


CHAPTER X 

ECLIPSES 

I. — General Description of Eclipses 

222. Edipses 

Eclipses are of two kinds, lunar and solar. If at full Moon the 
centres of the Sun, Earth, and Moon are very nearly in a straight line, 
the Earth, acting as a screen, will stop the Sun’s rays from reaching the 
Moon, and the Moon will, therefore, be either wholly or partially 
darkened. This phenomenon is called a Lunar Eclipse. 

On the other hand, if the three centres are nearly in a straight line 
when the Moon is new, the Moon, by coming between the Earth and 
the Sun, will cut off the whole or a portion of the Sun’s rays from 
certain parts of the Earth’s surface. In such parts the Earth will be 
darkened, and the Sun will appear either wholly or partially hidden. 
This phenomenon is a Solar Eclipse. 

If the Moon were to move exactly in the ecliptic we should have an 
eclipse of the Moon at every opposition, and an eclipse of the Sun at 
every conjunction, for at either epoch the centres of the Earth, Sun, 
and Moon would be in an exact straight line. In consequence, however, 
of the Moon’s orbit being inclined to the ecliptic at an angle of about 
5^°, the Moon at “ syzygy ’ ’ (conjunction or opposition) is generally 
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so far on the north or south side of the ecliptic that no echpse takes 
place. An eclipse only occurs when the Idoou at sysygy is very near 
the echptic, and, therefore, not far from the line of nodes (Art. 209). 

223. Different Kinds of Lunar Eclipse 

Eclipses of the Moon are of two kinds, total and partial. Let S, B 
be the centres of the Sun and Earth respectively. Draw the common 
tangents ABV and A'B'V to the two globes, meeting on SB produced 
in V, and draw also the other pair of tai^ents AffK\ A'BK cutting at 
U, between S and E. If the figure be supposed to revolve about SB, 
the tangents will generate cones, enveloping the Sxm and Earth, and 
having their vertices at 17 and F. The space S7E', inade the inner 
cone, is called the umbra ; the space between the inner and outer cone 
is called the penumbra* The character of the lunar eclipses will vary 
according to the following conditions : — 
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(i) If at opposition, the Moon falls entirely witmn tne umbra or 
inner cone BVB', as at M^, no portion of the Moon’s surface then 
receives any direct rays from the Sun, and the Moon is therefore plunged 
in darkness (except for the light which reaches it after refraction by the 
Earth’s atmosphere, as explained in Art. 152). The echpse is then said 

to be total. 

(ii) If the Moon falls partly within and partly without the umbra 
BFB', as at the portion within the umbra reives no hght from 
the Sun, and is, therefore, obscured, while the remaiiiing portion receiv^ 
hght from part of the Sun’s surface about A, and is, therefore, partially 

illuminated. The echpse is then said to be partial. 

(iii) If the Moon falls entirely within the “ penumbra,” as at M 3 , 
it receives the Sun’s rays from A, but not from A\ There m no true 
echpse, but only a diminution of brightness (sometunes called a pen- 

um^aJ edipse 

on the side next to the umbra. 
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Different Kinds of Lunar Eclipse 

A lunar eclipse is visible simultaneously from all places on that 
hemisphere of the Earth over which the Moon is above the horizon at 

the time of its occurrence. , 

Near the boundary of the hemisphere there are two .strips m the 

form of lunes, comprising those places respectively at which the Moon 

sets and rises during the eclipse ; at such places only its beginning or 

end is seen. 

224. Phenomena of a Total Eclipse of the Moon 

As the Moon gradually moves towards opposition, the first appear- 
ance noticeable is the slight darkening of the Moon’s surface as it 
enters the penumbra. This darkening increases very gradually as the 
Moon approaches the umbra, or true shadow. At First Contact a 
portion of the Moon enters the umbra, and the eclipse is then seen as a 
partial eclipse, the dark portion being bounded by the circular arc 
formed by the boundary of the umbra. As the Moon advances, the 
dark portion increases till the whole of the Moon is within the umbra, 
and the eclipse is total. When the Moon begins to emerge at the 
other side of the umbra, the eclipse again becomes partial, and con- 
tinues so until Last Contad, when the Moon has entirely emerged 
from the umbra, after which the Moon gradually gets brighter and 

brighter till it fi.nally leaves the penumbra. 

In the case of a partial eclipse, the umbra merely appears to pass 

over a portion of the Moon’s disc, which portion is greatest at the 
middle of the eclipse. 


225. Effects of Refraction on Lunar EcUpses 

In Art. 152 it was stated that, owing to atmospheric refraction, 
the Moon’s disc appears of a dull-red colour during the totality of the 
eclipse. A still more curious phenomenon is noticed when an eclipse 
occurs at sunset or sunrise. The refraction at the horizon increases 
the apparent altitudes of the Sun and Moon in the heavens, so that 
both appear above the horizon when they are just below. Hence a 
total eclipse of the Moon is sometimes seen when the Sun is shining. 

t 

226. Different Kinds of Solar Eclipse 

Au eclipse of the Sun may be either totals annular^ or partlaK To 
explain the difference between the first two kinds of eclipse, let us 
suppose that the observer is situated exactly in the line of centres 
of the Sun and new Moon, so that both bodies appear in the same 
direction. Then, if the Moon’s angular diameter is greater than the 
Sun’s, the whole of the Sun will be concealed by the Moon ; the 
eclipse is then said to be total. If, on the other hand, the Sun has 
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the greater angular diameter, the Moon will conceal only the cented 
portion of the Sim’s disc, leaving a bright ring visible all round; 
under such circumstances, the eclipse is said to be annular. Lastly, if 
the observer is not exactly in the line of centres, the Moon may cover 
up a segment at one side of the Sun’s disc ; the eclipse is then vartial. 


_ to the distance 

of the Moon, from 29' 22' at apogee to 33' 28' at perigee, the corre- 
sponding limits for the Sun’s diameter being 31' 28' at apogee, and 
32' 32' at perigee. Hence, both total and annular eclipses of the Rnn 
are possible. Thus, when the Sun is in apogee and the Moon in perigee 
an eclipse must be either total or partial; when the Sun is in perigee 
and the Moon in apogee, an eclipse must be annular or partial. 

227. CiFcninstances of a Solar Eclipse 

Fig. SI shows the different circumstances under which a solar eclipse is seen 


from different parts of the Earth. 

Draw the common tangents CDQ, C'lyQ, CRD’, O' RD, to the Snn and Hoon, 
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onning the enveloping cones DQD^ and fRg ; these constitute respectively the 

boundaries of the umbra and penumbra of the Moon s shadow. 

First let the umbra DQD' meet the Earth’s surface {Ej) before coining to a 
point at Q, the curve of intersection being «ie. Also let the p^nmbra/i^ mret Ae 
Earth’s surface in the curve fg. Then from any place on the Earth within the 
space de the Sun appears totally edipsed. At a place elsewhere within tfe pen^bia 

fg. the Sun appears partiaUy eclipsed, a portion only teing Jy 

Next let the umbra DQD' come to a point Q before leac^ Ae Eartt^. 
Then, if the cone of the umbra be produced to meet the Earth in d e', m 
anywhere within the space dV sees eclipse as an annular 

el^here within the penumbra fV. the echpse ap^ ^“^W^esice a 

SlI? eclipse is only visible over a part of the Earth’s surface, and its cnciimstaiices 

are different at different places. 

A& the Sun and Moon move forward in their relative ornn^ 

revolves on its axfr, the two cones of the Moon’s shadow travel over ‘J® 

T *K becomes visible from different places in snooession. “ae mnw 

oom to diciiiiiotuio... Tho ootor oooo. or poo™- 

P»t of U» E-tb-o..*.. -b». 

T'ZSi, Tiriblr .. 0 p.Hi.1 rdiior. 
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Different Kinds of Solar Eclipse 

A total or annular ecUpse of the Sun, like a total ecUpse of the Moon, always 

u H Lrtial eclipse, the totality or annular condition, as seen from 

begms and ends pe^od about the middle of the eclipse. 

The ma ^mu^duration of totality is just under eight minutes. This d^s 

thT^uator but about North Latitude 20» when the Sun is near the Apogee. 

On 1937 June 8th (Pacific Ocean west of Panama), .p‘" 

pine Islands) will also have a toUUty of more than > minutes. 

In the case of an annular eclipse, there are two mternal. as well as ' 

contacts, and the eclipse remains annular during the interval between the internal 

contacts This may sometimes be rather more than twelve mmu es. 

olg .o the lifted a™ of the belt o™, which a aol.c cchp* .. c,,,bK he 
Chance that any ecUpse may be visible at any given place is far smaller than m th 
case of a lunar ecUpse. The chance of an eclipse being total at any place is % eo 
smaU indeed. The last eclipses visible as total ecUpses in England occurre 
1704 and 1927 ; the next wiU take place on June 30th, 1954, in the bhet lands, and 
August 11th, 1999, in Cornwall. At Greenwich, or any other station, alwut 4.1 

partial solar ecUpses are visible in a century. r. mnnl 

At a given station (i.e. a point on the Earth's surface, not an extended n gion 
there are on the average slightly under 3 total solar eclipses in 10<K) years and 

sUghtly over 4 annular ones. 

In the British Isles, including the Shetlands, there is on the average one total 
ecUpse in 50 years, but the distribution is very irregular ; there was a blank interval 
of 203 years between 1724 and 1927, followed by three totaUties in just over 72 years. 
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II.— Determination of the Frequency of Eclipses 

To Find the T.imite of the Moon’s Geocentric Position 
consistent with a Solar or Lunar Eclipse 

In Fig. 82 , let the plane of the paper represent any plane through 
the Sun’s and Moon’s centres; and let ABV and A’B'V represent 
the common tangents bounding the cone of the Earth’s true shadow. 
JjetAUB' be the other common tangent, which goes (nearly) through 
R ; and let the line SE, joining the centres of the Sun and Earth, 
meet the common tangents in V and U. Let T, t, t' be those points 
on ABV and AB' whose distance from E is equal to that of the Moon. 

Then, if denote the positions of the Moon’s centre, when 

touching the cone BV externally and internally at T, it is evident that 
a lunar eclipse occurs whenever the full Moon is nearer the line of 
centres than Hence, if m denote the Moon’s angular semi-diameter 
TEMi, the Moon’s angular distance from EV must be less than VE^I^, 
or VET -j- m. 

Similarly, the lunar eclipse is total when the Moon is not further 
from the hne of centres than ; for this the Moon’s (geocentric) 
angular distance from the line of centres must be not greater than 
VEM.2, or VET — w. 





176 


Eclipses 


Let mj, be the centres of the Moon at internal and ftyfAmal 
contact with AB near t. There is evidently a solar edipse visible at 
some point of the Earth’s surface (such as £) as a parf^l eclipse, if the 
Moon’s angular distance from the Sun is less than SEmy, or SEt -)- m. 

Supposing the Moon’s distance to be such that its angular radius is 
less than that of the Sun, there is an annvlar eclipse whenever the Moon 
lies wholly within the cone AVA', as at m^. This requires the Moon’s 
geocentric angular distance &om the Sun to be less than SEm^, or 

SEt — TO. 

K, however, the Moon is so near that its angular radius is greater 
than that of the Sun, the angle it subtends is greater than ABA', and 
therefore there is a total eclipse at B whenever the edge of the Moon 
reaches the internal tangent Taking m, to represent the corres- 
ponding position of the Moon when touching the other tangent Aff 
at t' (for the sake of clearness in the figure), we see that, in order that 
there may be a total eclipse somewhere on the Earth’s surface, the 
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geocentric distance between the Moon’s and Sun’s centres must 

be less than SEn^ or SEt -j- to. 

Now, as the cone AVA' tapers to a point at F, the breadth of its 
cross section b greater near TOj, to^, Wg than near My, My, and when the 
Moon is in syzygy, its angular distance from EV or ES = its latitude. 
Hence the limits of latitude are greater for a solar than for a lunar 
eclipse, and therefore the probabiUty of the occurrence of a solar 
eclipse is greater than the probability of a lunar eclipse. This explains 
why, on the whole, solar edipses are more frequent than lunar. 

OuDolzer's Canon der FiMternisee gives 8,000 solar edipses between — and 

A D 9161 * 5 200 lunar eclipses between — 1206 and a.d. 2163- Hence there are 
3^ «dar edip^ to 13 lunar ones, or roughly 3 to 2. But at a given station a^ut 
twice as ma^ lunar ones as solar ones are visible ; the reason is that a lunar 
ia viable over a much larger region on tiie Earth than a solar one. 


We shall now calculate the angles FEM„ VEMy, SJS^, oaniy, 
SEm^. Let p, P denote the horizontal parallaxes of the Moon and 
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Fbequency of Eclipses 
their respective angular semi-diameters (Fig. 82). We have : 

= /_SBA, 


and tn 


s — 

p = / BTE = 
P= l_BAB 


Z_BtE = A.S’t’E, 


/jEnUx 


/_l'Em3, 


Z.B'AE, 

= IjEm^ = 

For the lunar edipses we have, from the triangle TEA : 

Z.ETB -f- /_EAB = 180® — ITEA = + ISEA : 

or IJET = IJETB + l_EAB — ISEA = p + P — s ; 
so that ZFFlfi = /.FFT -f ITEM^ ^p^P — s+m; 

and Z.VEM 2 = — Z.TEMi = P — s — m ; 

For the solar eclipses we have, from the triangle tEA . 


or 


/EtB — /EAB = 

— ZJEAB + Z<SFZ = 

so that Z.SEmi = P — -j- ® + ***> 


- / SEA 
p — P + «. 


and 


p — P s 


tn. 


/_SEm^ = 

Lastly from the triangle t'EA we have : — 

/_EiB’ — /_EAB! = Z-d^*' = labs + Z.SEt', 
Therefore, / SEt' = / B't'E — Z -®^ AE — /_AES = p P 

and A-SEm^ — P — P — « + «». 




*229. . Greatest Latitudes of the Moon at Syzygy 

Since S and F are in the ecliptic, it follows that when the Moon is 
in conjunction or opposition, the plane of the paper in Fig. 82 is perpen- 
dicular to the ecliptic. Therefore the angles YEM^, VEM^ measure 
the Moon’s latitude at opposition, and SEiOi, SEm^, SEm^ measure 
its latitude at conjunction in the positions represented. The above 
expressions are, therefore, the greatest possible latitudes at syzygy 
consistent with eclipses of the kinds named. 

Now, taking the mean values we have, roughly : — 

s = 16' ; m = 15' ; p = 57' ; P = 0' 8'. 

Substituting these values, and collecting the results, we have, 
roughly, the following limits for the Moon’s geocentric latitude, oi 
angular distance from the line of centres : — 

(1) For a lunar edipse, VEM^ = p P — « + »» — 56' ; 

(2) ForaMcilunaredipse, VEM^ = p-}-P — s — m = 26' ; 

(3) For a solar edipse, jSEnii — p — P-|-«-f-m = 88' ; 

(4) For an annular edipse, SEm^ = p — P s — m = 58'. 

12 


H. ASXBOIT. 
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Lastly, taking the Sun at apogee, and the Moon at perigee, we have, 
wj = 17' and s = 16' nearly, whence we have, in the most favourable 
case : — 

(4a) For a total solar eclipse, SEm^ = p — P — s + m = 58'. 


230. Ecliptic Tiimite 

From the last results it appears that a lunar echpse cannot occur 
unless at the time of opposition the Moon’s latitude is less than about 
56', and that a solar eclipse cannot occur unless at conjunction the 
Moon’s latitude is less than about 88'. Now the Moon’s latitude 
depends on its position in its orbit relatively to the line of nodes ; 
hence there will be corresponding limits to the Moon’s distance from the 
node consistent with the occurrence of eclipses. These limits are 
called the Ecliptic Limits. 

* The ecliptic limits may be computed as follows : — ^Let the geo- 
centric direction of the Moon’s centre be represented on the celestial 

sphere by M. Let N represent 

M the node, ME a secondary to 
the ecliptic. [The ecliptic limit, 

means the 



strictly speaki 




limi t of NH measured along the 

ecliptic, and not that of NM.] 
Now the limi t of latitude 
ME has been calculated in the 

last paragraph for the different cases. I.et this be denoted by 1. 
Also let I be the inclination of the Moon’s orbit to the ecliptic. Then 
in the sperical triangle NEM, right-angled at E, we have EM = I, and 
/ E\M = I ' both of these are known, hence A E can be calculated. 

For rouah purposes it will be sufficient either to treat the smaU 
triangle ESM as a plane triangle or to regard ME as approximate y 
the arc of a small circle, whose pole is N. The first method gives 

I = NE tan I ; or NE = I cot I. 

Or, adopting the second method, we have 

I = ME — L MNE X sin NE = / sin NE ; 

or sin NE = Ijl, 

■whence the ecliptic limit ^E is found. j. • -lj. i j 

tC exact formula may be given from the »lutmn 

Ae centrfs of the Sun and Moon does not occur when the 
Morn U at Af. but'at a point K o. Nit, such that HKN is a ngW 

angle : then from the triangle HKi 

sin NH — SID Ijsin 1* 
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233. To Rnd the Greatest and Least Number of Edipses posable 

UX & 


Let the circle in Fig. 84 represent the ecliptic, and let N,nhe the 
Moon’s nodes. Take the ares NL, NL\ td, rd' , each equal to the lunar 
wliptic limit, and A5, AS', »is, ns’ each equal to the solar ecliptic 
limit. Then the l&ist value of SS' or ss' is twice the minor solar ecUptic 
limit, and is 30® 46', and this is greater than 30° 40', the distance 
traversed by the Sun relative to the nodes between two new Moons. 
Hence, at least one new Moon must occur while the Sun is travelling 
over the arc SS', and two may occur. Therefore there must be one, 

and there may be two eclipses of the Sun, while the Sun is in the neighbour- 
hood of a node. 


Again, 



sf value of LL', IV is double the major lunar ecliptic 
limit, and is, therefore, 23° 16'. This is consider- 
ably less than the space passed over by the Sun 
relative to the nodes between two full Moons. 
Hence, there cannot be more than one full Moon 
while the Sun is in the arc LL', and there may be 
none. Therefore there canruA be more than one 
edipse of the hioon while the Sun is in the neighbour- 
hood of a node, and there may be none at aU. There 
must, however, be a penumbral lunar eclipse. 


234. The Greatest Number of Eclipses posable in a Tear 


The case most favourable for more than one eclipse is when the Moon 
is new just after the Sun has come within the solar ecliptic limits, i.e. 
near S. 

When the Moon is full (about 14J days later) the Sun will be near 
A at a point within the lunar ecliptic limits ; there will therefore be 
an eclipse of the Moon. 

At the following new Moon the Sim will not have reached S' ; and 
there will be a second eclipse of the Sun. 

In six lunations from the first eclipse the Sun will have travelled 
through just over 180°, and will be within the space ss', near » ; there 


will therefore be a third eclipse of the 5un. 

At the next full Moon the Sun will be near n, and there will be a 
second eclipse of the Moon. 

The Sun mav just fall within the space ss' near s' at the next new 
Moon ; there will then be a fourth eclipse of the Sun. 

In twelve lunations from the first eclipse, the Sun will have des- 
cribed about 368^ and will, therefore, be about 8° beyond its first 
position, and well within the limits ss' ; there wiU, therefore, be a 

fifth eclipse of the Sun. 
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About 14i days later, at full Moon, the Sun will be well within the 
lunar ecUptic limits LV, and there will he a third eclipse of the Moon. 

AU these eclipses occur in 12J lunations, i.e. 369 days, or a year 
and four days. We cannot, therefore, have all the eight eclipses in 
one year, but there may he as many as seven eclipses in a year, 
either five solar and two lunar, or four solar and three lunar. Ihis 

happened in 1917, and again in 1935. 


235. The Least Number of Eclipses possible in a Year 

The most unfavourable case is that in which the Moon is full just 

before the Sun reaches the ecliptic limits at L* 

At new Moon the Sun will be near AT, and there will be one solar eclipse. 

At the next full Moon the Sun will have passed L\ so that there 

will be no lunar eclipse. After six lunations the Sun will not have 

arrived at 

At the next new Moon the Sun will be within the ecliptic limits, 

and there will be a second solar eclipse. 

At the next full Moon the Sun will be again just beyond I , and at 

12 lunations from first full Moon, the Sun may again not have quite 


reached L, 

At 12^ lunations there will be a third solar eclipse. 

The interval between the first and third eclipses will be 12 lunations, 
or about 354 days. If, therefore, the first eclipse occurs after the 11th 
day of the year, i*e» January 11th, the third will not occur till the 
following year. Therefore, the least 'possible number of eclipses in a year 
is two : these must both be solar eclipses. 


236. The Saros of the Chaldeans 

The period of a synodic revolution of the nodes is (Art. 232) 
approximately 346*62 days. Hence : — 

19 synodic revolutions of the node take 6585*78 days. 

Also 223 lunar months = 6585*32 days. 

If follows that after 6585 J days, or 18 years 11 J days,* the Moon’s 
nodes will have performed 19 revolutions relative to the Sun, and the 
Moon will have performed 223 revolutions almost exactly. Hence 
the Sun and Moon will occupy almost exactly the same position 
relative to the nodes at the end of this period as at the beginning, and 
eclipses will therefore recur after this interval. The period was dis- 
covered by observation by the Chaldean astronomers who called it the 
Saros. By a knowledge of it they were usually able to predict eclipses. 


The date goes forward 12^ days when 3 leap-days intervene (this may happen 
when a year like 1900 occurs in the interval), ll| days when 4 leap-days intervene, 
and 10} days when 5 leap-days intervene. 
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1 A revolution of the Moon^s apsides /’ or the period in 

which the bun performs a complete revolution relative to the Moon’s 

411-74 days. Hence sixteen such revolutions occupy 
bD67-b7 days, or about two days longer than the Saros. Therefore the 
Moon’s line of apsides also returns to very nearly the same position 
relati\ e to the bun and Moon. Hence, the solar eclipses, as they recur, 
will be nearly of the same kind (total or annular) in each Saros Tbo 

«-hole number of ecUpsee in a Saros U about 70 The avVrlgl of .5 

eclipses from b.c. 1207 to a.d. 2162 shows that there are 20 solar 
eclipses to 13 lunar. 

The Saros enables us to make very fair predictions of future eclipses, 
if we have the date of the eclipses 18 years earlier. Any eclipse of 
considerable size is certain to have a successor. Its region of visibility 
on the earth is shifted westward through about 116“, owing to the 
fraction of a day in the cycle ; three Saroses bring us back to about the 
same longitude. It is possible to have two successive eclipses visible 
at the same station if the first occurs early in the morning (or early in 
the night for lunar eclipses). Thus the successor of that of 1927, 
June 29th, occurs in the earlv afternoon of 1945. July 9th, and is a 
large partial eclipse in England, total in Norway. 

The number of times that an eclipse can recur varies between 70 
and 85, corresponding to 1,244 and 1,5144 years respectively. The 
eclipse begins as a small one in the Arctic or Antarctic regions ; it 
increases at each return, finally becoming total or annular ; it is a 
central ecbpse for about two-thirds of its whole career ; finally it goes 
off at the opposite pole to that of its first appearance. On the average 
a new eclipse is born once in 31 years ; the death rate is, of course, the 
same as the birth rate. 

Lunar eclipses have a shorter career ; they have between 44 and 
54 returns, corresponding to 775 and 9554 years respectively. 

There is rather a rare type of solar eclipse called annular-total ; in 
these cases the Moon as seen from the beginning and end of the track, 
where it is in the horizon, is not quite large enough to cover the Stin ; 
but in the middle of the eclipse track the Moon is higher in the sky, and 
consequentlv nearer to the observer ; it thus becomes large enough to 
cover the Sun for a short time ; such eclipses occur about twice in a 
Saros. There was one in April, 1912, just total in Portugal : its 
successor in April, 1930, was just total in California. 

The Saros is the most useful of all eclipse cycles ; but there are 
several others, of which two may be mentioned. 

(1) cvcle of 6,444 lunations, equal to 190,295-109 days, or 521 
years and 3 or 4 days, according to the number of leap-days intervening ; 
this cycle brings back the latitude of the eclipse very closely. An 

cxamole follows : 


The Sabos of the Chaldeaxs 
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1199, June 16th, annular in Atlantic. 

678, June 17th, annular in Sahara. 

157, June 17th, total in England. 

364, June 16th, total in Scotland. Observed as partial at 

Binchester, England. This is the first British 
eclipse recorded as observed, 

885, June 16th, total in Scotland. Mentioned in Chronicon 

Scotorum, 

1406, June 16th, large eclipse in London ; total in Belgium. 
1927, June 29th, total in Wales, Lancashire, Yorkshire. 

It will be seen that in Old Style the date is brought back almost 
exactly ; the jump between 1406 and 1927 is due to the change of Style. 
One“ninth of this cycle, that is 58 years less about 40 days, is also an 


eclipse cycle, but a less convenient one. 

(2) A cycle of 22,325 lunations, equal to 659,270*38 days, or 1,805 
years and a few days. Like the Saros, it restores the diameters and 
motions of the Sun and Moon almost exactly. As an example, the 
eclipse of 1927 was preceded by one on 122, June 21st, total about the 
Shetlands, but in the evening, whereas that of 1927 was in the morning. 
The name Megalosaros has been suggested for this cycle. 


♦III. OCCTJLTATIONS — PLACES AT WHICH A SOLAR EcLTPSE IS VISIBLE 

237. Occultations 

When the Moon’s disc passes in front of a star or planet, the Moon 
is said to occult it. 

An occultation evidently takes place whenever the apparent angular 
distance of the Moon’s centre from the star becomes less than the 
Moon’s angular semi-diameter. As the apparent position of the Moon 
is affected by parallax, the circumstances of an occultation are different 
at different places on the Earth’s surface. 

Let m denote Moon’s angular semi-diameter, p its horizontal 
parallax. In the figure, let 
E and M be the centres of 
the Earth and Moon, and 
let $C^ sC represent the 
parallel rays coming from a 
star, and grazing the Moon’s 
disc. These rays cut the 
Earth’s surface along a curve 

00\ and it is evident that only to observers at points within this cur\''e 
is the star hidden by the Moon’s disc. Let EC ^ E$^ EM^ EC" cut the 
Earth’s surface in c, x, m, c " ; the rays EC, EC' cut the Earth’s surface 



Fio. 85. 
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in a small circle cc\ whose angular radius mEc = MEC = m. Let 
d be the geocentric angular distance sEM between the Moon’s centre 
and the star. Then : — 


Angle ECO 


But ECO 
So that sin OEx 


angle subtended by Earth’s radius 
parallax of C when viewed from 0 ; 
p sin COZ (Art. 157) ; 
p sin OEx (by parallels). 

CE$ = angle subtended by cx ; 
angle cx 

P 


Hence we have the following construction for the curve separating 
those points on the Earth’s surface at which the occultation is visible 
at a given instant from those at which the star is not occulted. Taking 
the sublunar point m as pole, describe a circle cc' on the terrestrial 
elobe with the Moon’s angular semi-diameter [m) as radius. Through 
fhe sibstellar point x drallny great circle, cutting this small circle m 
anv point c. Measure along it an arc xO such that sin xO is always the 
same mnltiple (l/p) of xc. The locus of the points O, thus determined, 

is the curve required. , , i • r u r 

Half of the circle cc' consists of points under the advancmg limb ol 

the Moon ; hence, over the portion of the curve 00' corresponding to 

this half-circle, the occultation is just begmmng. At points on the 

other half of cc' the Moon’s limb is receding ; hence over the other 

portion of 00' the star is reappearing from behind the Moon s dmc. 

Since the greatest and least values of cx in any position are d + m 

and d — m, it is evident that the greatest value of d for which an 

occultation can take place is when 

i — m = d=m+p. 

^ 3^ Occultation. of a Planet 

If a be a planet, the lines Es, Os, can no longer be regarded as 
rigorously paraUel ; but the angle between thein, EsU 

= angle subtended at s by the Earth s radius EO 

_ parallactic correction at 0 (Art. 156) 

= P sin ZOs (Art. 157) = P sin OEx very nearly. 

As before, £«> = ? 

ECO = EsO + CEs ] 

But cx 

Thus psinOPx=P8inOPx-f cx; sin OPx = 

w+h tbii exception, the construction is the same as for a star. 
5 so Urge that we mast 

diameter, the method of the next paragraph must be used. 
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239. Eclipse of the Sun 

There is a total ecUpse of the Sun, provided the Moon’s disc com- 
cletely covers the Sun’s ; this occurs if the ^loon’s angular semi- 
dIaSir («.) is larger than the Sun’s (s), and the apparent angular 
distance between the Sun’s and Moons centres (as se^ 
point at which the eclipse is visible) is less than m — s. Hence, if 
Moon’s angular semi-diameter were reduced to m — s, the Sun s centre 
would then be occulted. Hence the points O, whose locus encloses the 
places from which the ecUpse is visible, can be found as follows . 

With centre m the sublunar point, and angular radius m — s, 
describe a circle. Through the subsolar point x draw any arc of a great 
circle xc, cutting the circle in c, and take O, on xc produced, such that 


XC 

sin xO == 

P -L 

For an annular eclipse m < s, and the apparent angular distance 
between the centres is s — m ; hence the same construction is followed, 
save that s — «» is the angular radius of the small circle first described . 

For a partial solar ecUpse, the angular radius is s -p «< • 

When a planet has a sensible disc, the beginning of its occultation 

may be compared to a partial eclipse of the Sun ; and the planet is 

entirely occulted when the conditions are satisfied corresponding to 

those for a total eclipse. 


Example.— 5 the centres of the Earth, Moon, and Sun to be in a straight 
line and the Moon'sand Sun^s semi-diameters to be exactly 17' and 16', find the angular 
radii of the circles on the Earth over which the eclipse is total and partial respeclivtiy, 

taking the relative horizontal parallax as 57 . 


At those points at which the eclipse is total, the apparent angular distant 
between the centres, as displaced hy parallax, must be not greater than 1 i lt> , 
or 1'* Hence, since the centres are in a line with the Earth’s centre, the parallactic 
displacement must be not greater than W Hence, if z be the Sun’s zenith distance 
at the boundaiy, then 57 " sin z = 1 ' ; or sin z = ^, or approximately circular 
measure of z = So that z = approx. Hence the eclipse is total over a 


circle of angular radius 1 ® about the sub-solar point. 

Similarly, the eclipse is partial if 57' sin z < 16' -p 17', or 33', or sin z < 5 I, or 
-58. From a table of natural sines, we find that sin“^ -58 = 351"^ roughh' ; 
therefore the angular radius is 35^*. 


Examples on Eclipses generally. — 1. Find {roughly) the maximum duration of 
an eclipse of the Moon, and the maximum duration of totality. 

From Art. 229 we see that a lunar eclipse will continue as long as the Moon’s 
angular distance from the line of centres of the Earth and Sun is less than 58', and 
the eclipse will continue total while the angular distance is less than 26". Hence, 
the maximum duration of the eclipse is the time taken by the Moon to describe 
2 X 58", or 116", and the maximum duration of totality is the time taken to 
describe 2 x 26", or 52". 


186 



i.e 


!nie 


Now the Mood describes 360° {relative to the direction of the ««»■) hi 
^odic month, 20J days. Thmef<»e, die times taken to describe IMf ami 
respectivelv are 

20| X 116 29J X 52 

360 X 60 360 X 60 

3h. 4S]n. and Ih. 42m., 

hese are the maxiniTim dmattons of the edipae and of totality, 
of June 26thy 2029, will last 3h. 44m., and be total for Ih. 44m. 

2. CalcMjate rougUy Ae velocity with iMck ike Moon'e ekadow imvde over Ik 
Earths {Suns distance = 93,000,000 nisZe#.) 

The radiiis of the Mooii'’s orbit bemg about 240,000 miles, its ciiciimfeceooe ia 
about 1,508,000 mfles. Relatire to the tine of omtres, the Moon describee the 
cireiinife fence in a synodic month, t.e. about 29|^ days. Hence its rdatiTe Tdoritj 
Is about 1,508,000 -r 29|, or 51,000 miles per day, t.e. 2,100 miles p^ hour. If q 
denote the point where the middle of the shadow reaches the Earth (Fig. 81), and 
if the Earth's surface at g is perpendicnlar to Sq, we have ; — 

velocity of g : vel. of If — Sqz 8M 
^ 93,000,000 : 93,000,000 — 240,000 = 1*0026 nearly. 

Hence the velocity of the shadow at g — veL of Jf vwy nem^ 

= 2,100 miles an hour. 

To find the velocity of the shadow relatire to places on the Earth, we must 
subtract the velocity of the EMth^'s dmmal motmn. This^ at the Earth's equator, 
about 1,040 miles an hour. Hence, if the Earth's snrfiM^e and the shadow are 
ovinff in the same direcrion, the relatire rdocitT is about 1,060 mflea an hour. 

3. Find tke maximum duratioH of totalitg of Ike edipx. of Ike exampie ou page 
5,. negkeiing tke obliquitg of tke eeliptk. 

The radios of the shadow bring 1“, or about 69^ mik^ its diameter is 

139 miles. The obBqoity of the ecliptac bring n^ected, the edipse is central at 
a point on the equator.- and the shadow and the Earth are therefore moving in the 
same direction with r^tive vdodty 1,060 mfles an hour (by Question 2). The 
greatest duration of totality is the time taken by the shadow to travel over a 
distance equal to hs diameter, i.e. 139 miles, and is therefore 139 X 60/1060 

minutes, i.e. T-9 minutes (roughly). 


EXAMPLES 

1. If a total lunar eclipse occur at the summa solstiee, and at die mwMte 
of the eclipse the Moon is seen in the zenith, find the latitude of the plaoe of 

obserration- 

2. If there is a total edipse of the Moon on March 21st, wiD the year be &voor- 
able for observing the jdienomenon of the Harvest Moon ? 

q Havinc eiven the dimensions and distances of the Sun and Moon, diowhow 
r« find the diameter of the umbra where it meets the Earth’s smfece. 














CHAPTER XI 

THE PLANETS 

I_ General Outline of the Solar System 

240. Planets 

The name planet, or “wanderer,” was applied by the Greeks to 
designate all those celestial bodies, except comets and meteors, which 
changed their position relative to the stars, independently of the 
diurnal motion ; these included the Sun and Moon. At present, 
however, only those bodies are called planets which move in orbits 
about the Sun. The Sun itself is a star, while the Earth is classed 
among the planets, and the Moon, which follows the Earth in its annual 
path, and has an orbital motion about the Earth, is described, along 
with similar bodies which revolve about other planets, as a satellite 

or secondary. 


241. The Sun, © 

The Sun is distinguished by its immense size and mass. It forms 
the centre of the solar system, for, in spite of the great distances 
of some of the furthest planets, the centre of mass of the whole system 
always lies very near the Sun. The Sun resembles the other fixed stars 
in being self-luminous, whereas the planets are not self-luminous but 

are seen only by means of reflected sunlight. 

Its diameter is 110 times that of the Earth, or nearly twice as great 
as the diardeter of the Moon’s orbit about the Earth. Its mass is about 
332,000 times that of the Earth, 

From observing the apparent motion of the spots, which are often 
to be seen on the Sun’s disc, it is inferred that the Sun rotates on its 
axis in the sidereal period of about 25 days. 

The planets ail revolve round the Sun in the same direction as the 
Earth. Their motion is, therefore, direct. 


242. Mercury, ^ 

Mercury is the planet nearest the Sun, its distance in terms of the 
distance of the Earth as unit being 0*39. It is characterised by its 
small size and small mass, 1/27 that of the Earth, the great eccentricity 
of its elliptical orbit, amounting to about and the great inclination 
of the orbit to the ecliptic, namely, about 7^. The sidereal period of 
revolution roimd the Sun is about 88 of our days. 

Mercury rotates on its axis once in a sidereal period of revolution ; 
consequently it always turns nearly the same face to the Sun, as the 
Moon does to the Earth (Art. 214), 
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Owing, however, to the great eccentricity of the orbit, the “ libra- 
tion in longitude ” is much greater than that of the Moon, amounting 
to 47°. Consequently, rather over one quarter of the whole surface is 
turned alternately towards and away from the Sun, three-eighths is 
alwavs illuminated, and three-eighths is always dark. 

MercTiry resembles the Moon in having apparently no atmosphere. 
This is shown by its very low albedo, below that of the Moon, and by the 
absence of an external ring of refracted sunlight when it is entering on 
the Sun in transit. 

243. Venus, $ 

Venus is the next planet, its mean distance from the Sun being 
0-72 units. It is the planet that most closely resembles the Earth in 
size and mass, being shghtly smaller and slightly less massive than the 
Earth. Its orbit is very nearly circular, and is inclined to the ecUptic 
at an angle of about 3° 23'. Venus revolves about the Sun in a j»riod 
of 224 days. It has an extensive atmosphere. The rotation period is 
not known with certainty but is probably somewhere about 30 to 40 days. 

244. The Earth, © 

The Earth comes next, its mean distance being one umt, and its 
orbit very nearly circular (eccentricity = ^). Its period of revolution 
in the ecliptic is 365J days, and its period of rotation is a sidereal day, 
or 23h. 56m. mean time. It is the nearest planet to the Sun having a 
satdlite (the Moon, d ), which revolves about it in 27 J days. 


245. Mars, S 

Mars is at a mean distance of 1*52 units. It is smaller than the 
Earth its diameter being about one half and its mass l/9th that of the 
Earth Its orbit is inclined at less than 2° to the ecUptic, and is an 
of eLatricity about » -olvoa about the Sun h. a ^eteal 
period of about 686 days, and rotates on its axis m about 2tt. 37m- 
Mars has two smaU sateUites, wHch revolve about ^ jn the peno^ 
74 and 30i hours, roughly. The appearance which would be p^nt^ 
bt the inner satelliteTif observed from Mars, is rather mterestmg. As 
revolves much faster than Mars, it would be seen to nse m the tce^ 
and set in the east ticice during the night. The outer satelhte wo 
appe« to revolve slowly in the opposite direction-from e^t to wert^ 
Th^ inner satellite is eclipsed often at opposition, and would appear to 

the Sun’s disc often at conjunction. / 

Mars has an atmosphere, but considerably less de^ t^n that of 

uuuTSa “he eeaeoue. Urge dueky ..e« on the ptanet ue« 
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rotation is somewhat less than 10 hours ; this rapid rotation causes the 
planet to be perceptibly oblate. Through a telescope the disc is seen 
to be encircled with a series of belts or streaks parallel to its equator. 
On accoxmt of their variability, these are supposed to be due to belts of 
clouds in the atmosphere of the planet. 

Jupiter is now known to have eleven satellites. The four larger 
ones are interesting as being the first celestial bodies discovered with 
the telescope, by Gableo (a.d. 1610). A fairly powerful opera glass will 
show them. 


The orbits of all foxir are nearly circular, and inclined less than half 
a degree to the plane of Jupiter’s equator, and about 3° to the plane of 
its orbit. They revolve round Jupiter in periods of 16d. 17h., 7d. 4h., 
3d, 13Jh., and Id. I8ih. The fifth or innermost satellite was discovered 
in 1892 : it revolves in a period of nearly 12h., at a mean distance of 
70,000 miles from the surface, or 113,000 miles from the centre of 
Jupiter. The above satellites are frequently eclipsed by passing into 
the shadow cast by Jupiter, or occulted when Jupiter comes between 
them and the Earth, 


Six very distant satellites have been detected in recent years. All 
their orbits are very eccentric and highly inclined to Jupiter’s orbit, 
and the Sun produces large disturbances in their motions. VI. and 
VII. form a pair with interlocked orbits, their periods of revolution 
being 250 and 260 days. '\^II and IX also form a pair with inter- 
locked orbits, their periods of revolution being about two years ; they 
are sometimes 20 millions of miles from Jupiter. A cunous feature is 
that ^^II and IX go round Jupiter in the opposite direction to that 


of all the other satellites. 

The six outer satellites are all small objects ; the largest of 
them is about 100 miles in diameter, the smallest probably not 
more than 15 miles. As seen from Jupiter they would appear as 

verv faint telescopic stars. 


The 



Saturn, b 

Saturn is at a mean distance from the Sun of 9-54 unite 
periodic time of revolution is 294 years. The orbit is nearly 
and inclined to the ecliptic at an angle of 2^°. It is the second larg^ 
of the planets, with a diameter about 9 times that of the Earth and a 
mass 95 times the Earth^s. It has the lowest mean density of any of 
the planets, 7 lOths that of water and one-eighth the mean density of 
the Earth. ’ This is accounted for by Saturn, relative to its size, havmg 
the most extensive atmosphere of any planet. Its period of rotation 
is rather more than lOh. and it is the most oblate of any of the p anete. 

Saturn's rings are among the most wonderful objects revealed by 
the telescope. They appear to be three flat annular discs of extreme 
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f>iinnp«!s hnne in a plane inclined to me etiipiK- ai <» ^ - 

2 ^nd’ eitendmg W . distimce rather greater than the rad.us ol the 
pLrr thT^adk ring is by far the brightest, whU. the mner r.ng » 
?ery faint. When the Earth is m the plane of the rings the\ are se* n 
e^eLe, and, owing to their very small thickness, they then become 

invisible except in the best telescopes. , r ii 

It is known that the rings consist of a large number of small satellites 

or meteors. It is certain that they do not consist of a continuous ma.ss 

of solid or Uquid matter. The surface of the planet itself is encircle<l 

with belts similar to those on Jupiter. ,, a . i 

In addition to the rings, Saturn has nine satellites, all 8ituate<i 

outside the rings. The seven nearest move in planes nearly coinciding 

with that of the rings, while the orbit of the eighth is inchned to it at 

an angle of 13°. The sixth satellite is by far the largest, having a 

probable diameter nearly equal to that of Mercury. The eighth has 

been observed, like our Moon, always to turn the same side towards 

the planet.* The ninth satellite is very minute and very distant. 

It revolves nearly in the plane of Saturn’s orbit, and, like Jupiter’s 

satelUtes VIII, IX, its motion is retrograde. 

The distances of the satellites from Saturn range from 3 to ^ 1 b 
times the planet’s semi-diameter, and the corresponding periods range 

from 221h. to 550d. 


249. Uranus, ^ 

Uranus, at mean distance 19-2 units, revolves in an appro-ximately 
circular orbit, nearly coinciding with the ecliptic, in a period of 84 
years. Its diameter is about four times and 

the Earth’s ; the mean density is about the same as that of Jupiter. 
The period of rotation is about llh. Uranus was discovered in 
1781 by Sir William Herschel, who nameil it the Georgium Sid us in 


honour of the king. 

Uranus is attended by five satellites. The four |>riiicipal one.-; 
possess the remarkable peculiarity of revolving in a plane nearly per- 
pendicular to the ecliptic and in a retrograde direction. In fact, the 
plane of their orbits makes an angle of 82° with the ecliptic. Their 
periods are 24d., 4d., 8|d., and 13Ad. roughly. 


250. Neptune, ^ 

The position of Neptune was predicted in 1846 almost simultaneously 
by Adams and Leverrier, from the observed effects of its attraction on 
the orbital motion of Uranus. It was first discovered by Galle, of 


♦ This is probably true for all satellites, excepting those that are very distant 
from their primaries. 
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Berlin, in September 1646, very close to its previously computed 
position. It has a mean distance of 30-1, and it revolves in its orbit in 
about 16.5 years. Neptune is practically equal in size to Vranus but 
is somewhat more massive. Its period of rotation is about 16h. 

Neptune has two satellites. The brighter moves in a retrograde 
direction in a plane inclined to the ecliptic at about 35'. The plane 
of its orbit is shifting, which is concluded to be caused by the attraction 
of Neptune's equatorial protuberance. Hence the orbit plane must 
make a considerable angle, about 20% with Neptune's equator. A second 
verv faint satellite was discovered in 1949. On the other hand, the 
satellites of Vranus all lie in the same plane, which shows no shift, so 
that it evidently coincides with I'ranus's equatorial plane. 


251. Pluto, E 

A new planet, named Pluto, was discovered photographically at 
the Lowell Observatory, Flagstaff, Arizona, in 1930. It is a faint 
object, of the 15th magnitude. Its mean distance from the Sun is 
39-5 units, and its orbit, which is transversed in 248 years, has the large 
inclination to the ecliptic of and an eccentricity of 0-25. Both the 
inclination and eccentricity are much larger than for any of the other 
planets. Nothing definite is known about the size and mass of Pluto ; 
from its faintness, it is probable that it is smaller than the Earth , its 
mass is estimated to lie between the masses of the Earth and 1 enus. 


252. Bode’s Law 

Before the discovery of Neptune, it was noticed that the distances 
of the planets could be'represented approximately by an empirical law 
known as Bode’s Law. This law is merely a result of observation and 

does not appear to have any physical significawe. 

The law is given by the following rule : Write down the series of 

numbers 0 3. 6. 12, 24, 48, 96, 192, (384), (768), in which each number 

ITffrr the s’econd) is double the preceding. Now add 4 to every term 

These numbers represent fairly closely the relative ^stances of t 

various planets from the Sun, the distance of the Earth (the third m the 

th. iw, CW. N.P.UU. ..a « 

t Kppn discovered and the minor planets were unknown. Ibe series 
“numbm giv» b. the law aad the mean distancea of the planets at, 

,6 28 52 100 196 

5Iinor ^ ^ y 

0 planets 

15 _ 52 95 192 


( 1 ) 


10 


( 2 ) 2 ? © 


(3) 


.T-9 7-2 10 
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The law is approximatel7 satisfied and the minor planets tal« the 
place where the law indicated that a planet was misMg. y> hen 
Uranus was discovered, it was found to be at about the dwtance given 
by the law. The law breaks down, however, both for Neptune and 

Pluto; for these the relative distances given by it are 3^ and 77 , 
I........ t-KriA riiai'ji.nrps on the scale ussd. are 301 and 395. 


253. Tabular View of Solar System 
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11. — Synodic and Siderbai. Periods — Descriftion or Motion in 
Elongation or Planets as seen erom the Earth— Phases 

264. Inferior and Superior Hanets. — Definitions 

In describing the motions of the planets relative to the Earth, it is con- 
venient to divide the planets into two classes ; those nearer the Sun than 
the Earth are called w^^sribr, those that are more remote are called superior, 

13 
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The an^e of dongiUion is tbe diffiexence between die geocentric 
(Art. 137} longitnde of the planet and that of the Son. 

It appeals &om the preceding section that (i) The planets all revoive 
ronnd the Snn in the same direction ; (ii) The planets which ate neanx 
the Snn travel at a greater speed tiian those which are more remote. 

In order Anther to simplify the descriptions we shall stssmmtt 
the planets aO revolve nniformly in circles, about the Sun as centre, 
in the plane of the ecliptic. 


255. Changes in Tnrmgatirm of an Tnferinr Planet 

Let E be the Earth, F an inferior planet moving in the orhA AUBD' 
about 5 the Snn. Since SV revolves more rajadlj abont S thaw SE, 
the motion of F relative to E, as it would appear &om S, is direct. 

SF separates from SE at a rate which is the difference of the rates 
at which E, V revolve in their orbits. The changes in tiie petitions of 
the planet relative to the Sun are therefore the same as if £ were at 

rest and F revolved with an an gular vtiotity 
equal to the excess of the an gular vdlocify of 
the planet over that of the Barth. 

Let the line ES meet the orbit of F in if 
and B. When F is at .d or £ it has the same 
longitude as S, and if the planet actuaDj moved 
in the ecliptic it would be in feont of the Sun 
at A, behind the Sun at B. In cealify, owing 
to the inclination of the orbits, this but laiely 
happens. 

At A, the planet is said to be in wfaiar 
it has the same longitade as tiie Sun and is 

At B the planet said to be in 

superior oonjundioH with the Sun ; it has the same longiti^ as the 
Sun but is further away. If we consider the appearances which would 
be presented on the Sun, the planet is in “ heUocentric conjunction ” 
with the Earth at J and in “ heUocentric oiqiosition ” at B. 

\ffcer inferior coninnetion at the planet is seen on the westwaro 

,id. « at F.. Th. *l<»gai™ SBV en^T fli 

the planet reaches a point U such that SU is a tangpnt ^it. 

The planet is then at its greatest elongation, the angle SBl/ bang a 

TTiajrimi iin, 

Subsequently, as at F„ the elongation din 



trmjtmction with the Son ; 
nearer tiie Sun to the Earth. 


Ill 1 1 


iialieB, and the plsn^ 

Ths 


approaches the Sun. until superior conjnnction oGcms. as at R ^ 

pUnet then separates from the Sun, reappeszii^ on the 
(eastern) side, as at F„ attains its roaTimmn el<HigM»a at IT, and 
finally comes round again to inferior oonjunefaem at A. 
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The time between two consecutive conjunctions of the same land 
(superior or inferior) is called the synodic period of the planet (c/. Art. 
202), and is the period in which SF separates from SE through 360 . 

2f6. To Find (roughly) the Ratio of the Distance from the Sun of 

an jfn/eWoT Planet to that of the Earth 

To do this it is only necessary to observe the planet’s greatest 
elongation. For H U, E (Fig. 86) represent the planet and Earth at 
the instant of greatest elongation, the angle EUS is a, right angle, and 

therefore : — 

Sin SEU = 


SE* 


that 


IS 


Distance of pla^t _ greatest elongation. 


Lodified 


Distance of Earth 

This method is, however, much 
orbits are not circles, but ellipses. 

Examples 1. — C^ven that the greatest elongation of Ventis is 46"^, find Us distance 
from the Sun^ thoA of the Eatth being 93,000,000 miles. 

If ere distance of Venus = 93,000,000 sin 46^ = 93,000,000 X \/ ^ 

= 93,000,000 X *70711= 05,760,000 miles. 

2. — Taking the Earth's distance as unitgy find the distance of Metcnty^ having 
given that Mercury's grecUest elongation is 22^®. 

The distance of Mercury — 1 x sin 22 = \/{J(l — cos 45®)} 

= 1^(2— ^^2)= *38268. 

257. Crhanges in Elongation of a Superior Planet 

Let us now compare the apparent motion of a superior planet J 
with that of Sun. Since it revolves about the Sun in the same direction 
as the Earth does, but more slowly, the line SJ will move, relative to 
SEy in the opposite or retrograde direction. Hence, in considering 
the changes in the position of the planet relative to the Sun, we may 
regard SE as a fixed line, and J must then revolve about jS in the circle 
ARBT with a retrograde motion, i.e. in the same direction as the hands 
of a watch.*** 

At A the planet is in opposition with the Sun, and its elongation is 
180^. At -B it is in conjunction, and its elongation is 0*^. If, however, 
we were to refer the directions of the Earth and planet to the Sun, the 
planet would be in heliocentric conjunction with the Earth at Ay and 
in heliocentric opposition at B. 

* As a simple illustration, both the hour and minute hn.nda of a watch revolve 

in the same directions, but the minute hand goes faster and leaves the hour hjLTid 

behind. Hence the honr hand separates from the minute hand in opposite 
direction to that in which both are moving. 
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The planet is nearest the Earth at Aj and since its orbital velocity 
is constant, its relative angular velocity is then greatest, and the 
elongation SEJ is decreasing at its most rapid rate. As the planet 
mo^^s round from opposition A to conjunction the elongation SEJ 

decreases continuously from 180° to 0°. 

At R the elongation is 90°, and the planet is said to be in qvadralure. 
At conjunction, B, the elongation is 0° ; and we may also consider 
it to be 360°. As the planet revolves from B to .4, the elongation 
^ rn pas uT ed round the direction BB4.) decreases from 360 to 180 . 
At T the elongation is 270°, and the planet is again said to be in 

quadrature. 

At A the elongation is again 180°, the planet being once more in 

opposition. After this the elongation decreases 
from 180° to 0° as before, as the planet's relative 

position changes from A through R to B. 

The cycle of changes recurs in the synodic 
period, i.e. the period between two successive 
conjunctions or oppositions. We see that the 
elongation decreases continually from 360 to 
0° as the planet revolves from conjunction 
round to conirmction, and there is no greatest 



Fig. 8 ' 7 - 


elongation. 


258. To Compare (roughly) the Distance of a Superior Planet 

with that of the Earth 

Here there is no greatest elongation, and therefore we must resort 
to another method. , , . . 

Let the pUeefs elongetion SEJ (Fig. 87) be ob^rved at 
instant, the totereal of time which ha* elapeed emra the planet was 

denTrr le^gT tht pWfs epnodie period. Then, in time 
S the angle .fSfi inemaae, fcom 0- to 360"; 

the charge to take^ place uniformly, the angle JSE at tune t after 

'’%Tn“ tootn! Also JES has been ob^rved, ^nd SJE 

180° — JES- JSE) is therefore also known. Therefore we have, 

bv plsuc trigonometry, 

Distance of Planet S^ _ sin SEJ 

Distance of Ea^ " SE sin SJK 

which determines the ratio of the distances required. 

e pTa^^“ ntoti.™ ™ no. 

really uniform (see Art. 265). 
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259. General Method 

It is not necessary to observe the instant of conjunction or 
opposition. If the syiiodic period S is known, 

ratio of the distances. The requisite formulae are more complicated 
but they only involve plane trigonometry. We therefore, leave th 
investigation as an exercise to the more advanced student. 

Exam^e.-Calcuiate the distance of Saturn in terms of that 
gi,-en that 94 days after opposition the elongat^n of Saturn teas Si It , and that the 

synodic j>eHod is 376 days. Given also fan S'’ 43' --- 1. 

Let the Sun, Earth, and Saturn be denoted by 5, By In 376 days ^JSE 
increases from O'’ to 360'’. It follows that : 

in 94 days after opposition /_J SE = 90"’ ; 
also, by hypothesis, £^JES = 84° 17'. 

Distance of Saturn _ ^ j-/ _ 

Distance of Earth SE 

Therefore the distance of Saturn, as calculated from the given data is 10 times 
that of the Earth. 

260* The Synodic Period of an Inferior Planet 

This may be found very readily by determining the time between 
two transits of the planet across the Sun’s disc and counting the number 
of revolutions in the interval. 

For a superior plauet this is not possible, and we must, instead, find 
the interval between two epochs at which the planet has the same 

elongation. 


261. Relations between the S 3 ^iodic and Sidereal Periods 

The relation between the synodic and sidereal periods is almost 
exactly the same as in the case of the Moon, the only difference being 
that the planets revolve about the Sun and not about the Earth. 

The siderecd period of a planet is the time of the planet^s revolution 
in its orbit about the Sun relative to the stars. The stfnodic period is 
the interval between two conjunctions with the Earth relative to the 
Sun. It is the time in which the planet makes one whole revolution 
as compared with the line joining the Earth to the Sun. 

Let S be the planet’s synodic period, P its sidereal period, Y the 
length of a year, that is, the Earth’s sidereal period, all the periods being 
supposed measured in days. Then, in one day : — 


the angle described by the planet about the Sun 
the angle described by the Earth 
and the angle through which their heliocentric 
directions have separated 


360°/P, 

3607 

36075 . 
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If the plamt be inferior, it revolves more rapidly thaa the Earth, and 
360^/ S represents the angle gained by the planet in one day. Therefore 

360" _ 360" 360" , _ 1 _ 1 1 

S ~~P T’ ” S~P~Y 

If the plaiiet be superior, it revolves more slowly than the Earth, 
and 360"/S is the angle gained by the Earth in one day. Therefore :~ 

360" _ 360" 360" 1 _ 1 1 

S Y P * S P P* 

From these relations, the sidereal period can be found if the synodic 
period is known, and vice versa, 

262. Phases of an Inferior Planet 

As the planets derive their light from the Sun, they must, like the 
Moou, pass through different phases depending on the proportion of 
their illuminated surface which is turned towards the Earth. 

An inferior planet F will evidently be new at inferior conjunction 
A. dichotomized like the Moon at its third quarter at greatest elongation 
V, full at superior conjunction fi, dichotomized like the Moon at first 
quarter when it again comes to greatest elongation at V . Thus, like 
the Moon, it will undergo all the possible different phases in the course 
of a svnodic revolution. 

There is. however, one important difference. As the planet revolves 
from A to 'B its distance from the Earth increases, and its angular 
diameter therefore decreases. Thus the planet appears largest when 
new and smallest when full, and the variations in the planet’s brightness 
due to the difference of phase are, to a great extent, counterbalanced 
by the changes in the planet’s distance. For this reason, Venus alters 
very little in'^its brightness fas seen by the naked eye) during the course 
of its s}'ncKlical revolution. 

The phase is determined by the angle SVE, and this is the angle of 

elongation of the Earth 

as it would appear from 
the planet. The illu- 
minated portion of the 
visible surface of the 
planet at 7 is propor- 
tional to 180" — SVEf 
and the proportion of the 
apparent area of the 
disc which is illumin- 
ated varies as 1 + cos 

SYE or 2 cos^ i SVE. (Cf. Art. 196). 

The phases of Venus are easily seen through a telescope. 
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263. Phases of a Superior Planet 

For a superior planet J the angle SJE never exceeds a certain value. 

It is gr6at6st; when SEJ 90 , b6ing 

til© grcEitcsfc doQg&tiioii th© E&rtli 
as it would appear from the planet. 

Hence the planet is always nearly full, 
being only slightly gibbous, and the 



phase is most marked at quadrature. 

The gibbosity of Mars, though small, 
is readily visible at quadrature, about 
one -eighth of the planet s disc being 
obscured. The other superior planets 

are, however, at a distance from the Sun so much greater than that 
of the Earth that they always appear very approximately full. 

A very slight phase can be seen on Jupiter near quadrature with 

powerful instruments. 


Ill, — K epler^s Laws of Planetary Motion 


264. Kepler’s Three Laws 

We have already seen that the orbits of most of the planets are 
nearly circular, their distances from the Sun being nearly constant and 
their motions being nearly uniform, A far closer approximation to the 
truth is the hypothesis held for a long time by Tycho Brahe and other 
astronomers, namely, that each planet revolved in a circle whose centre 
was at a small distance from the Sun, and described equal angles in 
equal intervals of time about a point found by drawing a straight line 
from the Sun’s centre to the centre of the circle and producing it for an 
equal distance beyond the latter point. 

The true laws which govern the motion of the planets were dis- 
covered by the Danish astronomer Kepler, in connection with his great 
work on the planet Mars (De Motihus Stellae Martis), After nine years’ 
incessant labour the first and second of the following laws were dis- 
covered, and shortly afterwards the third. 

I. Every planet moves in an ellipse^ icith the Sun in one of the foil. 


II. The straight line draumfrom the centre of the Sun to the centre of 
the planet (the planeTs radius vector ”) sweeps out equal areas in equal 
times. 

III. The squares of the periodic times of the several planets are pro 
portional to the cubes of their mean distances from the Sun. 

These laws are known as Kepler’s Three Laws. We have already 
proved that the first two laws hold in the case of the Earth. The third 
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law is also found to hold good for the Earth as well as the other planets, 
and this fact alone affords strong evidence that the Earth is a planet. 

By the mean distafice of a planet is meant the arithmetic mean 
between the planet's greatest and least distances from the Sun. If p, a 
(Fig. 90) be the planet's positions at perihelion and aphelion (i.e. 
when nearest and furthest from the Sun respectively), the planet’s mean 
distance = i (Sp — Sa) — i pa = h (“ajor axis of ellipse described) 
(Art. 129). ' 

The periodic times are, of course, the sidereal periods. Hence the 
third law is a relation between the sidereal periods and the major axes 

of the orbits. 


265. Verification of Kepler’s First and Second 

We shall now roughly 
Kepler determined the 








the principle of 
of Mars, and thus proved his First and 




Fig. 91. 


Second Laws A verihcation of the laws in the case of the Earth has 
alreadv been given, and we have shown (.\rt. 127) how to determine 
exactly the position of the Earth at any given time ; we n^y regard 

this therefore, as known. We may also suppose the ® ® 

sidereal period of Mars to be known, for the average length of t^ 
synodic ^riod may be found, as in Art. 204. and the sidereal penod 

niav be tleduced bv the tormulae of Art. l.bl . . • . * 4 . 

'l et the direction of the planet be observed when it is at any ^mt 

M in its orbit, the Earth's position being E. When ^ 

rt*turned again to M after a sidereal revolution, the Earth 

have returned to the same place in its but m ^ 

position, say F. l^t now th^ planet s new direction FM be observed. 

methods 

orbits i's taken into account, 


• For .-implicitv wt- suppose Mars to move in the eeUptic 
require some modification when the inclmation of the orbits 
but the general principle is the same. 



Kepler’s Laws of Planetary Motion 




Prom knowing the Earth’s motion, we know ^E, ^nd the angle 
ESF From the observations of the two directions of M we know tiie 
angles SEM and SFM. These data are sufficient to enable us to solve 

the quadrilateral SEMF . 

For join EF. In ^SEF we know SE, and 

fj MF. in ASEJl know SE. EH. nnd ASEM. .nd .bus 

WG find and ^ES.^ * 

We can thus determine SM and the angle ESM, whence the distance 
and direction of M from the Sun are found. Similarly, any other 
position of Mars in its orbit can be found by two observations of the 
planet’s sidereal period separated by the interval of the planet’s sidereal 

revolution. 

In t-bis way, by a series of observations of Mars, extending over two 
sidereal periods, the planet’s direction and distance relative to the Sun 
can be determined daily, and the whole orbit can thus be plotted out. 

This method was that* actually adopted by Kepler, except that he 
had not previously determined the Earth’s motion, and believed that 
it could be accurately represented by Tycho Brahe s hypothesis. 
This approximation was close enough, for the Earth s orbit is very 
nearly a circle, and that of Mars, which he was deducing, is very much 

more eccentric. 


266. Verification of Kepler's Third Law 


Kepler’s Third Law can be verified much more easily, especially if 
we Tnabo the approximate assumption that the planets revolve uniformly 
in circles about the Sun as centre. The sidereal periods of the different 


planets can be found by observing the average length of the synodic 
period (the actual length of any synodic period is not quite constant, 
owing to the planet not revolving with exactly uniform velocity) and 
applying the equations of Art. 261. The distance of the planet may 
be compared with that of the Earth, either by observing the greatest 
elongation (Art 256) in the case of an inferior planet, or by the 
method of Art. 258. It is then easy to verify the relation between 
the TTipaw distances and periodic times of the several planets. 

In the table of Art. 253, the student will have httle ifificulty in verify- 
ing (especiaUy if a table of logarithms be employed) that the square of 
the ratio of the periodic time of the planet to the year (or periodic time 
of the Earth) is in every.case equal to the cube of the ratio of the planet’s 
mean distance to that of the Earth.* The data being only approximate. 


* In other words, 2 log (period in years) = 3 log (distance in terms of Earth's 
distance). 
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however, the law can only be verified as approxiinately true, althonirh 
it IS in reality accurate.* 

Owing to the importance of Kepler’s Third Law. we append the 
following examples as illustrations. 


(l-52)» = 3-5118 ; 


iples. — 1. Given that the mean distance of Mars is 1*52 times ^uit 
the Earth, find the sidereal period of Mars. 

Let r be the sidereal period of Mars ia da vs. Then, by Kepler’s Third Law 

{ T _ 
l365tJ 

giving T = 365J x ^(3*5118) = 365i x 1-874 = 684-5, 

Hence, from the given data, the period of Mars is 1-874 of a year, or 684-5 days. 

Had we taken the more accnrate value of the relative distance, viz. 1-5237, we 
should have found for the period the correct value, namely, 687 days. 

2. The synodic period of J upUer being 399 days, find its distance from the Sun, 
having given that the Earth*s mean distance is 92 million miles. 

Let T be the sidereal period of Jupiter. Then, by Art. 264, 

11 1 33i 

T 365i 399 365i x 399* 

399 399 

or T = X 365J days = years = 11-82, or nearly 12 years. 


.illions of miles. Then, by Kepler’s 


= 144. 


33i * 33i 

Let a be the distance of Jupiter in i 
Third Law, 

(e)' = Cf ) 

So that a = 92 X ^(144) = 92 X 5-24 == 482 ; 
that is, Jupiter’s digtAnrft is 482 millions of miles. 

By taking T = 11-86 and the Earth’s distance as 93-00, we should have found 
the more accurate value 483*7 for Jupiter’s dlstauoe in mUlions of miles. 


267, Satellites 

The motions of the satellites about any planet are found to obey the 
same laws as those which Kepler investigated for the orbits of the 
planets. For example, the Moon’s orbit about the Earth is an ellipse, 
and (except so far as affected by perturbations) satisfies both of Kepler’s 
First and Second Laws. When a number of sateUites are revolving 
round a common primary (i.e. planet) as is the case with Jupiter, the 
squares of their periodic times are found, in every case, to be propor- 
tional to the cubes of tbeir mean distances from the planet.t 


Example.— Co]iijwf« (rotighly) the mean distances of its tteo satellites from Mars. 
The periodic times are SOfh. and 7ih. respectively, and these are in the ratio 
(nearly) of 4 to 1. 


• See, however. Art. 431. 

t Of course the leUtion does not hold between the perio^c times Md m^ 
distances of satellites revolving round different planets, nor between those o a 

sutdlitc &nd tbofic of u plunct. 
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Hence the mean distances are as 4^ : 1, or ^16 : 1. 

Now, 2 *^16 = ^128 — 5 veiy nearly (since 6® = 125), Hence the mean 
distances are very nearly in the ratio of 5 to 2. 


IV. — Motions Relative to Stars — Stationary Points 

268. Direct and Betxograde Motion. — (1) An Inferior Planet 

We have described (Arts. 258 — ^260) the motion of a planet relative 
to the Sun. In considering its motion relative to the stars we must 
take account of the Earth’s motion. 

An inferior planet moves more swiftly than the Earth. Hence at 
inferior conjunction the line (Fig. 92) joining them is moving in 
the direction of the hands of a watch. The planet therefore appears 
to move retrograde. At greatest elongation (U, U*) the planet’s omi 
motion is in the line joining it to the Earth, and hence produces no 
change in its direc- 
tion ; but the Earth’s ^ ® 

direct motion causes the 
line EU or EU' to turn 
about U or with 
a rotation contrary to 
that of the hands of a 
watch ; and therefore 
the apparent motion is 
direct. Over the whole 
portion UBU' of the 
relative orbit both the Earth’s motion and the planet’s combine to 
make the planet’s apparent motion direct. There must, therefore, be 
two positions M between A and V and N between Z7’ and A, at 




A 

Fig. 93. 


which the motion is checked and reversed 
the planet is said to be stationary. 


At these two positions 


269. Direct and Retrograde Motion. — (2) A Superior Planet 

A superior planet moves slower than the Earth ; hence at opposition 
the line EA (Fig. 93) joining them is turning in the direction of the 
hands of a watch. The planet therefore appears to move retrograde. 
At quadrature {R, T) the Earth is moving along RET ; hence its motion 
produces no change in the planet’s direction. Hence the planet’s 
direct motion about the Sun makes its apparent motion also direct. 
In all parts of the arc RBT the orbital velocities of Earth and planet 
conspire to produce direct motion. Hence the planet is stationary at 
Af, between A and R, and at N between T and A. 

In both cases the longitude increases from M to N and decreases 
from N to , hence it is a maximum at N and a yninimnm at Af. 
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Alter a complete synodic revolution the planef s elongation is the same 
as at the begmmng, and the Sun’s longitude has been increased • 
therefore the planet s longitude has also increased. Hence the direct 
preponderates over the retrograde motion. 

270. Alternative Explanation 

We may also proceed as follows. Let E, J represent two planets 
at heliocentric conjunction. Let E^, E^. . . . J,, J3, be 

their successive positions after a series of equal intervals. To find the 
apparent motion of J among the stars, as seen from E, take any point 

E, and let E \ , E% £3, ... 
•(Fig. 95) be parallel respec- 
tively to Fj Ji, E^J^, E^J^. 

Then the points 1, 2, 3, ... 
represent J’s direction as seen 
from F at a series of equal 
intervals, startinfr from 
opposition. 

Again, if *71, J2, J3 be 
taken parallel to J^E^, 

. . . (Fig- 96), the points 1, 2 
now represent £'s direction 
as seen from J. 

We observe from Figs. 95, 
96 that the relative motion 
is retrograde from 1 to 2, and 
becomes direct near 3. At 
the instant at which this takes 
place, either planet must be 
stationary, relative to the 
other. Since J^E^ is nearly a 
tangent to E's orbit, E is near 
its greatest elongation, and J 
is near quadrature at the 
positions 4 ; hence, E appears stationary from J between inferior 
conjunction and greatest elongation ; and J appears stationary between 
opposition and quadrature. 

We notice that Jl, *72, . , . are parallel to El, E2, but measured in 
opposite directions, showing that the motion of E relative to J is the 
same (direct, stationary, or retrograde) as that of J relative to E. 




271. Effects of Motion in Latitude 

Hitherto we have supposed the planet to move in the ecliptic. 
When, however, the small inclination of the orbit to the ecliptic is 
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taken into account, it is evident that the planet’s latitude is subject 

to periodic fluctuations. . 

The points of intersection of the planet’s orbit with the echptic are 

(as in the case of the Moon) called the Nodes. Whenever the planet is 

at a node its latitude is zero ; and this happens twice m every sidereal 

period of revolution. 

272. Loops of Betrogressiou 

A planet is stationary when its longitude is a maximum or minimum, 
but unless its latitude should happen to be a maximum at the same 
time, the planet does not remain actually at rest. When the change 
from direct to retrograde motion, and vice versOf is combined with the 
variations in latitude, the effect is to make the planet describe a zigzag 
curve, sometimes containmg one or two loops, called loops of retro 

gressioti.” This is readily verified by observation. 

Fig. 97 is an example of the path of Venus in the neighbourhood of 
its stationarv noints. the numbers representing its positions at a aeries 


i 

r 


i 


Fio. 97 . 



of intervals of ten days. Here, the planet is stationary close to the 
node N, between 4 and 5, and it describes a loop in the neighbourhood 
of the stationary point near 9, where its motion changes from retrograde 

to direct. 

The student will find it an instructive exercise to trace out the path 
of any planet in the neighbourhood of its retrograde motion, using the 
values of its decL and B.A., at intervals of a few days, as tabulated in 
the Nautical Almanac or WhiKJcer's Almanack. 


273. To find tim Condithm tliat two Hanets may he Statiooaiy as 

seen frmn one anoQier, a.qgnining the Ofbits (Srcnlar and 
in one Plane 


Let P, Qbe the positions of the planets at any instant 
positions after a very short interval of time. 

Then, if PQ and P'Q' are parallel, the direction of eit 
seen from the other, is the same at the beginning and end ol 
that is, P is stationary as seen firom Q, and Q is stationary a 
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Let u, V represent the orbital velocities of the planets P, Q ; a, b 

the radii SP^ SQ respectively. 

Draw P'3/, Q'N perpendicular to 
PQ. Then, in the stationary position, 
we must have P'M = 

But PP\ QQ\ being the arcs des- 
cribed by the two planets in the same 
interval, are proportional to the veloci- 
ties, ?/, V. Therefore P'3/, are 

proportional to the component velocities 
of the planets perpendicular to PQ. 
These component velocities must, 
therefore, be equal, and we have 

u sin P'P3/ = V sin Q'QxV. 

hence, since P'P is perpendicular to SP and Q'Q to SQ, 

cos SPQ — V cos SQX = — v cos SQP (i), 

and this is the condition that the planets may be stationary relative 
to one another. 



274. To find the Angle between the Radii Vectores 

Position, and the Period during which a 
is Retrograde 

By projecting SQ, QP on SP, we have 


the Stationary 
Planet’s Motion 


Similarlv 


a 

b 


b cos PSQ -r PQ cos SPQ. 
a cos PSQ -f PQ cos SQP. 


Thus cos SPQ : cos SQP = a — b cos PSQ : b — a cos PSQ. 


Whence, by (i), u {a — b cos PSQ) 


or cos PSQ 


au 


av 


V (b 

r bv 

- bu 


a cos PSQ) == 0 ; 


(ii) 


Bv means of Kepler's Third Law, we can express the ratio of u to 
V in terms of a and b. For if Pj, denote the periodic times, then 

ev idently — 

= 2-0 ; vTo = 27Tb ; 

and u : v = aT^ • 


But 


T,:T,= 

SO that ii : v 


O 1 o 

az : bz : 


\/b : V ® 


Substituting in iii), we have : 


cos FSQ 


a\ b — b\/a _ {ab)'s (a.V 
a\/a — b\/b 


bh 


Via^) 


a s 4- b i 


a — V(ai) + b 


Examples 
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[From this result it may be easily deduced that 

/I — cos P<SQ\ ^ yh — -y/a 
tan i PSQ = cog psg) ~ ^{a + h) 

In the above investigation PSQ is the angle through which SQ 
separates from SP between heliocentric conjunction and the stationary 
point. Hence, since Z_PSQ increases from 0° to 360° in the synodic 
period S, the time taken from conjunction to the stationary point is 

Z,PSQ 


S X 


360 


2S X 


If /^PSQ^=^ /^PSQ, there is another ^stationary point before 
conjunction, when the planets are in the relative positions P^Q. Hence, 
the interval between the two stationary positions is twice the time 
taken by the planets to separate through /^PSQ, and is therefore : — 

360° 180° 

This represents the interval during which the motion of either 
planet, as seen from the other, is retfograde. During the remainder of 
the synodic period the motion is direct, and the time of direct motion is 
therefore 

PSQ ^ 180° — PSQ 


S-Sx 


180 


S X 


180 


EXAMPLES 

1. The Earth revolves round the Sun in 365*25 days, and Venus in 224*7 days. 
Find the time between two successive conjunctions of Venus. 

2. If Venus and the Sun rise in succession at the same point of the horizon on 
the 1st of June, determine roughly Venus’ elongation. 

3. Find the ratio of the apparent areas of the illuminated portions of the disc 
of Venus when dichotomized and when full, taking Venus’ distance from the Sun 
to he ^ of that of the Earth. 

4. Mars rotates on his axis once in 24^ hours, and the periods of the sidereal 
revolutaons of his two satellites are 7^ hours and 30 hours respectively. Find the 
time between consecutive transits over the meridian of any place on Mars of the 
two satellites respectively. 

5. A small satellite of the Earth is eclipsed at every opposition. Find an 

expression for the greatest inclination which its orbit can have to the plane of the 
ecliptic. 

6. If the periodic time of Satnm be 30 years, and the mean distance of Neptune 
2,760 millions of miles, find (roughly) the mean distance of Satnm and the periodic 
time of Neptune. (Earth’s mean distance is 92 millions of miles.) 

7. If the synodic period of revolution of an inferior planet were a year, what 
would be its sidereal period, and what would be its mean distance from Sun 
according to Kepler’s Third Law ? 
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8. Jupiter's solar distance is 5*2 times the Earth’s solar distance; Bnd the 
length of time between two conjunctions of the Earth and Jupiter. 

9. Saturn’s mean distance from the Sim is nine times the Earth’s mean distance. 
Find how long the motion is retrograde, having given cos“' ^ = 65®. 

10. Show that if the planets further from the Sun were to move with greater 
velocity in their orbits than the nearer ones, there would be no stationary points, 
the relative motion among the stars being always direct. What would be the 
corresponding phenomenon if the velocities of two planets were equal ? 


EXAMTNATIOX PAPER 

1. Explain the apparent motion of a superior planet. Illustrate by 6gures. 

2. Describe the apparent course among the stars of an inferior planet as seen 
from the Earth, and the changes in appearance which the planet undergoes. 

3. Define the sidereal and synodic period of a superior or inferior planet, and 
find the relation between them. Calculate the synodic period of a superior planet 
whose period of revolution is thirty years. 

4. How is it that Venus alters so little in apparent magnitude (as seen by the 
naked eye) in her journey round the Sun? Why does not Jupiter exhibit any 
notable phases ? 

5. State Bode’s Law connecting the mean distance of the various planets &om 
the Sun. 

6. Prove that the time of most rapid approach of an inferior planet to the 
Earth is when its elongation is greatest, and that the velocity of approach is then 
that under which it would describe its orbit in the synodic period of the Earth and 
the planet. Give the corresponding results for a superior planet. (The orbits are 
to be taken circular and in the same plane.) 

7. What is meant by stcUiomiry poinl-s in the apparent motion of a planet? 
Prove that, if a planet Q is stationary as seen from P, then P will be stationaiy as 

seen from 

8. State Kepler’s Three Laws, and, assuming the orbits of the Earth and Venus 
to be circular, show how the Third Law might be verified by observations of the 
greatest elongation and synodic period of Venus. 

9. Find the periods during which Venus is an evening star and morning star 
respectively, being given that the mean distance of Venus from the Sun is -72 of 

that of the Earth. 

10 ^ Having given that there will be a full Moon on the oth of June, that Mercury 
and Venus are both evening stars near their greatest elongations, that Mars changed 
from an evening to a morning star about the vernal equinox, and that Jupiter was 
in opposition to the Sun on April 21st, draw a figure of the configuration of these 
heavenly bodies on May 1st. (All these bodies may be supposed to move in one 

plane.) 



CHAPTER XII 

PRECESSION AND NUTATION 

I. Precession 

275. Motion of the Hist Point of Aries 

In Art. 125 it was mentioned that the first point of Aries is not 
fixed, but has a slow retrograde movement along the ecliptic, amounting 
to about 50‘26* in a year. Because of this motion of the first point of 
Aries the sidereal day, which is defined as the interval between two 
consecutive transits of the first point of Aries, is slightly shorter 
than the true period of rotation of the Earth (Art. 28). 


276. Precession (tf the P 

Equinoxes 

The phenomenon of 
precession was dis- 
covered by Hipparchus 
about 125 B.C. From 
the comparison of the 
positions of the brighter » 
stars given by obser- 
vations extending over 
some years, Hipparchus 
found that the longitude 
of each star increased by 
about 50' a year but 
that the latitude re- 
mained unaltered. 

In Fig. 99, the great 
circles R^S^, 

denote the equator and ecliptic respectively, P, K being their poles. 

If Z IS a star and H is the intersection of the ecliptic with the 

^on^ry tough K and X, the latitude otXiaXH ; the longitude 

IS Hipparchus concluded that, since the latitudes XH do not 

mter, the ecliptic is a fixed circle on the celestial sphere ; but since 

tte longitude <r»£r are increasing by about 50* a year, the point T. 

the mteisection of the equator with the ecliptic, is moving backwards 
along the echptic at this rate. 

If ‘P. denotM the positicni of <p at a aabaeqaent epoch, the pole of 
tte ^toi ^ have moved from P to a punt P„ the pole of the 

h ^ PKceaaioD. Thia iaclmatioB 

6 ) w ch IS also equal to the anale between the twn nnimi 
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P and K. The point Pj must therefore be at the same distance from 
JT as P is ; it must accordingly move along a small circle, with £ as its 
pole. The pole of the equator (the celestial pole) completes a circuit 
of this small circle in the precessional period of 25,800 years* 

If we think of the stars as fixed on the celestial sphere (actually, of 
course, it is the directions to the stars that are fixed), the ecliptic and its 
pole K being also fixed, whilst the equator, and therefore also V 9 as well 
as P are moving, it is clear that the right ascensions and declinations of 
stars are changed by considerable amounts in the course of the preces- 
sional cycle. In particular, the Pole Star, which at the present time 
marks approximately the position of the north celestial pole, will no 
longer be close to the pole when a few thousand years have elapsed. 

After about 13,000 years, it will be about iV from the north pole. 

The physical causes of precession are 

considered in Chap. XMII. 

277. Various EfiBects of Precessaon 

Since the K.A. and decl. of a star 
depend only on the rdative positions of 
the star and equator, their variations due 
to precession are just the same as they 
vould be if the equator and ecliptic ■were 
fixed, and the stars had a direct motion 
of rotation, of 50-26' per annum, about 

the pole of the ecliptic. 

If we make this supposition, the stars 

will describe circles about £ in a period 
of 25,800 years. 



S 


(i) If a star’s distance Kx from the pole of the ecUptic is 1^ thw 

the obliquitv €, or its latitude (1) greater than 90= - e, it 
a circle ax,a'x, (Fig. 100 ), of radius 90= - 1. not enclosing the pole P, 

and its greatest and least N.P.D. will be 

Po' = € + (90= — 0, Po = « — 

Also tie star’s R.A. wiU floctoate bettreen tire volMs 

rPT.. Sow T is tbs pofe of PK; bone. ft 

and tP£ = 270= ; therefore the maximum and mimmum R.A. 

270= -r KPx^, and 270= — KPi^. 


(ii) If, on the other hand, the star’s latitude is 



90‘ 


:, it wifi 


greatest and least 

aesenoe » tuvrc 

N.P.D. will be „ „ 

Pi,' = (90= —!) + <• P5 = 

_ . if , 1 .. fmm 0“ tO 360^ • 
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In either case the star’s N.P.D. will increase as its longitude increases 
from 90'’ (at a or b) to 270'* (at o' or 6'), and will decrease over the other 

half of the path. 

The Pole Star will, after a time, move away from the pole, and its 
place will be then occupied in succession by other stars whose latitude 
is very nearly = 90'’ — e — OS'* 33'. If I, L be the latitude and 
longitude of such a star, it will be nearest the pole in an interval of 
(90° — i) -f 50-26‘' years, and its N.P.D. will then be (90° — /) — e. 

That precession has shifted the equinoctial points from the constella- 
tions Aries and Libra, into Pisces and Virgo, has already been mentioned. 
Since there are twelve signs of the zodiac, the equinoctial points shift 
from one constellation into the next in 25,800/12 vcars, i.e. about 

2,150 vears. This is an 

* ^ 

average value ; the signs P 

are all equal in breadth 
but the constellations 
are not. 


Precession in Bight 
Ascension and 
Decimation 


R 



Q 


Fio. 101. 


In the preceding para- 
graph, the effects of 
precession on the R.A. 
and Dec. in the course 
of long intervals of time 
have been considered. 

It is convenient to derive 
expressions for the 
changes in R.A. and 
Dec. produced by pre- 
cessions in the course of short intervals of time. Several obser^’ations 
of the R.A. and Dec. of a star may be obtained, for instance, in 
the course of a few years. Before these can be compared with one 
another, corrections most be applied for the effect of precession. 

The expressions for the effect of precession on the right ascension 
and declination of a star can be derived in the following way. 

In Fig. 101, P represents the position of the celestial pole at a 
certain epoch, Pj its position one year later when 'P has moved to 

where q’ j = 5^^ the precessional motion of the j&rst point of Aries 
m one year. K is the pole of the ecliptic L^C. 

We denote the R.A. and Dec. of the star referred to the equator 
R'PQ and equinox <p by a, 8 ; the R.A. and Dec. referred to the 
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equator RTiQ and equinox Ti by cq, S^. Then (oi — a), (Sj — S) 
will be small quantities. 

From Pj drop a perpendicular Pfi to PX. Since PP^ is 
small, the triangle P^PO can be treated as plane. PX ~ 90® — 8 ; 


OX = P^X = 90® — 8^. Hence PO — (8i — 8). Also the angle 
KPX = RM = Pt + T if “ 90® + a. But the angle KPPi — 90® ; 
hence angle P^PO — a. Also the angle PKP^ — = W and since 

KP = €, PPj = sin e (by Art. 5), Thus 

PO ^ Si — 8 == PPi cos PjPO 

or Si — 8 = y sin € cos a. 

Also, in the triangle KPXj we have KX =90® — 6, where b is the 
latitude of the star, XH ; KP = € ; PX = 90° — 8, /JKPX == 90° + a. 
Hence by formula (1), Art. 10, 


sin 6 = cos € sin 8 — sin € cos 8 sin a 


( 1 ) 


Similarly from the triangle KP^X, we have ; — 

sin b = cos e sin 8j — sin € cos 8]^ sin a 

Now we can write, since (8, — 8) and (oi — o) are small ; 


( 2 ) 


sin 8i = 

= sin {8 + (8i - 

-8)} = 

= sin 8 -f* {8i — 

- 8) cos 8 ; 

cos 8i = 

= cos {8 + {8i 

-8)} = 

1 

o6* 

T 

60 

o 

II 

- 8) sin 8 ; 

sin oi = 

= sin {a + (tti 

a)) - 

= sin a -r ( oi - 

— a) COS a. 


By substituting these expressions for sin 8j, cos 8, and sin a, in the 
right-hand side of (2) and equating to the right hand side of (1), 

we obtain 

(oj — a) sin € cos o = (8j — 8) (cos c -f- sin e tan 8 sin a). 

But 8, — 8 = IP sin € cos a. It follows that 

ttj — a = IP (cos € + an € sin a tan 8). 

The vearly changes in R.A. and Dec. due to the annua l precesaon 

V are therefore given by 

R.A. cos e -1- IP sin e.sin a tan 8 


Dec. !P sine. cos a. 

If V is expressed in seconds of arc, then the effect in R.A, and Dec. 
will be expressed in seconds of arc. The effect in R.A. is obtained in 

seconds of time by dividing by 15. 

Putting !P = 50-265', e = 23=’ 27', we obtain 

«Pcos € = 4611' = 3S-074; IPsin e = 2002 ' = ls-335 

The annual precessional changes are therefore 

in R.A. + 3* 074 + l*-335 sin o tan 8 
in Dec. + 20-02' cos o. 
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It will be noted that the effect in declination depends on the R.A. 
alone The effect in R.A. becomes very great near the Pole, when tan 
8 becomes large. The formula does not give the precession in K^A. 
accurately near the Pole, and more exact methods mmst be used for 
hicrh decUnations. The quantity ¥' is called the constant of precession. 


II. XUTATIO.N 


279. Nutation in Longitude 

The precession of the equinoxes is caused by the gravitational 
attraction of the Sun and Moon on the Earth, which is spheroidal in 
shape (Art. 9S). The manner in which these attractions give rise to 
precession is discussed in Chapter XVIII. If the Sun and the Moon 
moved in circular orbits and if the orbit of the Moon were in the same 
plane as the orbit of the Sun, the motion of the equinoxes would be the 
uniform motion that we have termed precession. But the distances 
of both Sun and Moon from the Earth are slightly variable. The orbit 
of the Moon is, moreover, inclined at an angle ot about 5' to the ecliptic, 
so that the Moon is sometimes above and sometimes below the ecliptic 


plane; the orbital plane, moreover, does not maintain a constant 
direction with respect to the stars, its nodes having a retrograde motion 
of about 19" a year (Art. 211). In consequence, the continued gravita- 
tional attraction of the Sun and Moon, which gives rise to the precession 
of the equinoxes, is variable both in magnitude and direction. The 
retrograde motion of the equinoxes is, accordingly, not uniform, as 
already mentioned in Art. 56. 

The motion of the equinoxes can be represented as the combination 
of a uniform motion and a variable motion. The derivation of the 


expression representing the motion is beyond the scope of this l>ook. 
The principal terms can be expressed by a formula of the type : — 


^ a sin ^2 -h 6 sin 2 


i- c sin 20 -r rf sin 2 . 


This expression represents the motion in t years. ^ denotes the 
longitude of the Moon's ascending node ; the terms with coetficients 
a and 6 are due to the movement of the orbital plane of the Moon. 
Q denotes the Sun's longitude ; the term with coelflScient c is due to 
the variation in the distance of the Sun from the Earth. denotes 
the Moon's longitude ; the term with coefficient d is due to the variation 
in the distance of the Moon from the Earth. 

The term Wt corresponds to a uniform motion at of an amount ^ 
a year. W is the constant of precession. The terms 

a sin vQ -j- 6 sin 2 Q c sin 20 -p d sin 2 vi 

together with a niunber of smaller terms, which can be derived bv 
theoretical investigation, are termed the nutation in longitude. They 
are usually denoted collectively by The most important term 
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is tlie first term, wliich has for its period the time of sidereal revolution 
of the Moon’s nodes, i.e. about 18 years 220 days. 


280. Nutation in Obliquity 

The precessional motions of the equinoxes are not accompanied by 
any change in the obliquity, e,— the inclination of the equator to the 
ecliptic. But the same causes that give rise to the nutation in longi- 
tude produce also small changes in the obliquity, which are usuaUy 
denoted collectively by Je. The principal terms are of the form 

de = Oj cos ^ -f cos 2^ sin 2Q -j- sin 2 ([ . 

The combination of the nutation in longitude and the nutation in 
obliquity can be represented by a motion of the pole of the equator. 
Instead of describing a small circle around the pole of the ecliptic, as 
represented in Fig. 101, it moves in a wavy curve about this small 

circle as a mean position. In 
Fig. 102, PiPjPjP; represents a 
portion of the small circle ; 

PjPg Pg a portion of the 

actual path described by the 
celestial pole. 

The word nutation means 
nodding ; it is because of the 
nodding motion of the pole, 
iUustrated in Fig. 102, that the 
phenomenon is called nutation. 

The movement of the Pole 
from, say. Pa to P, is nece^rily 
accompanied by a change in the 
obliquity of the ecliptic, which 
is measured by the angular distance of the celestial pole, P, from 
the pole of the ecliptic. The positions Pj, Pg would correspond to 
the extreme large values of the obliquity ; the positions P 4 , Pg would 
correspond to the extreme small values. 



281. Discovery of Nutation 

Nutation was discovered by Bradley soon after his discovery of 
aberration, while continuing his observations on the star y Draconis 
and on a small star in the constellation Camdopardus, by its effect on 
the declinat ions of these stars. The peculiarity which led him to se]^te 
nutation from aberration was their difference of period. The period of 
the former phenomenon is about 19 years, while that of the aberration 
displacement is only a year. Had the observed variations in declina- 
tion been due to aberration alone, the declination would always have 
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zio 


had the same apparent value at the same time of year, but such was 

Newton had, sixty years previously (1687), proved the existence ^ 
nutation from theory, but had supposed that its effects woul 

inappreciable. 

282. Nutation in Right Ascension and Declination ^ 

The effect of nutation on the R.A. and Dec. of a star can be derive 
by considering separately the nutation in longitude and the nut^ion 
in obliquity. The effect of nutation in longitude, J'F, on the R^. 
and Dec. can be derived in the same way as for precession in Art. m 
and the formulae there obtained can be used, on replacing W by Jr. 

To investigate the effects 
of the nutation in 
obliquity, we suppose 
that T remains fixed, 
but that the obliquity 
changes. 

In Fig. 103, P is the 
pole of the equator MtQ 
at a certain time ; P^ is 
the pole of the equator 
RiTQi at some sub- 
sequent time. The 
change in the obliquity, 

Je, is equal to PPj or 
to QQi. If Z is a star, 
and from P^ the perpen- 
dicular PjO is drawn to 
PZ, the small triangle 
PPjO can be treated as 
a plane triangle. Since 
the angle ^PQ is 90° 
angle P^PO is 90° — a. 



P^Z = OZ ; therefore PO = (Sj 

8i — 8 


Fio. 103. 

and tPZ is a, the R.A. of the star, the 
Also PZ = 90° — 8, P,Z = 90° 


8). But PO 

= Je sin a. 


8j and 


PPi cos PjPO or : 


In the triangle ZPZ, the angle PZZ = 90° — I, the side KX 

~ 90° — b, where I, b are the longitude and latitude of Z. The angle 

KPX is 90° + a and the side PZ is 90° — 8. Formula (5) of Art. 

10 gives s 7 i 

cos a cos o — cos I cos 0 


In the same way from triangle KP^X 


cos cos S| 
cos cos 8^ 


cos I cos b. 
cos a cos 8. 


Therefore 
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As (ttj a), (Sji^ — S) are small, we can write : — 

cos ai = cos {a 4- (a^ — a)} == cos a — (a^ — a) sin <r, 
cos §1 = cos {S + (Sj — S)} = cos S — (8i — 8) sin 8. 

When cos a^, cos 8^, are multiplied together, the term in (a, a) 

S) be neglected, being the product of two small quantities. 
We thus obtain : — 

cos a cos 8 — (tti — a) sin a cos 8 — — 8) cos a sin 8 = cos a cos 8, 

or (a^ — a) = — (S^ — 8) cot a tan 8. 

Since (8^ — 8) = sin ct, we obtain : — 

(a^L — a) = — Ae cos a tan 8. 

The combined effect of the nutation in longitude, AWy and the 
nutation in obliquity, Ae, is thus : 

ttjL — a = (cos c + sin e sin a tan 8) AW — cos a tan 8 Ae 
8j^ — 8 = sin e cos a, AW sin a ^e. 


III. Apparent and Mean Phages of a Star 


283. Apparent Place, Mean Place and True Place of a Star 

Suppose a number of observations of a star or other celestial body 
have been obtained on different nights and it is desired to compare 
them and to combine them to give the most accurate position. How 
is this to be done ? Because of the motion of the Earth round the 
Sim between the observations, the displacements caused by aberration 
are different for the various observations ; because of the movement 
of the equator and equinox, due to precession and nutation, between 
the observ ations, the observed positions are not directly comparable, 
even after the displacements due to aberration have been allowed for. 
In the case of a relatively near body, such as the Moon, a planet, or the 
Sun, the observed positions will be affected by parallax ; in the case of 
a star, they will be affected by annual parallax, though for the majority 
of the stars the displacements caused by annual parallax are so small 
that they can be neglected. In order to compare observations at 
different times, it is necessary to refer them to a common basis. 

The way in which this is done will now bfe described. 

The apparent place of a star or other celestial body is its position on 

the celestial sphere, as it would be seen from the centre of the moving 
Earth, referred to the true equator and true equinox at the instant of 

The position of a star, as observed with the meridian circle, after 
correction for refraction, is the apparent place. The position of a 
planet, as observed with the meridian circle, must be corrected for 
refraction and parallax to obtain the apparent place of the planet. 
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The true place of a star is its position on the celestial sphere, as it 
would be seen from the Sun, referred to the true equator and true 

equinox at the instant of observation* 

The apparent place is equal to the true place plus the corrections 

due to aberration and annual parallax. 

The Tneau place of a star is its position on the celestial sphere, as it 

would be seen from the Sun, referred to the mean equator and equinox 
at the beginning of a year (so that the effect of nutation is neglected). 
If observations of a star, made at different times, are reduced to 
mean places for the beginning of the same year they become directly 
comparable with one another. 

To reduce from apparent place at one time to the mean place at 
another time, corrections must be applied for the effects of the follow* 
ing 

1. Precession. 2. Nutation, 

3. Aberration. 4. Annual parallax. 

5, The motion of the star itself in the heavens, known as its 
proper motion. 


Of these causes, 3, 4, 5 change the actual direction in which the star 
is seen ; 1 and 2 do not affect the actual direction of the star but change 
the co-ordinates by means of which the position of the star is expressed. 

It is usual to reduce from the apparent or observed position to the 
mean position for the beginning of the year of observation ; if observa- 
tions in different years are to be compared, it is then necessary to 
reduce from the mean position for the beginning of one year to the 
mean position for the beginning of another year. These two steps will 
be considered in turn. 

The correction for annual parallax can usually be neglected, being 
very small except for the few nearest stars. If the star has an appreci- 
able parallax, corrections can be applied as described in Art. 173. 


284. Reduction from Apparent Place to Mean Place for the beginning 

of the Year of Observationi or vice versa 

We suppose that (a, 8) are the apparent R.A. and Dec, and that 
(uq, 8q) are the mean R.A. and Dec. for the beginning of the year. Let 
T be the fraction of the year that has elapsed at the time of observation ; 
then !Pt is the motion of the equinox in this interval. AW, Ae 
denote the nutation in longitude and in obliquity in the same interval. 

(a) Consider first the effects of precession and nutation. From 
Arts. 278, 282, we obtain : — 

— € + sin € sin a tan 8) (Wr -f AW) — cos a tan 8 Je, 

8 — 8q= sin € cos a {Wr + AW) -r- sin a Ae. 
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Pot 


cos e = fu J y gJn ^ 

A^f 


A = T 


W 


;B 


Ae; 


a 


b 


m 


1 

15 


n* sin a tan S I where m* 


m 

15 


- = b). 


cos a tan S ; a’ = n' cos a ; b’ 


sm a. 


We then obtain 


a 

8 


®o 

a 


0 


Aa + Bb (expressed in seconds of time) 
Aa' *f BV (expressed in seconds of arc) 


(5) Consider next the effects of aberration. From Art. 183, 
remembering that the expressions there given are to be added to 
apparent R,A. (a, 8) to obtain true R.A. (oo, 80), we have 

= — 1: sec 8 (sin o sin + cos e cos a cos ij,) 

= — k (sin 8 (cos a sia fg — cos € sin a cos l^) + sin c cos 8 cos 


a 

8 


-So 

Put 


C 


d 


15 

15 


k cos € cos I 


cos a sec 8, 


D 


k sin I 


c' = tan e cos 8 — sin a sin 8, 


sin a sec 8, 


d' = cos a sin 8 


We then obtain : 


8 


Oq 
8 


0 


Cc + Dd (expressed in seconds of time), 
Cc' + Dd' (expressed in seconds of arc). 


(c) Consider finaUy the c/ecte 0/ pfopef-motwn. The motion of a 
star io space will canse a displacement of the position of the star on the 
celestial sphere, unless the motion of the star happens to be in the line 
of sight to or from the observer. The proper-motion of a star is its 
angular displacement on the celestial sphere. If the annual proper- 
motion in R.A. is fi seconds of time and on Dec. is ft seconds of arc, 
then in the inteiv'^al t from the beginning of the year, we have 

8 — 8„ = 


“0 = M’’ 


flT. 


285. The Besselian Day Numbers 

Combining together the various terms, we have 

a — Og = Aa -|“ Bb -}- C'C "1" Bd -{-£"}■ /xt (1) 

8 — h^=Aa'-\-Bb' + Cc' + M-\-n'T (2) 

The term E in the first of these has been added for the s^e of 
completeness. It is a small preceasional term caused by the action of 

the Dlanets, which affect all stars equally. 
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Tn these expressions, the quantities ff, 6, c, A and o , 6 , c , d do not 
depend npon the time of observation, but only upon the R.A. and Dec. 
of the star, and the quantities m, ». As wi, n, a, S vary slowly, the 
quantities o, h, c, A and a', 6% A! for a given star can be considered 
as constant for several years. They are called siar constants. 

The quantities B, C, D and E are independent of the position of 
the star but vary from day to day. They were first introduced by 
the astronomer Sessel and are called the Besselian Aay numbers. 
Their values, which are the same for any star, are tabulated for each 
day of the year in the Nautical Almanac. 

To determine the apparent place of a star at a given date from the 
mean place at the beginning of the year, or vice versa^ the star constants 
a, 6, c, A and a\ b\ c\ A* are calculated ; the Besselian day numbers are 
taken &om the Navtical Almanac for the appropriate date. The 
formulae, (1) and (2), which include also the effect of proper*motion, 
give the required reduction from mean place to apparent place or 


vice versa 


286. The Indepeadent Day Numbers 

If the values for the star constants are substituted in the formulae 
(1) and (2) in Art. 285, the terms involving precession and nutation 
become : — 


Aa + Bb -f- ^ = Am + (An sin a + -B cos a) tan S -f- B 
Aa^ + BE — An cos a — B sin o. 

We introduce three new quantities y, G^f defined by : — 
gsinG = B; g cos G = An ; f = Am + E, 

We then obtain 


Aa -{- Bb ‘h E = f g sin (G + a) tan S; 

Aa^ -j' BE = g cos (6 -|- a) 

I terms involving aberration become : — 

Ce + JM = (C cos a -{- D sin a) sec 8. 

Cc -f- BA = C tan e cos 8 -f- (B cos a — C sin a) sin 8. 
introduce three new ouantitiAs h Tf l Kv - 


A sin B — Cl h cos H = B i % =: Q fjtn 

Then Cc + = A sin (JST + a) sec 8. 

Cc' + BA* — A cos (H + o) sin 8 -f- * cos 8. 

We thus obtain : — 

^ + a)tan8 + AsinfAT + a)sec 8 + , ( 1 ) 

8 - Sq = y cos (C + u) + A cos (AT -j- a) sin 8 + » cos 8 + /jtV ... (2) 
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The quantities/, g, h, i, G, H do not depend on a or 8 ; they are the 
same for all stars at the same time. They are known as the Iniepenioa 
Day N umbers and their values are tabulated in the KaiUical Almanac 
for each day of the year. The formulae (1), (2) can be used to obtain 
apparent place from mean place or vice versa, by extracting the appro- 
priate values of the independent day numbers from the Nautical 
Almanac and substituting the appropriate values of a and 8. By tiie 
use of the independent day numbers, the computation of the star 
constants is avoided. If a ^ngle position of a star to be reduced 
from mean to apparent place or vice versa, it is generally more con- 
venient to use the independent day numbers ; if a number of positions 
of the same star have to be computed, it is more convenient to use the 
Besselian day numbers, because the same star constants are required 
for each reduction. 



ten S = 1*0331 

2130 
2905 


— 1. The mean place of Capella for 1942 is S,A, 5A. 12iii. 24‘Ote. 
Dee, 45® 56' 28-6*^ .V, Find ike appareni place an Odober 27fA, 1942, using ike 
Besseliam dag numbers. The prapo'-maUan of CapeUa is + 0*-0081 Eji. and 
— 0-422' in Dec, per gear. 

R.A. 5b. 12iii. 24-Ols. = 78® 6' O'; 
sin tt = -9785 cos a = -h -2062; 

sin 8 = -r *7186 cos 8 = -f *6954 sec 8 = -r 1“4378 
Therefore sin a ten 8 = -?- 1-0109 cos a ten 8 — -r 

sin a sec 8 — -h 1-4069 cos a sec 8 == -p 

From the A’anlicai Almanac we find tiiat for 1942 

m = 3^-07312 n == 1«*33622 20-0432' ten c == -f -4337 

From the formtilae for a, 8, J ; a\ b\ cf, d\ we find that 

a = 4-4239 6 = - 0142 c = ^ -0198 d = + -0938 

o = 4-133 6' 9785 c' 4014 d' = -1482 

Also from the Aw«/icai Almanac for 1942, for October 27th. 

A = -h -6233 5 = -h 7-88 C = + 15-76 D = 11-13 iff — -001 

Also T == *810, so that pr = -i- 0»-007 ; = — 0-346', 

We find that : — 

a — = ,4a -r Sb -p Cc + Dd JS -f* pr 

= ^ 2-757 -h 0-112 -r 0-312 + 0-043 —0-001 + 04)07 = + 4*-23 

8 - 8t = Aa' Bb + Cc' -r Dd' -h p r 

^ . 2 58 — 7-71 — 6-33 + 1-65 — 0-35 = — 10-2'. 

Hence apparent place on October 27th is : — 

R.A. 5h. 12m. 28-24s. ; Dec. 45® 66' 18-4^ 

2. Find the apparent place of CapeUa for the same date^ using the independent 
dag numbers. 

From the .Yaalkol Almanac for 1942 we obtain, for October 27th : — 

g = 14 77 h = 19-30', • - + 6 84' 

G = 2h. 9-Om, H — 3h, 39-lm. 

_ ^ tt == 7h, 21-4m. = no® 21' 

sin (O a) = -r -9376 eoB{0 + a) = — -3477 
H -r tL^Sh. Sl-Sm. = 132* 30- 

sin (ff -f- a) *= -r -7328 cos (tf -I- a) = — -6804. 


We hare : 
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Whence g sin ( 6 ? + a) tan 8 = + H-SOS" — + 0'-954 

A sin (ff + o) sec 8 = + 20-334' = + l*-356 
and a— a, =/ + ^ 59 sin (0 + a) tan 8 + ^ 5 * sin (U + a) sec S ^ fir 

= + 1»-914 + 0*-954 + P-356 + 0»-007 = + 4*-23 

Also y cos (G + a) = — 5-14' 

A cos (H + o) sin 8 = — 9-44' » cos 8 = + 4-76' 

and 8 — So = jr cos (G + a) + A cos (H + a) sin 8 4- »' cos 8 f fi'r 

= _ 6-14' — 9-44' + 4-76' — 0-35' = — 10-2'. 
which agree with the values for (a — oq), (8 — 80 ) found in Example 1. 


287. To Reduce from Mean. Place for One Year to the Mean Place 

for Another Year 

The mean place is referred to the mean equator and equinox, t.c, 
the position that the equinox would have if it moved uniformly and 
was not affected by nutation. To transfer the mean position of a star 
from one epoch to another epoch, we have therefore to take into account 
only the effects of precession and the proper-motion of the star. 
If the precession were constant in value, the effect of precession 
would be obtained by multiplying the precession in R.A. and Dec, 
by the interval in time. But the precessional constants, m and n 
(Art. 284) change slowly with the time and it is necessary to take 
this change into account. 

Neglecting proper-motion and considering only the effect of pre- 
cession, if oq is the R.A. at time f = 0 and a is the R.A. at time t, we 
can write 


a 


a 


~j~ *p ^ t -{“ ^ s , 


The quantity s is called the secular variation, because it measures the 
rate of change of the precession p. This may be seen as follows ; if 
aj, denote the values of a at times fj, we have 

(a, — a,) = « (<2 — <i) H- 4 « — t,^), 


or ^ — P + J s (^ + ^2)- 

h n 

The quantity on the right hand side of the equation is the average 
rate of change of a in the time interval (<2 — When <2 is very near 
to < 1 , we obtain, as the rate of change of a a< the time t^, p sfj. It is 
clear that s measures the rate of change of the precession with the time. 

Thus if p is the precession at time ^ = o, the precession at the 


time t 


t 


^ is P + i 


But 


Oi = Uo + P-^ + i sti 


— ®o (P 4* 1 sti) ti 




precession at time 
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Thus we can obtain the mean place at time « = from the mean 

place at time i = 0 by adding to the latter the precession at the mid- 

epoch multiplied by the time interval. If tJie precession at this epoch 

is not known, we can compute it if we know the precession and secular 
variation for another epoch. 

It is usual to give in star catalogues the annual precession for the 
epoch of the catalogue and the secular wriolvon per century. When 

the annual proper-motion of the star is known, it is combined with the 
annual precession to give the annual variation. 

The formula which gives the right ascension at a subsequent epoch 


is then a= + + 


200 


similar formula for the declination. 


Example, — Compute the mean position of CapeUafor 1950, piccn that the positim 
for 1925 is S,A, 5h. llifi, 8*68^., Dec. 45° 55^24*6*. The annual variations f<^ 
1925 in R.A. and Dec. are -}- 4**4299 and 3*818^ Tespectivdy^ and the secular 
variations + 0*-0152 and — 0*634', 

25 X 25 


Here 


200 


200 


= 3*125 


We have : — 

(a, S) 1950 5^ 11» 

25 X ann. var. -r 1 
3 J X sec. var, 


8 * 68 * 

50*75 

•05 


(a, S) 1925 


5 *- 12 


59*48* 


+ 45° 55' 24*6' 
-h 1 35-5 
— 2-0 

+ 46° 56' 581' 


EXAMPLES 

1. Show that, owing to precession, the right ascension of a star at a greater 
distance than 23|° from the pole of the ediptic will undergo all posdble dianges, 
but that a star at a less distance than 23|° will always have a right ascension greater 
than twelve hoars. 

2. Prove that for a short time precession does not alter the declinations of stars 
whose right ascensions are 6h., or 18h. 

3, Elxhibit in a diagram the position of the pole star (R.A, ^ Ih. 37in., decL 
= $8° 56") relative to the poles of the equator and ecliptic, and hence show that 
owing to precession its R.A, is increasing rapidly, but that its polar distance is 
decreasing, 

4, The present position of a star is R,A, 18h,, decL 40°S. Find its position at 
the end of half the processional period, 

6. The present position of a star ia R.A. 18h. dd. 23® 27'& Find its posHion 
at the end of one quarter of the preoessional period. 

6. Given that the preoessional constants, m, a for 1900 are m. = 3*-0723, 
n = 1*.'3365 = 20*047', find the position of a star for which the precessions in 

both R.A. and decL are zero. 

7. Given that the preoessional constants for 1900 are as in Exampte 6 and for 
1950 are m = 3**0733, n = 1**3362 = 20*043', find the mean place for 1^ of a 
star whose mean place for 1900 is R.A. Oh. ded. 45®N. 

8. With the ««tinA data as in die preoediog question, find the mean {dace for 

1900 of a star whose mean place for 1950 is R.A. 6h. ded. 45®S. 
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9 Find the mean position of y Menaae for 1915. given that the mean position 
for 1950 is R.A. 6‘ 33- 51 20*. decl. 76° 22' 39-9S'. and that the ^ 

secular variations are - 2‘-3737 and + 0‘ <M82 in R.A. ; + 2 oi6 and + 0 338 

in decL . ^ _*i, 

10. Show that the sidereal day, defined as the period of rotation of the Eart 

with Aspect to the First Point of Aries is 0-009 seconds shorter than the period of 

xnili rpsnect to the stars. 


EX.4JI1NATION PAPER 

1. Give a general description of precession. Does precession change the 
position of (a) the equator, (6) the ecliptic among the stars ? 

2. Show that the precessions in R.A. and decl. can be expressed in the form 
m + n sin a tan 5 and n cos a respectirely . 

3. Define the apparent place^ true place and mean place of a star. Explain 
how to obtain the mean place at one epoch from the mean place at another epoch. 

4. Explain how the Besselian day numbers are used to obtain the apparent 
place of a star from its mean place at the beginning of the year. 

5. The R.A. and decl, of a star are changed by precession, nutation, aberration 
and annual parallax. The first two of these do not change the direction in which 
the star is seen, but the direction is changed by the last two. Explain why this 

is so. 

6. Describe the general sequence of changes of the R.A. and decl. of the present 
Pole Star in the course of the precessional cycle. 


CHAPTER XIII 

THE OBSERVATORY 


288. Determmation of BA. and Dec. 

One of the most important problems of practical astronomy is to 
determine, by observation, the right ascension and decimation of a 
celestial body. We have seen in Chapter II that these co-ordinates 
not only suffice to fix the position of a star relative to neighbouring 
stars, but they also enable us to find the direction in which the star 
may be seen from a given place at a given time of day on a given date 
(Art. 42). Moreover, it is evident that by determining every day the 
decimation and right ascension of the Sun, the Moon, or a planet, 
the paths of these bodies relative to the stars can be mapped out on the 
celestial sphere and their motions investigated. 

In Section 11 of Chapter II we showed that the right ascension and 
declination of a star can be determined by observations made when the 
star is on the meridian. We proved the following results : — 

The star’s R.A. measured in time is equal to the time of transit 
indicated by a sidereal clock (Art. 29). 
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leal Telescope 


The Astronomical Telescope (Fig. 104) consists essentially of two 
convex lenses, or systems of lenses, O and O', fixed at opposite ends of 
a metal tube, and called the object-glass and eye-piece respectively. 
The former lens receives the rays of light from the stars or other distant 
objects, and forms an inverted image (ab) of the objects. The centre 
0 of the round object-glass is called its optical centre and the image 
is produced as follows : — Let AAA be a pencil of rays from a distant 
star. By traversing the object-glass these rays are refracted or bent 
towards the middle ray AO, which alone is unchanged in direction. 
The rays all converge to a common point or focus at a point a in AO 
produced, and, if received by the eye after passing a, they would appear 
to emanate from a luminous point or image of the star at a. 

Similarly, the rays BBB, coming from another distant star, will 
converge to a focus at a point b in BO produced, and will give the effect 
of an image of the star at b. All these images (a, b) lie in a certain 
plane FN, called the focal plane of the object-glass, and they form a 
kind of picture or image of such stars as are in the field of view. 



Fig. km. 


The eye-piece O' acts as a kind of magnifying glass, and enlarges the 
image ab just as if it were a small object placed in the focal plane FN. 
The figure shows how a second image A'B' is formed by the direction 
of the pencils of light after refraction through O'. This is the final 
image seen on looking through the telescope. The eye must be placed 
in the plane EE, so as to receive the pencils from A', B'. 


If, now, a framework of fine wires or spider’s threads (Fig. 106) be 
stretched across the tube in the focal plane F^', these wires, together 
with the image (oi), will be equally magnified by the eye-piece. They 
will thus be seen in focus simultaneous!}" with the stars, and the field 
of view will appear crossed by a series of perfectly distant lines, which 
will enable us to fix any star s position, and thus determine its exact 
direction in space. Suppose, for example, that we have two wires 
crossing one another at the point F', and the telescope is so adjusted 
that the image of a star coincides with F', then we know that the star 
lies in the line joining F' to the optical centre 0 of the object-glass. 

The scaU of the telescope, i.e. the linear distance in the focal plane 
corresponding to a given angular separation on the celestial sphere, is 


M. ASTBON. 


15 




226 


The Observatory 


proportional to the focal length of the object-glasSj F. The anguhat 
magnification, or the ratio of the apparent angular separation of the 
images A\ B' to the angular separation of the stars A, B, is measured 
by F the ratio of the focal length of the object glass, F, to the focal 
length of the eye-piece, /. The magnification obtainable with a given 
telescope can be increased by using an eye-piece of shorter focal-length. 

291. The Transit Circle 

The Transit Circle (Figs. 105, 107) is the instrument used for deter- 



Fig . 1 05. 


both rieht ascension and declination. It consists of a telescope 
.Sr. attached ^rpendkularly to a rigid axis, WPPE, hollow in the 
interior. The extremities of this axis are made in the form of cylindrical 
nivot- E IT which are capable of revolving freely in two fixed forks, 
railed Y's. from their shape. These Y’s rest on piers of sobd stone, 
built on the firmest possible foundations, and they are carefully fixed, 
^0 a' to k<=^ep the axis horizontal and pointing due east and west. 

In order to reduce the wear of the pivots through friction, some form 
of counterpoise is employed to reduce the pressure on the beamgs. 
In the device shown in the figure, the axis of the telescope is partiaUy 
supported at P, P upon friction rollers (not represented in the figure) 
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attached to a system of levers (Q, Q) and counterpoises [R, R) placed 
within the piers. These support about four-fifths of the weight of the 
telescope, leaving sufficient pressure on the Y’s to ensure their keeping 

the axis fixed. 

Within the telescope tube, in the focal plane of the object-glass (Art. 
290), is fixed a framework of cross wires, presenting the appearance 
shown in Fig. 106. Five, or sometimes seven, wires appear vertical, 
and two appear horizontal. Of the latter, one bisects the field of view ; 
the other is movable up and down by means of a screw, whose head is 
divided by graduation marks which indicate the position of the wire. 

The line joining the optical centre of the object-glass to the point of 
intersection of the middle vertical wire with the fixed horizontal wire 
is called the Lim of Collimation. The wires should be so adjusted that 
the line of collimation is perpendicular to the axis about which the 
telescope turns. For this purpose the framework carrying the wires 
can be moved horizontally, by means of a screw, into the right position. 
If the Y’s have been accurately fixed, then, as the telescope turns, the 
line of collimation will always lie in the plane of the meridian. Hence, 
when a star transits we shall, on looking through the 
telescope, see it pass across the middle vertical wire. 

. Attached to the axis of the telescope, and turning 
with it, are two graduated circles, GH, having their 
circumferences divided into degrees, and further sub- 
divided at (usually) intervals of 5'. By means of 
these graduations the inclination of the line of 
collimation to the vertical is read oS bv aid of several Tig* 106 . 
fixed compound microscopes, A, I, B, pointed towards 
the circle. One of these microscopes (/), called the Pointer or Index, 
is of low magnifying power, and shows by inspection the number of 
degrees and subdivisions in the mark of the circle, which is opposite 
a wire bisecting its field of view. The pointer should read zero 
when the line of collimation points to the zenith, and the graduations 
increase as the telescope is turned northwards. 

292. Reading Microscopes 

In addition to the pointer there are four (sometimes six) other 
microscopes, called Reading Microscopes, arranged svmmetricallv 
round each circle, as at ABCD (Fig. 107). These ser^^e to determine 
the number of mmutes and seconds in the inclination of the telescope, 
by means of the following arrangement. Inside the tube of each 
microscope in the focal plane of its object-glass* is fixed a gradul^d 

talk" be s«,o i. dfattact ibc,„, Uk. 
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scale NL (Fig. 108) in tlie form of a strip of metal with fine teeth or 
notches. This scale, and the image of the telescope circle, formed by 
the object-glass of the microscope, are simnltaneonsly viewed by the 
eye-glass, and present the appearance shown in Fig. lOS. 

A small hole Q marks the middle notch, and 5 notches correspond 
to a division of the telescope circle, hence the ntimber of notches 
from the hole to the next division of the circle gives the number of 
Tnin nt.es to be added to the pointer reading. 




Fio. 107. 


To read off the 
number of seconds, a 
pair of parallel wires, 
SE, are attached to a 
framework, and can 
be moved across the 
field of view by means 
of a screw. One whole 
turn takes the wires 
from one notch of the 
metal scale to the next. 


i.e. over a space representing 1’ on the telescope circle ; and the head 
of the screw is divided into 60 parts, each, therefore, representing 1 . 
The wires are adjusted so that the graduation on the telescope circle 
appears midway between them, and the reading of the screw-head 
then gives the number of seconds. With practice, tenths of a second 

can be estimated. j i. u .j. 

The four microscopes of one of the circles are all read, and the best 

result is obtained by taking the mean of the readings. 

293. damp and Tangent Screw 

When it is required to rotate the telescope of the 
transit circle very slowly, this is done by means of 
the bar represented at LK in Fig. 105. The tele- 
scope axis may be firmly clamped to this bar by 
means of a damp (not represented in the figure) 
which grips the rim of one of the circles. When 
this has been done, the bar KL. and with it the tele^ope, may be 
slowly turned bv means of a horizontal screw at L, called the 
Tanma Screw, and proWded with a long handle attached to it by 

a ‘^versal joint.” This handle is held by the observer, and he can 
. . . n.>oe:Ti<T t/T watch the stars. 



294. Ansng^nents for IQujnination 

As most observations are conducted at night, the wires m^ 
telescope and the graduations of the circles must be lUummated. This 










Takixo a Transit — 

is done by a lamp placed in front of one of the pivots, the light from 
which is concentrated b}' means of a lens in front and a mirroi behind. 
Part of the rays are reflected, by a complicated arrangement of mirrors 
and prisms, so as to illuminate the parts of the graduated circle \itwtd 
by the microscopes. The rest of the light pas.ses down the hollow axis 
to a ring-shaped mirror, whence it is reflected up to the wires , thus 
the wires appear as dark lines on a faintly illuniitiated background. 
An alternative method is to have a small reflector, with a matt whiter 
surface, cemented to the centre of the object-glas.s, and illuminated by 
a small electric lamp at the side of the tube. This secures that the 
illuminating light and the starlight are parallel ; this is important, as 
otherwise an apparent shift in the position of the wires takes place. 

There is also another arrangement for illuminating tin; wires from 
in front, if desired, so that they appear bright on a dark ground. Tliis 
is not, however, advisable, as it is found that the bright wires are lialde 
to an appreciable apparent shift, compared with the dark om s. 

295. Taking a Transit 

If a star is to be observed with the transit circle, its R..A. and deck 
must have been roughly estimated beforehand ; hence, its meridian 
Z.D. [ = (star’s deck) — (observer’s lat.) ] is known roughly. Before 
the star is expected to cross the meridian, the telescope is turned by 
hand until the pointer indicates this roughly determined Z.D. ; this 
adjustment is sufficiently accurate to ensure the star traversing the 
field of view. The telescope is then clamped. The star is .soon seen 
to enter the field of view, the diurnal rotation of the Earth causing it to 
travel through the field of view in a horizontal direction. The observer 
records the instant of its passage across each of the vertical wires by 
pressing a button on the instrument, which closes an electric circuit and 
sends a current through to the Chronograph. This is an instrunient 
which mav take various forms : the two that are most common are 

V 

the barrel chronograph and the tape chronograph. Whatever form it 
takes, the signals from the clock are automatically recorded along with 
the signals sent from the instrument by the observer. The times by 
the clock at which these signals are sent can be read off at leisure after 
the observations have been completed. 

The barrel chronograph consists of a cylindrical barrel which is made 
to turn slowly and uniformly about an axle by clockwork. The barrel 
is covered with paper and a pen, mounted on a carriage, which is 
traversed slowly along as the barrel turns, describes a spiral trace on 
the paper. The pen is supported from the armature of a small electro- 
magnet and when a current is sent through this the armature gives a 

slight flick, causing the pen to make a kick at right angles to the 
direction of the trace. 


230 


The Obsebvatory 


In the tape chronograph, a paper tape is fed uniformly through the 
instrument and the pen records on this tape. The pen may take the 

form of a fine syphon tube, mounted from the coil of a loud speaker 
wire, which has little inertia and a rapid response. 

296. The Impersonal Micrometer 

A further development in recent years is to employ a single movable 
wire instead of several fixed ones for recording the transit of the star. 
The single wire is traversed along by a screw which terminates in two 
large heads, one east, one west of the tube. These heads are turned 
by the two hands, which are shifted alternately, so that the motion can 
be made smooth and continuous. The observer keeps the wire central 
on the star while it is passing the central part of the field. An agate 
disc is attached to one of the heads, which has metal studs inserted, 
flush with the surface, at certain points in its rim ; as these studs pass 
a metal point pressed against the rim by a spring, a current passes to 
the chronograph. The registration is thus automatic, and it is foimd 
that “ Personal Equation” (see Art. 301) is almost entirely eliminated. 
The positions of the contacts relatively to the line of collimation are 
found by placing the metal point centrally on each stud, and reading 
the micrometer head. 

In some instruments the wire is moved automatically by an electric 
motor, there being a device for modifying the speed to correspond with 
the star’s declination. In this case, the observer has only to apply the 
small corrections necessary to keep the wire central on the star. 


297. Corrections 


After the transit of a star has been observed, certain corrections 
have to be allowed for in practice before its true R.A. and deck are 
obtained. These corrections, which depend on errors of adjustment, 
obsers’ation, etc., may be conveniently classified as follows : — 

A. — Corrections required for the Right Ascension : 


1. Error and rate of the astronomical clock. 

2. Personal equation of the observer. 

3. Errors of adjustment of the transit circle, including 


(o) Collimation error. 
ib) Level error. 

(c) Azimuth error. 

(d) Irregularities in the for 

(e) Corrections for the 


• I 


cc 


of the pivots, 
verticality ” and 


intervals.” 
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B. — Corrections required in finding the Declination : 

1. Reading for zenith point, or for the nadir, horizontal oi 

polar point. 

2. Errors of imperfect centering of the circles. 

3. Errors of graduation. 

4. Errors of “ runs ” in the reading microscopes. 

5. Error of horizontality in horizontal wire. 

6. Error of curvature in the star’s path. 

A correction is always regarded as positive when it must be added 
to the observed value of a quantity in order to get the true value, negative 
if it has to be subtracted. 


A. — Corrections Required for the Right Ascension 
298. dock Errin' and Bate 

A good astronomical clock can generally be regulated so as not to 
gain or lose more than about 0‘05s. in a sidereal day. It is necessary to 
apply a correction to the time indicated, owing to the clock being 
either fast or slow. 

The Error of a clock is the amount by which the clock is sUrw when 
it indicates Oh. Om. Os. Thus, the error must be added to the indicated 

time in order to obtain the correct time. If the clock is fast, its error is 
negative. 

The Rate of the clock is the increase of error during 24 hours. It is, 
therefore, the amount which the clock loses in the 24 hours. If the 
clock gains^ the rate is negative. 

The rate of a clock is said to be uniform or constant when the clock 
loses equal amounts in equal intervals of time. 


299. Correction for Error and Bate 

If the error of a clock and its rate (supposed uniform) are known, the 
correct time can be readily found from the time shown by the clock. 
The method will be made clear by the following example 


Example. — If the error of an astronomical clock be 2-52s., and its raU be 0 44^., 

find to the nearest hundredth of a secomd the correct time of a transit, the observed 
time by fhe dock being lOA. 23«n. 25'44s. 

Here in 24h. the clock loses 0’44s. 


So that in Ih. it loses ^ x 0*448. = 0-0183a. 
Hence, loss in 19h. = 0*0183s. x 19 = 0*3488., 

and loss in 23m. = 0*007s. 

At Oh. Om. Os. the clock error is = 2*328. * 
Thns at 19h. 23m. 25*448., clock is too slow by 2*52s. + 0-3558. 
and the correct time = I9h. 23m. 26*448. + 2*88s, = 19h. 23n 


= 2*88s., 

. 28*32s. 
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Detennination of Ihrror and Bate of Clock 


The clock error is found by observing the transits of known stars, 
i.e. stars whose R.A. and decl. are known. 

If the clock were correct, the tune of transit (when corrected for all 
other errors) would be equal to the star’s R. A. (see § 30). If this is not 
the case, we have evidently 

{Clock error) — (Star’s R.A.) — (observed time of transit). 

This determines the clock error at the time of transit. 

To find the rate, the transits of the same star or other known stars 
are observed on consecutive or neighbouring nights. 

Let t and t — r be the observed times of transit ; then x is the 
amount the clock has lost in 24 hours, i.e. the rate of the clock. Therefore 

(Rate of Clock) — (observed time of 1st transit) 

— (observed time of 2nd transit). 

Having found the rate of the clock and its error at the time of transit, 
the error at Oh. Om. Os. may be found by subtracting the loss between 
Oh. Om. Os. and the transit. 

Stars used in finding clock error are known as Clock Stars. 

301 . Personal Equation 

Personal Equation is the error made by any particular observer 
in estimating the time of a transit. 

Of two observers, one may habitually estimate the transit too 
soon, another mav estimate it too late, but experience shows that 
the error made by each observer in taking times of transit by the 
same method is approximately constant. 

If all observations are made by the same individual there will be 
no need to take account of personal equation, because the error made 
in taking a transit will be compensated by the error made in observ- 
ing the clock stars to set the clock. If the two operations are 
performed by different observers, we must allow for the difference 
of their personal equations. 

Personal equation may be measured by an apparatus for observing 
the transit of a fictitious star, i.e. a bright point moved by clockwork ; 
in this case the actual time of its transit is known, and can be 
compared with the observed tune. Personal equation is positive 
if the observ'er is early, so that the correction must be added to the 

observed time to get the true time. 

In the tapping method of recording transits, the personal equations 

of different observers may differ by half a second or more. By the use 
of the travelling wire, the personal equations are reduced to a few 
hundredths of a second ; because with this form of micrometer they are 
=.,K^«ntiftllv eliminated, it is usually termed the impersonal micrometer. 








Corrections Required for the Right Ascension 


302, Errors of Adjustanent of the Transit CSrcle 

If the transit circle is in perfect adjustment, the line of collimation 
of the telescope must always lie in the plane of the meridian. If not, 
we must correct for the small errors of adjustment. The conditions 
required for perfect adjustment, together with the corresponding 
corrections when these conditions are not tulfilled, may be classified a.s 

follows ; — 

(a) The line of collimation should be perpendicular to the axis 
about which the telescope rotates. If not, the corresponding correction 
is called Collifnation Error, 

(b) The axis of rotation must be horizontal. Level Error. 

(c) The axis must point due east and west. Azimuth Error. 

id) The pivots resting on the Y’s must be truly turned, and form 
parts of the same circular cylinder. Correction for shape of pivots. 

(e) The vertical wires in the transit must be truly vertical (i.e. 
parallel to the meridian) and equidistant. Vertkality and Wire / ntervals . 

303. Collimation Error 

We have seen (Art. 291) that the framework carrying the vertical wires in the 
transit telescope can be adjusted by a screw, so that collimation error can be 
corrected. Suppose, for simplicity, that no other error is present. Then the 
line of collimation will always make a constant small angle with the meridian, and 

this angle will measure the collimation error. 

To correct this error, two telescopes, called Collimators, are pointed towards 
each other, one due north, the other due south of the instrument (n, s. Fig. 107). 
Both contain adjustable collimating marks, formed by cross wires in their 
focal planes. The transit telescope being first pointed vertically, and two apertures 
in the side of its tube being uncovered, the observer looks through the telescope 
s, and sees through the apertures into the telescope n. He then brings the wires 
in s into coincidence with the images of the wires in n ; he then knows (from the 
optical theory of the telescope) that the lines of collimation of n, ? are pamiUi, 
Suppose (e.p.) that.they make a small unknown angle W. of S., and E. of N., 
respectively. 

He now looks through the transit telescojie into the collimator s. He adjusts 
the middle vertical wire of the transit to coincide with the image of the cros^ mark 
in s, reading the graduated screw by which the adjustment is made. The line of 
collimation of the transit is now west of the meridian. He points the telescope 
into n, and similarly adjusts the wires : the line of collimation is now east of 
the meridian* He now turns the adjusting screw to a reading midway between 
the two observed readings ; the line of collimation is then in the meridian, and 
collimation error has been removed. 

In practice, the screw is set at a standard reading near the line of collimation 
and the outstanding error is allowed for. 

The collimation error is usually expressed in time. If, on account of collima> 
tion error, c seconds must be added to the observed time of transit of an equatorial 
star to obtain the true time of transit, then c see 8 seconds must be added to the 
observed time of transit of a star of declination 5. 
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304, Level Eiror 

This is measured by the inclination to the horizon of the axis of rotation of the 
telescope. It causes the line of collimation to trace out, on the celestial sphere, a 
great circle inclined to the meridian at an angle equal to the level error. 

Level error is found by pointing the telescope (corrected for collimation error) 
downivards over a trough of mercury (^Y, Pigs, 105, 107, 111 ), 

An eye-piece is provided, caUed a “ collimating, or Bohnenberger, eye-piece ** 
(EF , Fig. Ill), containing a plate of glass If, which reflects the light from a lamp 
straight down the tube. The mercury will form a reflected image of the telescope, 
which may be treated just as if it were a real telescope or collimator. By the law 
of reflection, if the middle wire coincides with its image, the line of collimation 
will be vertical, and (since there is no collimation error) there will be no level 
error. If not, the wires are moved by the screw until the vertical wire coincides 
with its image. The observer reads the angle through which the screw has been 
turned, and thus measures the level error. 

In practice, instead of making two images coincide, it is more accurate to make 
them touch each other alternately on the two sides, and take the mean. 

Suppose the level error 
is 6 ^, the east end of the 
axis being the lower. It 
therefore points to a point 
on the celestial sphere 
which is on the prime verti- 
cal, but below E by the 
amount EE^ — b (Fig. 109). 

Then, when the tele- 
scope is rotated, its axis 
wiU move in thegreat circle 
iSZ|.V, whose pole is £j. 
A star X on this great 
circle will appear to be 
on the meridian, though 
actually it has the easterly 
hour angle QPM = QM* 
K X' is the point where 
X crosses the meridian, 

XX' = zz^ cos X'Z = b cos — S) since QX' = 8 and QZ - 
Also XX'=QM cos 8 . Thus the hour angle Qil = 8 ' co8(^ — 8 )sec 8 7 is 
cos — S) sec 8 seconds of time. This mnst he added to the observed time of 

transit to obtain the true time. 



N 


305. Azimuth Error , . , . .r 

Azimuth error is measured by the small angle which t e axis o to on 
the telescope makes with the plane of the prime vertical. It ca^ the hue 0 
collimation of an otherwise correctly adjusted transit circle to desmte a ^ ^ 
through the zenith whose inclination to the meridian is equal to the deviateon erw. 

Suppose the azimuth error is h*. the axis being inclined by the amo^ 
north of east, so that it points to on the horizon (Fig. 110), where E 1 . ' 

A. ft. b ft« "O'- i" • 

.h. M .»1 . poW S. on ft. h»Uon »ft tbnt SS, = fc A 
.nnPArs to be on the meridian when its easterly hour-angle is XEA - mv- 

= sin JZ = i sin — 8 ) 
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CoBBECmONS REQUJBKD *OK THB RiGHT ASCENSIOU 
and the hour-angle =*" "7 

time. This most be added to the obaerrod time of tranait to obtamtto tree tinw. 

The azimuth ©rror can b© dotcmimed by observing the tunes upper 

loimr tnnsit of a cicoampolar star. It can easily bo shown ttot, at le^ 
faanait* the qnarterlbr * * «*» (^ + *) ®®® * seconds mart be rabtea^ fiom 
the observed time of transit to obtain tiie true time. The observ^ mterval 
between nre« lower transit wUl therefore differ from 12h. by the imomt 
Ak {sin — 8)-+ sin -h 8)} see 8 = ^ * sin ^ seconds. By observing the 

difference of the intervals the azimuth error, *, can therefore be found. 

In case the doable observation of a dose polar star is impracticable, a smgle 
observation of any known star near the pole combined with anothm’ known star 

will give the enor. 

306. ffomblned TMte nt «f Golfimation, Level and Azinu rih Eetqes 

Prom the results of Arts. 304, 305. 306. it appears that if the coUimathm error 
is c ««««»■«<« of time, the level error is O' and the azimntii error is fc', ihe observed 
time of transit most be increased by the quantity t to obtain the true time of 

transit, where 

i ssx c sec S -|" ^ ^ ® 

= i» -h » tan S -I- c sec S 

z 


where 

{b cos ^ -f- I; sin 
n — ^ (6sin ^ — k cos ^). 

The quantities* m* n do 
not involve tiie decimation 
of the star* but only the 
level and azimnth errors. 

It is usual to determine 
c by means of the colli- 
matora, as explained in 
Art. 383. tnandn can then 
be obtained by observing 
the times of transit of 
two stars of known R.A. 
and decL* one near the 
equator* for which tAn S 

is small and one near the Pole* for which tan S is laig^ 

307. The Ckxrrecfeloii for the Shape of the Kvots 

This correction is rather complicated* but, in a good instmment, it ahoold be 
very smaU. When the pivots are mneh worn by fidctimi* they shonld be re-tnmed. 



The errors may be measored by making a small mark on the end of each pivot, 
and observing, by means of reading microscopes* the motions of the maite as the 

inat r mwift rit ia alftwly t muffid Tf pivofa ? thft ttnwlra atidwiM wawttkin 

or 


3€Sm Yex&DaSit^ of the Wizes 

Verticallty of the whes may be tested by observing 
whose cross wires are adjusted as in Art. 303. If tibe 
intersect on the middle wire of the transit when the j 
any small angles we know tJ^t the middle wire is verficaL 


one of tile ccdlimatorB, 
wires always appear to 
stniment is turned tiirongh 
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309. Wire Intervals 

Wife IfUefools &r6 mostiit the intervals of time taken by a star 
on the equator in passing from one vertical wire of the transit to the next. 

If the intervals between successive wires are unequal, the mean of the times of 
transit over the wires will not in general be the same as the time of transit over the 
middle wire. We may imagine a straight line so drawn across the field of view 
that the time of transit across it is exactly equal to the mean of the of transit 

over the five or seven wires. This line is caUed the Mean of the Wires. 

By carefully determining the equatorial wire intervals, the very amall interval 
between the transits over the mean of the wires and over the middle wire can be fnim ^ 

For a star not in the equator, the wire intervals are proportional to 

the secant of the declination. 



Fio. IIU. 


B. — CoRRECnOXS REQUIRES IN FINDING THE 

Declination of a Star 

310. Zenith Point 

In Art. 291 we stated that the pointer of the 
transit circle is usually adjusted to read 0° 0' 
when the line of colli mation is pointed to the 
zenith. But it would be very difficult to adjust 
the microscopes to give a mean reading of exactly 
Qo Q' Q* Jqj zenith. Hence it is necessary to 
determine the zenith paint, or zenith reading, and 
in calculating the meridian Z.D. of any star, this 
must be subtracted from the reading for the star. 

Let Z and N be the readings when the telescope 
is pointed to the zenith and nadir, respectively, 
ff and ff' the readings for the north and south 
points of the horizon ; then evidently. 


Z = H — 90“ = AT— 180° = H' — 270°. 


Also, if X is the reading for the meridian transit of any star, 
then star’s meridian Z.D. = x — Z, if north of the zenith, or, 
= 360° — (x — Z), if south of the zenith. 


311. To Find the Nadir Point 

To find the Xadir Point use is made of the CcUimcUing Eye Piece. 
already mentioned in Art. 304, and represented in Fig. 111. It consists 
of two lenses E, F, between which is a plate of glass, M, inclined at an 
angle of 45° to the axis. This plate illuminates the wires from above 
by partially reflecting the light from a lamp on them, at the same lame 
allowing them to be seen through the eye-glass, E. 

The telescope is pointed downwards over the trough of mercury, 
.V ; and the ravs of light from any one of the wires, Q, will produce % 
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COBBECTIONS ReQUIBBD FOR DkCUNATION OF StAB 

reflection a distinct image of the wire at 7 in the focal plane. By 
taming the telescope with the tangent screw, the fixed horizontal wire 
may be made to coincide with its image ; it will then be vertically over 
the “ optical centre ” of the object-glass (Art. 290). The line of collima- 
tion will, therefore, point to the nadir, and the nadir reading is given 
by the pointer and microscojjes. Snbstracting 180“, we have the 

“ zenitli reading. 

312e Determinatioii of Horizontal Point. — Method of Double Obser* 

vation 

Both the horizontal reading and the meridian altitude of a star can 

be determined by 
observing the star, 
both directly and by 
reflection, in a trough 
of mercury placed in 
a suitable position s' 

(M, Figs. 107, 112). 

Fig. 112 illustrates 
the method of double 
observation. Let PZ 
be the direction of 
the line of coUimation 
corresponding to the 
zero reading, PH the 

horizontal direction, PS and MTP the directions of the star viewed 
directly and its image viewed by reflection. The reading of the circle 
for the direct observation is ^e angle ZPS, the reading for the 
reflection is the angle ZPM. 

Since the angles of reflection and incidence 8*MZ\ TMZ* at 
the mercnry are equal, and MS\ PS are parallel, we have 
evidently /_SPH = S*MW = TMK = MPH ; so that star’s altitude, 
SPH = I SPM ; = \ {ZPM — ZPS) 

— half the difference of the two readings. 

Also ; Horizontal reading, ZPH — ^ {ZPM -1- ZPS ) ; 

= half the sum of the two readings. 

Subtracting 90 &om the north horizontal point, the zenith point 
is found. 




JZ 


I ^ 


£ 
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313. Polar Point 

In order to find the declination of a star by means of the transit 
circle, it is necesrazy to know the reading when the telescope is pointed 
to the pole. This may be foimd, jnst as in Art. 31, by observing the 
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314. Errors of ChadtuUion 

The operation of testing 
transit circle ia very long ai 
attached to its axis, that it 
scope* Then, by reading th 

tion on one circle is compared with everv jrr»d^»atit>o on 
errors of graduation are thu 
much redoeed by using all the four microei^p^*, t* 
readings. 


315. Eitots due to Imperfect Centering of the (Srdes 


*iation* on the * ir* le* ' f 
the two graduate^i firrie* ^ 

relative tv* h k 

•thef ail i 

t of &-iJrh If. 

the |iEe. 5 ir 5 lliMPtr 


By taking the mean of the microeeoptc 
centering are eliminated. In proof, let us 



(*4, C, Fig. 107) are used, but that these are opposite to one a^^yscir. If the rir< 
is truly centered, with its centre on the Ime .4C, the two r^dingi w*!!! diSer 
180®. If, now, the graduated circle is displaced, without betr^ rotated. tiO 
centre is at a distance h from AC, then the points of the now itrider A€, » ill 

be at distances h from the points formerly undcT -4C, 
same direction. Hence, since both reading 
circle, one will be increased and the other will 1 
The arithmetic mean of the two reading*^ will, 
displacement of the centre, imd will be indepeiwteat 
imperfect centering. The same is, of course, true of ih^ 

. *• ? i> n 

pair 



the 

.ffror due u> 
for the 


'-'c 


A knowledge of the error of centering 
ascertained thus : set the circte so 
0®, 5®, 10®, 15® - . . 350®, 355®, and 
position ; then draw a curve with 
? this will be approximately i 
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Correction Required for Decunation of Star 

the error of centering is one-quarter of the rertical distance from the highest to 
the lowest point of the carve. Giadnation error may be allowed for if necessary, 
bnt it is generally small compared with error of centering. 

316. Error of Runs 

In the reading microscopes, one turn of the micrometer screw should move the 
parallel wires over a space corresponding to exactly V on the graduated circle, to 
that the wires should be brought from one mark of the circle to the next by exactly 
five turns of the screw. In practice it will probably be found that rather more or 
rather less than five turns will be necessary. In this case the readings of the teeth 
and of the micrometer screw-head wiU differ sightly from true minutes and seconds 
of arc on the circle, and a correction will be required. This error is called the Error 

of Runs. 

317. EIrror of Indmatioii 

The angle between the R-A. and decimation wires cannot generally be altered 
once the wires are mounted* It is important to make the R.A* wires exactly 
TerticaJy hence the others will not generally he q^nite horizontal* The error can 

er of stars at equal distances east and west of 
ean difference of micrometer readings. The 
correction is directly proportional to the distance from the centre. 

Connected with this is the ^rror of Sag^ which occors if the wire is moonted 
loosely, and drops in the mi ddle. It is vei^ difficult to correct for this error if 
present, but it is found that with well-mounted wires its effects are inappreciable. 
To test for it, bisect a star wery near the equator every ten seconds while paasing 
across the field, and plot the readings with* time as abscissa ; if there is no sag, they 
will lie along a straight line, if there is sag, along a curve. 


In 

LO 


1 ] 
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318. Error of Curvature 

The path of a non-equatorial star is a small circle, whereas the trace of the 
declination wire on the sky is a great circle. Now it is generally inconvenient to 
make declination observations at the centre of the field ; indeed it is impossible 
if the moving wire meth<^ is employed for observing B.A., smce this needs 
both hands. If the declination is observed s seconds before or after the 
star passes the centre, the correction for curvature is *000273 s* sin 2 N.P.D. 
seconds ; but if it is observed at a mark at such a distance from the centre that an 
equatorial star would take i seconds to traverse it^ the correction is *000545 cot 
N.P.D. seconds. For north declinations the observed place is north of the meridian 
place ; for south ones south. For example let s ^ SO s., N.P.D. = 45^ ; then 


.2 


900, sin 2 N.P.D. 


1. The correction is *0273 X 9 = 0*25' 


319. CoUimation, Level and Azimuth Errors 

These errors have no appreciable effect on observations for declination, provided 
that such errors are small compared with the star’s N.P.D. Hence, they may be 
left out of account, except in observations of stars very near the Pole. 


320. General Bemarks 

We first described the Transit Circle, and the methods of “ fatlring 
a transit ” ; we afterwards described the corrections which must be 
applied to the results of the observations in finding the right ascension 
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and declination of a star. In practical work, the Tarious errors must be 

deterimned before or during the course of the observations. Among 

these, collimation, level and azimuth errors, and the nadir point should 

be found daily, as they may be affected by heat or cold, or by shaking 
the instrument* 

Clock error and rate are also determined daily by obseini^ing certain 
clock stars.' ’ These consist of the brighter stars in the equatorial belt 
of the sky, whose positions have been determined with great accuracy. 

321, Observations on the Sun, Moon, and Planets 

The positions of the Sun, Moon, and Planets are defined by the 
co-ordinates of their centres. In finding these, the angular diameters 
must be taken into account. 

In observing the Moon or a planet, the fi^ed horizontal wire is 
adjusted to touch the illuminated edge of its disc, and the times at 
which its edge touches the vertical wires are observed. To find the 
co-ordinates of the centre, a correction is made for the angular semi- 
diameter of the body, which must be determined independently. It 
must not be forgotten that the Linage formed by the telescope is inverted. 

In observing the Sun, after the first limb is observed in R.A. the 
instrument is moved to bring the north limb (say) near the horizontal 
wire, clamped, and the microscopes read by a second observer, while the 
first observ'er places the horizontal wire tangent to the Umb, and records 
the micrometer reading ; the process is repeated with the south limb, 
and fi^nallv the second limb is observed in R.A. When the Moon is 
verv nearlv full, the same method of observation is used. In finding 
the time of transit, the times of contact of the disc on arriving at and 
leaving each wire are separately obseri'ed ; their arithmetic mean for 
anv wire is the time of transit of the centre. 


322. 


Equatorial Telescope 


The transit instrument can move in only one plane — ^the plane of 
the meridian, and obsen ations of celestial objects with it are restricted 
to their passages across the meridian. If a telescope is required to 
point to any desired point of the sky, it must have two degrees of 
freedom or, in other words, be providk with two axes about which it 


can turn. 

A theodolite has iwo degrees of freedom. The telescope is sup- 
ported bv a horizontal axis, about which it can turn in a vertical plane, 
to enable objects at different altitudes to be observed. The pillar 
carrying the telescope can turn about a vertical axis, so that objects 
in different azimuths can be observed. The two motions of which a 
theodolite is capable are thus motions in altitude and azimuth. 
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For the observation of celestial objects these motions are not 
convenient. The diurnal motion of a body across the sky causes both 
its altitude and azimuth to change continuously. To keep the body in 
the centre of the field of view of a telescope with an altitude-azimuth 
or altazimuth mounting, as such a mounting is usually called, the 
telescope must be continuously moved in altitude and also in azimuth. 
It is much more convenient to mount the telescope so that its two 
motions are in hour-angle (or right ascension) and in declination. For 
most objects, with the exception of the Moon, the declination remains 
constant or nearly constant during the observations, so that to keep the 
object in the centre of the field of view it is necessary to move the 
telescope only about the hour-angle axis. As, moreover, the hour- 
angle of a celestial body changes at a rate that is practically uniform, 
the motion about this axis can be provided by appropriate clock-work 
or other mechanical means. 

This form of mounting is called the Equatorial. It is shown 
schematically in Fig. 113. The frame- 
work carrying the telescope turns as 
a whole about an axis AB, which is 
supported at A and B, so as to be 
parallel to the axis of the Earth. BA 
thus points towards the pole and is 
accordingly called the polar axis. 

Attached perpendicularly to this axis, 
and turning with it, is a graduated 
circle, called the Hour Circle ^ which is 
read by a pointer microscope, N. 

The framework AB carries a secon- 
dary axis, perpendicular to the primary axis, called the declination 
axis^ and the telescope ST is attached perpendicularly to this axis, 
about which it is free to turn. The axis of the telescope carries 
a second graduated circle, called the Declination Circle^ which is read 
by the pointer microscope M. 

The declination circle should read zero when the telescope is pointed 
in the plane of the equator, and the hour circle should read zero when 
the telescope is in the plane of the meridian. If now the telescope is 
pointed towards any celestial body, the readings of the two microscopes 
will give, respectively, the declination and hour angle of the bodv^. 

When it is required to observ^'e the same body continuously with the 

equatorial, the declination circle is clamped, and the observer must 

slowly rotate the hour circle by hand, so as to keep the body observ^ed 
in the field of view. 



Fio. 113 . 


In large instruments the hour circle can be attached to a clamp which 
IS worked by clockwork in such a manner that the whole framework 

M. ASTROK. 


IS 
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toms aniformly round the primary axia AB once in a aidereal day. 
This motion will ensure that the star under observation shaD always 
remain in the centre of the field of view. 

The pointer-microscope of the hour circle may be made to revolve 
with the clamp, and to mark zero when the telescope is poi nte d 
towards the first point of Aries ; its reading will then give the right 
ascension of any observed star. But the declination and right 
ascension cannot be determined with any great degree of accuracy 
by reading the circles of the equatorial. These circles are provided 
merely to enable the telescope to be pointed in the appropriate 
direction for the observation of any particular object whose right 
ascension and declination are known. 


323. Uses of the Equatorial 

Amongst these the following may be mentioned : — 

(i) “ Differential ” observations, i.c. micrometric observations of 
the relative distances and positions of two near objects simnltaneoasly 
visible. Most observations of comets and minor planets are made by 
measuring their distance and direction from neighbouring stars whose 
positions are known j sometimes these measures are made on photo- 
graphs. 

(ii) Observations of the appearance, structure and magnitude of 
the celestial bodies. 

(iii) Stellar photography. 

(iv) Spectroscopic observations, with the aid of a spectrograph 
attached to the telescope, which are usually made photographically. 

The exposures, in uses (iii) or (iv), may last for several hours, during 
which time the telescope must follow accurately the diurnal motion of 
the object. In photographic observations, it is u^l to moimt a 
second but smaller telescope alongside AB ; the object to be ph^- 
graphed is set on cross-wires in the focal plane of this telescope. The 
clockwork, or other driving mechanism of the telescope, is piovi 
with a differential motion, under the control of the ob^rver, by means 
of which the motion of the telescope can be slightly ai^lerated or 
retarded. Daring the exposure, the observer watches tie « 

the object in the auxiliary or guiding telescope and operates the dife 
ential control as necessary so that the image remaiM i^urately 
bisected by the cross wire. It is thus possible to correct for 

due to atmospheric tremors, and small displacements due to change of 

Tofrartion in the couTS© of th© cxpositre. 
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324. Micrometers 

Any instrument used for measuring the small angular distance 
between two bodies simultaneously \TsibIe in the field of view of a 
telescope is called a Micrometer. Thus the moveable horizontal wire 
in the transit circle, with its graduated screw, is a micrometer, for if 
the instrument be so adjusted that the fijced wire crosses one star, 
while the moveable wire crosses another neighbouring star, the distance 
between the wires, as read off on the screw head, gives the difference 
of declination of the stars. The moveable wire in the field of view of 
the reading microscope is identical in principle with a micrometer. 

325. The Screw and Position Micrometer 

This instrument (Fig, 114) serves to find both the angular distance 
between two neighbouring stars and the direction of the line joining 
them. It contains a framework of wires placed in the focal plane of 
the telescope. Two of these wires are 
parallel, and one of them can be separ- 
ated from the other by turning a screw 
with a graduated head. A third wire, 
which we will call the transverse wire,’’ 
is fixed in the framework perpendicular 
to the two former. The whole apparatus, 
together with the eye piece of the tele- 
scope, can be rotated so that the wires 
may appear in any required direction 
across the field of view. A graduated 
circle, called the Position Circle^ is 
attached to the eye -piece, and measures 

the angle through which it has thus been turned. Besides the wires, 

the framework contains a transverse strip of metal marked with 

notches, at distances apart corresponding to complete turns of the 

micrometer screw, an arrangement similar to that employed in the 
reading microscope (Art. 292). 

In observing two stars, the equatorial and micrometer are so 

adjusted that one of the stars may appear at the intersection of the two 

fixed T^s, while the other appears at the intersection of the fixed and 
moveable wires. 

The number of notches of the scale, together with the readin<» of 
the screw-head, determine the distance between the images of the stars 
m turns and parts of a turn of the screw-head. To find the angular 
distance between the stars, we only require to multiply by the known 
angular distance corresponding to one turn of the screw 

■ne of the position circle determines the direction of the 

smaU are joining the stars. The poaition.eirele should read tero if the 



Fio. 114. 
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stars have the same R.A. Then the reading in any other position will 
determine their position angle, i.e. the angle which the line joining the 
stars makes with a declination circle through one of the stars. 


326. DoUond’s Heliometer 


Dollond’s heliometer is another form of micrometer, depending on 
the principle that if the object-glass of an astronomical telescope he 
cut across in two, each half will form an image of the whole field of 
view, in the same way as if the lens were still complete. In the helio- 
meter one half of the object-glass can be made to slide along the other, 
the separation of the two halves being read off on an accurately gradu- 
ated scale. 


Suppose that we want to measure the angular diameter of the Sun 
(S, Fig. 115). When the halves of the object-glass are together, so 
that their optical centres coincide, one image of the Sun wiU he formed. 
When the two halves are separated, two separate images will be formed 
in the focal plane of the telescope, and will be seen simultaneously. 
The half-lenses are separated, till the two images touch, as ab and be. 


A 



3 


Fio. 113. 


Let 0. O' be the optical centres of the two halves of the objective. 
The distance 00' is read off on the scale ; from this reading the Sun’s 

angular diameter may be found. 

For at b, the point of contact of the inures, the half-lens O forms an 
itnfttre of the lower limb S, and the half-lens O' forms an image of the 
uppJr limb A. Hence, BOb and AO'b are straight lines, and 060' is 
the angular diameter BbA. But the focal length 06 is known. Hence, 
if 00' Is also known, the angular diameter 060' can be found. 


reading 


The two halves 


obiect glass in the positions shown in the diagram, 
are then interchanged, so that O is brought to 0' and e|ce oersa, the two 
images again touching : the scale reading in this position is also taken. 
The separation of the two halves of the object glass m either position 

is half the difference of the two scale readings. . v * 

In measuring the angular distance between two s^. the hehometo 

i, adjusted so that the image of one star formed by one f 

coincides with the image of the other star formed by ^ 

lens O'. The principle is the same as before. In order that the 

u. 1 intn roincidence. the direction of separation 
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of the two halves of the object glass must be parallel to the great circle 
through the two stars* The entire object glass is ai^anged so that it 
can be rotated and a graduated circle is provided for reading off its 
orientation. To measure the distance between two stars, the orienta- 
tion and separation of the two half-lenses are adjusted until the images 
of the stars are brought into coincidence. The positions of the two 
half-lenses are then interchanged, as previously described. The object 
glass is then turned through 180°, so that the direction of separation 
is again parallel to the direction from one star to the other and the 

operations are repeated. 


327. Preliminary Checks when using Micrometer 

To find the angtdar distance corresponding to a remlution of the 
micrometer screw, the simplest plan is to observe the Sun’s diameter, 
and to compare the reading with its known value. The latter is given 
in the NaiUical Almanac for every day. The distance between two 
known stars in the same field may also be used. The Pleiades are 
convenient for this purpose. 

To test the zero reading of the position circle, the equatorial is pointed 
to a star near the equator, and fixed, and the micrometer is turned till 
the diurnal rotation causes the star to run along the transverse wire. 
The circle should then read 90°. 


EXAMPLES 


1. Describe the altazimuth type of mountiug. Why is it not so well suited for 
continuous observations as the equatorial, and, in particular, why is it quite 
unsuitable for stellar photography ? 

2. How may we most easily set the astronomical clock ? 

3. Show that the rate of a clock might be found by observations on successive 
nights with any telescope provided with cross wires, and pointed constantly in a 
fixed direction. 

4. Distinguisb, with examples, direct and retrograde angular motion. Is R.A. 
measured direct or retrograde ? 

5. Show that in latitude 45® the interval between the time of any starts passing 
due east and its time of setting is constant. 

6. Show that, if a transit circle he not centred truly, the consequent error can 
be eliminated by taking the mean of the readings of the microscopes. 

7. In a double observation made with the transit circle, thg readings of the 

poiuter directly and by reflection are 59® 35' and 125® 20' ; the means of the 

microscope readings are in the two cases 3' 42' and 1' 13'. The moveable wire 

reads + 2', and the reflected star runs along the fixed horizontal wire. Find the 
zenith reading. 

8. The level error of a transit instrument is 12* (east end of axis high) ; the 
error is 26' (north of east) ; the coUimation error is 3' (east). If the 
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4. Describe the Rcaoiag .’•iicroecope, ana s 

stsr mav be found bv direct ot^rration with the tranatt eurle 

» »■ 

5. Enumerate the errors of a transit ins 

mav be measured and corrected. 

* 

6. Explain what is meant by chilli hit ion 
the circle traced out on the celestial sphere by the 
ment which has a small collimation error east of 
to be applied to the times of transit, positive or negative in 

7. Describe the Equatorial, and explain the adjustments and principal oaaa of 
the instrument. 

8. What is meant by the error and rate of a clock, and the permmal tgmaimm of 
an observer ? How are thev usuaUv found ? 



9. On 1st March, 194*\ the time of transit of Lihrae 
observed to be 15b. 12m, 46'8fis., and on the 3rd March 
15b. 12m. 45*44s. The tabular R.A. of the star was 
error and rate of the clock on 3rd March. 


, at Greenwich, was 
observed time was 
. 47 9^. Find ibe 


CHAPTER XIV 

THE DETERMINATION OF POSITION ON THE EARTH 

I. — Instruments used in Natigation 


328. iQtroduction 

Among the different uses to which Astronomy has been put, perhaps 
the most important of ail is its application to finding the geographical 
latitude and longitude of any place on the Earth from observations of 
celestial bodies. Such observations may be made for either of the 
following purposes : — 

1. The determination of the exact latitude and longitude of an 
observatorv. These must be known accurately before the co-ordinates 
of a star can be found or obser\'ations taken at different observ’atones 

can be compared. 

2. The construction of maps. The geographical latitude and 
longitude of a place form a system of co-ordinates which enable us to 
represent its exact position on a map. 

3. The determination of the position of a ship or aircraft. This is 
the most useful application of all ; on a long sea voyage it is necessary 
to calculate daily the ship’s latitude and longitude correct to within a 
mile or so. The position of an aircraft does not need to be determined 
with such accuracy ; an error of five miles is usually immaterial. 


Now, owing to the motion and rocking of a ship or aircraft, all the 
astronomical instruments hitherto described are useless at sea or in the 
air. The navigator is therefore obliged to have recourse to others 
which are imaffected by the unsteadiness of the motion. The two 
instruments best fulfilling this condition are the Sextant and the 
Chronometer, which we shall now describe. 


329. The Sextant 

The use of the sextant is to measure the angular distance between 
two objects by observing them both simultaneously. It consists of a 
brass framework forming a sector CDE graduated along the circular 
arc or limb DE ; the angle DCE is usually about 60° or rather more. 
To the centre C of the arc is fixed an arm BI, capable of turning about 
C, and which carries the small mirror B, called the index glass. Another 
smaU mirror A, called the horizon-glass, is fixed to the arm CD makint' 
an angle of about 60° with BD. Of this mirror half the back is usuallv 
silvered, the other half being transparent. FinaDy, at T is fixed a 
telescope, pointed towards A in such a manner as to receive the rays of 
light firom the mirror B after reflection at A (Figs. 116, 117), 
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On looking through the telescope T we shall see two sets of images, 
for objects at H will be seen directly through the unsilvered part of 
the mirror A, while objects at 5 will ^ seen after two reflections at the 
mirrors B and A. The mirror is so near the object glass of the telescope 
as to be quite out of focus ; hence these two sets of images will not 
appear separate, but will overlap one another. 

The arm Bl carries at 1 an index mark or pointer by which its 
position can be read off on the graduated scale BE. The pointer should 
read zero when the mirrors A, B are parallel (as in the position ffB, 
Fig. 116). When this is the case, the two images of any very Hiatawf , 
object H will coincide. For when a ray of light is reflected in snccessicn 

at two parallel mirrors, its 
final direction is parallel to 
its initial direction. Hence 
if H’CAT represents the path 
of a ray of light from the 
object H, as reflected in 
succession at £' and A, the 
portion AT is parallel to H'C, 
and therefore coincides with 
the ray HAT, by which the 
object is seen directly. 

Now let it be required to 
find the angular distance 
between the two objects H 
and S. To do this, the minor 
B is rotated by means of the 
arm BI until the image of 
S (formed by the two reflec- 
tions) is seen to coincide with 
H. The angle ECI, through 
from its orginal position, is 



Fio. 116 . 


which the mirror B has been turned 
then half the required angular distance between B, S. 

For draw CX\ CN perpendicular to the two positions F, B of the 
mirror respectively. Since in reflection at a plane mirror the angles 
of incidence and reflection are equal. 


Z_ 


X'CH' = /_ACN' and so /_ACH’ — 2 /.JCA" 


also 


yes 


/ ACN and so /_ACS 


2 / ACN. 


or 


Hence LACS - LACH' = 2 (L^CN - LACN\ 

i.e. LH’CS = 2 . /_ycy = 2 . LECI ; 

the aneular distance between the objects is double the angle ECI 
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Ob the scale ED, every half-degree is marked as The reading 
of the pointer I will therefore give double the angle ECI, and this is 

the angular distance required. 

The coincidence of the two images in the held of view of the sextant 
will not be affected by any small displacement of the instrument in its 
own plane. This peculiarity renders the sextant particularly useful on 
board ship, where it is impossible to hold the instrument perfectly .stead\-. 


330. Shades, Clamp and Tangent Screw, Reading Glass, Vernier 

For viewing the Sun, the sextant is jirovided with shwka. These 
consist simply of plates of glass blackened for the purpose of reducing 
the great intensity of the Sun’s rays. There are two sets of .shade.s, 
G G, hinged to the frame CE in such positions that one set <an be 
inserted between A and C, to deaden the rays from .S’, while the other 
set can be turned behind A to deaden the rays from //. They 
are called respectively the ‘ index 
shades ” and horizon shades.” 

The arm or index bar BC is 
furnished with a clamp, by means 
of which it can be clamped at any 
desired part of the graduated limb 
DE. When this has been done the 
arm can be moved slowly by means 
of a tangent screw K, and in this 
way can be adjusted with great 
precision . 

The arc DE is usually graduated 
to divisions of 10’,* and is read by 
means of the lens M, called the 

reading glass. But the index bar also carries a scale V called a 
Vernier (Art. 331) which, sliding beside the scale on the limb, enable... 
us to read off obse^^’■ations to within 10'. 



Fjo. 117. 


331. The Vernier 

The Vernier is a scale the distance between whose graduations is 
10’ — 10', i.e. 9’ 50', or 10' less than the distance between the gradua- 
tions on the limb. These graduations are marked O', 10', 20', etc., 
being measured in the same direction as on the limb. For example, 
let us suppose the zero point on the vernier is between the marks 26' 20' 
and 26° 30’ on the limh. We take the reading by the limb as 26^ 20’. 
We then look along the vernier scale until we find that one of the marks 
on it exactly coincides with one of the marks on the limb. Suppose that 

* Of coarse these divisions are only 6' apart, bat in what follows we shall speak 
of half-minates as minutes. 
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this is the 25th graduation from the zero point of the vernier, i.e. the 
pomt marked 4' 10'. We add this 4' 10' to the 26° 20' read on the 
limb, and the sum gives the correct reading, namely, 26° 24' 10'. 

The principle is as follows. Let us denote by P the mark which 
coincides on the two scales. 

Then from zero of vernier scale to P is 25 divisions of vernier, i.e. 
an arc of 25 x (10' — 10'). 

Also from 26° 20' of scale on limb to P is 25 divisions of limb, i.e. 
an arc of 25 x 10'. 

From 26" 20' on limb to 0 of vernier therefore represents an arc of : — 

25 X 10' — 25 X (10' — 10') ; i.e. 25 x 10', or 4' 10'. 

Hence the zero mark of the vernier scale is at a distance 26° 20' + 
4' 10' from the zero on the limb, and the reading is 26° 24' 10'. 


332. The Errors of the Sextant 

These errors need not be described in detail. If the sextant does 
not read zero when the two mirrors are parallel, it is said to have an 
Index Error, and a constant correction for index error must be added to 
all readings made with the instrument. There are also errors due to 
eccentricity or want of coincidence between the centre about which the 
index bar turns and the centre of the hmb, errors of graduation, etc. 

Modern sextants are on the same principle as the one figured, but 
have better optical arrangements and complete graduated circles, and 
are much smaller. The graduations are read by opposite microscopes, 
which correct for eccentricity. 


333. To Determme the Index Error of the Sextant 

In aU good sextants the graduated limb is continued backwards for about 5® 
behind the zero point. This portion of the limb is called the arc of excess, and is 
used for finding the index error, as follows. The Sun or Full Moon is observed ; 
the two images of its disc are brought into contact. Let e be the index-error, r the 
sextant reading, D the angular diameter of the disc, then we have evidently 
/) = r -h €, Now let the index bar be moved along the arc of excess untU the 
images again touch, the image which was before uppermost being undermost. 
If the reading on the arc of excess be — we have now — D = — r' -p e, or 
D — r' — €, Hence : — 


334. To Take Altitudes at Sea by the Sextant 

The principal use of the sextant is for finding altitudes. Now the 
altitude of a star is its distance from the nearest point of the celestial 
horizon. To find this, the sextant is so adjusted that the reflected 
image of the star appears to lie on the offing or visible horizon* ; when 

♦ observations are made in twilight or bright moonhght, the offing being 

invisible in a dark sky. 




The Sextaxt* Observatioxs z>i 

the plane of the sextant is slightly turned, the image of the star should 
just graze the horizon without going below it. The sextant reading 
then gives the star’s angular distance from the nearest point of the 
“ offing.” Subtract the dip of the horizon and the correction for 
refraction, both of which are given in books of mathematical tables. 
The star’s true altitude is thus obtained. 


335. To Take the Altitude of the Sun or Moon 

In observing the Sun’s altitude, the ‘‘ index ” shades must bo turned 
into position between the two mirrors, and the instrument adjusted so 
that the Sun’s lower limb appears just to graze the horizon. The 
reading of the sextant, when corrected for dip and refraction, gives the 
altitude of the Sun’s lower limb. Add the Sun’s angular semi diamoter ; 
the altitude of the Sun’s centre is obtained. 

Both the Sun’s altitude and its angular diameter mav be obtaiu^ni 

O ^ 

by observing the altitudes of the upper and lower limljs. The difference 
of the two corrected readings gives the Sun’s angular diameter, and 
half the suhi of the readings gives the altitude of the Sun’s centre. 

If this method is used, allowance must be made for the change in 
the Sun’s altitude between the observations. For this purpo.sc*, three 
observations must be made. First take the altitude of the Sun’s lower 
limb, then of the upper limb, and lastly, again of the lower limb. Also 
note the time of each observation. The difference between the first 
and third readings determines the Sun’s motion in altitude ; from thi.s, 
by a simple proportion, the change in altitude between the first and 
second observations is found, and thus the altitude of the lower limb at 
the second observation is known. We can now find the Sun’s ar^gular 
diameter, and the altitude of its centre at the second obse^rvation. 

Let ^ = time of 1st observ’^ation, when a = alt. of lower limb j 
U = time of 2nd observation, when b = alt, of upper limb ; 

^3 = time of 3 rd obser\’ation, when a = alt. of loicer limb ; 

Then in time ^3 — the alt. of lower limb increases a' — a. 


we 


so that in time it increases (a' — a) x 

h - h 

Hence if 0.2 denote the alt, of lower limb at second observation, 
have : — 


^2 — ^ ”h 





f 


This finds 02, and we then have : — 

Sun’s angular diameter = 6 — 

m 

Alt. of Sun s centre at second observ'ation = ^ ffe 4^ ^ j 
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In Uking the altitmie of the JJoon, the altitude of the tUumtnalrti 
limb must be observed, and the angular semi-diameter, as given in the 
Nautical Almanac must be added or subtracted, according as the |i>wer 
or upper limb is illuminated. 

336. Artificial Horizon for Obseirations 

Owing to the absence of a well-defined offiiig on land, an arti/tcm! 
/ionzoH must be used. This is simply a shallow dish of in6rcur%\ 
protected in some manner from the disturbing effect of the wind. The 
sextant is used to observ’e the angular distance between a star and its 
image as reflected in the mercury Half this angular distance is the 
star’s apparent altitude ; correcting this for refraction, the true altitude 
is obtained (cf. Art. 312). 

As the limb of the sextant is generally an arc of not more than 70% 
the instrument will not measure angular distances of more than 140% 
and it can, therefore, only be used with an artificial horizon for altitud»'S 
of under 70^. For greater altitudes the zenith sector must be used. 

At sea, where altitudes are measured from the offing, this objection 
does not apply. On account of the motion of the vessel an artificial 
horizon is useless ; hence, no observations can be taken when the offing 
is ill-defined, which frequently happens, especially at night. The 
mariner is, for this reason, chiefly dependent upon observations of the 
Sun and Moon, and such stars of the first magnitude, or planets, as are 
visible about dusk. 


337. The Air Sextant 

There is not usually a well-defined oflQng available for obser^^ations 
made from an aircraft and even if there were, the correction for dip 
of the horizon would be large and dependent upon an accurate know- 
ledge of the height of the aircraft. An artificial horizon of the type 
used for observations on land cannot be used in the air. It therefore 
becomes necessary to provide an artifi.cial horizon in some other way. 

This is achieved by the use of a bubble of air in a spherical level 
filled with liquid. The bubble takes up the highest position in the level, 
so that the line through the centre of the bubble and the centre of the 

spherical level is vertical. 

In Fig, 118, A and B are the two sextant mirrors. G is the bubble, 
JT is a collimating lens, M a mirror and L a plane glass inclined to M at 
an angle of 45"". The rays of light from the bubble pass through the 
lens and are reflected at the mirror Af . After passing again through 
the lens K thev emerge as a parallel beam, which is partially reflected 
by the glai L ikto the horizontal direction. To an eye at E the bubble 
therefore appears to be in the horizontal plane. The obse^ation 
consists in making the stor S coincide with the centre of the bubble. 
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The reading of the sextant after correction for refraction and index 
error gives the altitude of the star S (no correction for dip required). 

Since the mirrors L and M are inclined to one another at an angle 
of 45°, the vertical ray through G will be turned through twice this 
angle and therefore brought into the horizontal direction. 

The accuracy of the observation is dependent upon the aircraft 
maintaining a steady speed in a straight line during the observation. 
Any acceleration of the aircraft will be equivalent to an additional 
force acting on the liquid of the bubble which, when combined with the 
force of gravity, will give a spurious direction of gravity. Under these 
circumstances the bubble G will not remain at the highest point of the 



spherical level and the direction from G to the centre of the level will 
then not be vertical ; the rays finally reflected from the glass L will 
not be horizontal and a spurious value of the altitude of the star S will 
be obtained. A sequence of readings are therefore taken in rapid 
succession, during the course of which the pilot of the aircraft main- 
tains a course as steady and uniform as possible. By means of an 
averaging device the mean of the reading s is directly obtained. 

338* The Chronometer 

The Chrc^maer is the form of timepiece used on board ship, and in 
all observations in which clocks are unavailable, owing to their want of 
portability. In principle, the chronometer is simplv a large and verv 
accurately constructed watch ; its rate of motion being controlled, not 
by a pendulum, but by a balance-wheel, which oscillates to and fro under 
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the influence of a steel hair-spring. In order that the chronometer 
may go at a uniform rate, the balance -wheel is constructed in such 
a manner that its time of oscillation is unaffected by changes of 
temperature. If the wheel were made of one continuous piece of metal, 
any increase of temperature would cause the whole to expand, and the 
couple exerted by the spring would not reverse its motion so readily, 
so that the time of oscillation would be increased. To obviate this, 
the rim of the wheel is made in several (generally three) disconnected 
arcs, each being formed of steel within and of brass without. When 
the temperature rises, the supporting arms or spokes expand, pushing 
the arcs outward ; but in each arc the outer half of brass expand 
more than the toner half of steel, and this causes it to curl 
inwards, bringing the extremity actually nearer the centre than 
it was before. The arcs carry small screw weights, and by adjusting 
these nearer to or further from the supports, the compensation can 
be arranged with great accuracy,* 

Another peculiarity of the chronometer 
consists in the detached escapement.’’ 
The action of the main spring, while keep- 
ing up the osculations, must not affect their 
periodic time, and to secure this condition 
the escapement is so arranged that the 
balance-wheel is only acted on during a 
very small portion of each oscillation. 

The chronometer is usually suspended 
in gimbals, in such a manner that when the 
vessel rolls the instrument always swings 
into a horizontal position ; the gimbals 

also serv e to protect it from violent shaking. 

The chronometer is not used in aircraft, because of its size and weight 
and the limitations of space. A high quality watch is employed ii^tead 
which, though not capable of so high an accuracy of time keeping as 
the chronometer, is sufficiently accurate for the needs of aircraft, 
which do not normally remain in the air for more than a few hours at 
a time and which do not require to know their positions with the same 

accuracy as ships. 

339* Error and Rate of the Chronometer 

A chronometer is constructed to keep Greenwich mean solar time. 
As in the case of the astronomical clock, the amount that a chronometer 
is slow when it indicates noon is caUed its error, and the amount which 

. The student who has read a little Rigid Dynamic will noti^ 
pensat ion must be so arranged that the ‘ ‘ moment of mertia of the balance-whee 

IT nnaffected by the temperature. 
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it loses in 24 hours is caUed its rate. If the chronometer is fast, the 

error is negative ; if it gains, the rate is negative. 

The essential qualification of a good chronometer is that its rate must 
be quite uniform. It is not necessary that the rate shall be zero, 
provided that its amount is known, since a correction can easily be 
applied to obtain the correct time from the chronometer reading. The 
error of the chronometer can be controlled and determined by means of 
radio signals, giving Greenwich mean time, transmitted from 

numerous stations at various times during the day. 


II. — ^Finding the Latitudb by Observation 
340. Oassificatioii of Blethods 

The Tnct-Tinilg of fimling latitude may be conveniently classified as 
follows : — 

A. Meridian Observations. 

(1) By a single meridian altitude of the Sun or a known star. 

(2) By meridian altitudes of two stars, one north and one south of the 

zenith, taken with the sextant. 

(3) By two observations of a circumpolar star. 

B. Observations not made on the Meridian. (“ Ex-meridian Observations .”) 

(4) By a single observed altitude, the local time being known. 

(4a) By “ circum-meridian altitudes.” 

(4b) By observing the altitude of the Foie Star. 

(5) By observations of two altitudes. 

(6) By the Prime Vertical instrument. 

We now proceed to examine the various methods in detail, but 
it must be premised that the “ ex-meridian ” methods cannot be 
thoroughly explained without spherical trigonometry. 


341. Latitude by a Sngle Meridian Altitude 

Let S (Fig. 120) represent the position of the Sun or a star of knoum 
declination when southing. 

Let the meridian altitude sS he observed, and let it be — a ; also 
let z be the meridian ZD. so that z = 90** — a. Let 3 be the 

known N. decl. QS, and ^ the required N. latitude QZ. Then in the 
figure we have : — 

QZ=Q8-^8Z\ 

or ^ ~ 8 z 

= 8 -1- 90** — o 

which determines i&. 
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If the decimation be south, S must be taken negative ; if the body 
transits between the zenith and llie north pole, z must be fetlrAfi n^mtive; 
and <f> will be negative if the latitude is south. The first form^ will 
then be applicable in all cases. 

In order that the second formula may be universally applicable, 
a must be the angular distance from the south point of the horizon. 
If the star transts north of the zenith, as atz, and Oj denote the altitude 
nx, the angular distance sx is a = 180® — 


9^ = S -r <*1 

In the case of a circumpolar star x' observed at inferior culmination, 
the declination § = 90° — Px' = 180° — Qx'. Hence, Qx’ = 180° — 8, 
and the formula gives 

4> = 180° — 8 -{- s = 180° — 8 — Zj 

t.e. ^ 90° 8 “1“ 0|, 

where Zj is the north zenith distance and = — z. 

In numerical calculations the student will find it advisable, in every 

case, to draw a suitable diagram, 
and not to rely on mere formulae. 

342. Finding Latitude at Sea 

In finding the latitude at sea, 
the Sun’s meridian altitude is 
found by means of the sextant in 

m 

the following manner : — ^Begin to 
observe the altitude of either limb 
about ten minutes before apparent 
noon, and as the Sun’s altitude 

continues to increase, continue to move the index bar of the ^sextant 
with the tangent screw, so that the image of the Sun continues to 
touch the visible horizon. When the Sun 1^ passed the meridian, 
and its altitude begins to decrease, the adiustment of the sextant 
must not be reversed, but should be stopped. The reading then gives 

the greatest altitude of the observed limb. 

Owing to the north or south motion of the ship, ^d to a less extent, 

to the Sun’s motion in declination, the greatest altitude is, in generd, 

aliirhtiv greater than the meridian altitude. A correction may U 

relied, token from a table. From the sextant reading subt^t the 

corrections for dip and refraction, also add or subtrwt the Sun s sem- 

diameter according as the lower or upper limb is observed ; thus the 

Sun’s meridian altitude is found. i aj 

The Sun’s decUnution is then to be found from the Woidiad Almma^ 

which give, the declinution ut Greenwich mid^ht. and M 
_ T/. annlv thft latter correction, the Greenwich time or «k 


— «i 

90°. 


Therefore 
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observation must be known roughly by the ship’s chronometer. The 
declination at the time of the observed transit can then be found. The 
latitude is given by the formula. 


343. Findiiig Latitude on Land 

In finding the latitude on land, by this method, the meridian 
altitude of a fixed star can be observed with a sextant furnished with 
an artificial horizon, the declination of the star being found from 
astronomical tables. 

If the Sun be observed, a dark glass cap may be fitted on to the 
telescope, instead of using the shades. The altitude of the Sun’s centre 
might be found by adjusting the two images to coincide, but it is much 
more easy to adjust the images to touch, and thus to find the altitude of 
the lower or upper limb, preferably the former. Add or subtract the 
Sunls semi-diameter according to circumstances ; thus the meridian 
altitude of the centre is found. 

The meridian Z.D. of a star may also be observed by the zenith 
telescope (Art. 97). By selecting a star which transits near the zenith, 
the liability of error in the correction for refraction may be greatly 
reduced. This is the method employed by a number of observatories 
engaged in studying the small Variatiom of Latitude. There are two 
terms in this variation, one with a period of 14 months, the other with 
an annual period. They are both small fractions of a second of arc. 

344. Finding Latitude in a Fixed Observatory 

In a fixed observatory, the meridian altitude is found by the 
transit circle. 

The best determinations of the latitude are those resulting from 
a large series of observations of different stars, extending ov’er a con- 
siderable number of years ; from such observations on different 
stars the latitude of the transit circle can be found to within a small 
fraction of a second, representing a distance of only a few yards. 


Example.— /n hngitude 8" 12' E, (rougMy) tcUh an artificial horizon, the 
meridian^ reading of the stxtant for the Suh*8 lower limb was observed to be 

107 “ 59 ' 48 ". Barometer 30-7 inches,^ the thermometer 72 “. Find the latitude 
given the following data : — * 

From 
yauiical 
Almanac 

From 
Tables. 


Q’s (Sun’s) decL at Greenwich noon, Ap. 

Hourly variation of decl 

O’s semi -diameter 

Mean refraction at altitude 54 '^ 

Correction for barometer 

for thermometer 


11th 


* 


8 19 4 
55*1 
15 59 

41 

~f- 1 


1 


• * 


* • ■ 


J 


JI. ASTKOX. 


17 
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The cslciildtioo is l>cst Air&Dgcd as f^Qows ; 

c # » 

(i) Double observed alt. of lower limb = 

Observed alt _ 

Corrected refraction at this alt. 

(which is nearly 54’) = 


107 59 48 
53 59 54 


40 (— ) 


True alt. of lower limb 
Ang. semi-diam. 




Merid. alt. O’s centre ... 
Subtract from 

Merid. Z.D. of O’s centre 


* 4 * 


+ 4 *- 


4 - (k 


^ii) Long. S° 12' E. in time 
Time of observation is ... 


• • * 


C*s decL at Greenwich noon April 11th 
Variation in 30m. before noon ... 
„ 2m* 48s. (about) ... 

O’s decl. at time of observation 
Add O’s merid. Z.D. from (i) 


Bequirtd north latitude,.. 


4 ^ * » 


59 14 
15 59 (+) 


54 15 13 
90 

35 44 47 S 


M. S. 

32 48 

32 48 before 


o / 


(i) 


noon 


* « • 


8 19 4N. (increasing). 
27(-) 

3(-) 


= 8 18 34 N. 

44 47 S. 


*44 


* •¥ 4 


• 44 


= 44’ 3' 21'. 


345. To Ilnd the Latitude by Sextant Observations of the Meridian 

Altitudes of Two Stars which Gnhninate on Opposite Sdes 
of the Zenith 

This is realiv onlr a modification of the first method. Two stars of 
known decimation are selected which culminate, one south and the 
other north of the zenith, at very nearly the same altitude. The 
latitude is calculated independently from observations of the meridian 
altitudes of either star, and the mean of the two results is taken as the 
correct latitude. This method possesses the following advantages : — 

(1) There is no need to correct the observed altitudes for dip of 
the horizon ; 

(2) The result is unaffected by any constant instrumental errors 
(index error, etc.) which affect both altitudes equally ; 

(3) The correction for reftaction is reduced to a minimu m 
entirelv eliminated, if the altitudes are almost equal. 

For let Sj, Sj be the north declinations of the two stars ; 

(south) and (north) their true meridian Z.D.’s ; 

Oj and Oj their obser\"ed meridian altitudes ; 

and U 2 the corrections for refraction ; 

D the dip of the horizon ; 

f the correction for constant instrumental errors. 


or even 


h 
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For true meridian altitudes of the two stars we have : — 

90“ — ‘h — ^ ^ — “i» 

90“ — 2^ = 03 -he — D — «2. 

The two observations give, therefore, for the latitude (by Art. 341) 

^ Zj_ 90“ ““ Oj ““ e ^ 

^ — Sa — 2 t8 == ^2 + ®2 + ® «3* 

ft 

Therefore, taking the mean of the two results, 

^ i (8i + 83 + % — 2a) 

~ i {81 “I" 83 -|- (O2 Oj) (U2 — Uj)}, 

a result involving no corrections beyond the difference of refractions, 

— Ul- 

Moreover, if the altitudes Oj and are greater than 45°, and their 
difference (03 — Oj) is less than a degree, then J (mj — «,) is <!', and 
therefore the refraction correction 
may be entirely neglected. 

346. Latitude by Ciicumpolais 

This method has already been 
mentioned in Art. 31 but we will 
here repeat the investigation for 
convenience. 

Let X, x’ (Fig. 121) represent 
the positions of a circumpolar star 
at its upper and lower transits. 

Let its meridian altitudes wx and 
corrected values be and 03 respectively. 

Since Px — star’s N.P J). 



fMs' be observed, and let their 


Pif, 


or 


nP — ^{nx -h na:')» 
^ = i K + as)* 


in tms formula no knowledge of the star’s declination is required, 
but the obs^ed altitudes require to be corrected for refraction, etc! 

!^e circumpolar method is most useful in determining the latitude 
of a fixed observatory, because this must be done before the declination 

of any s^ can be determined.' The transit circle is used to determine 
tJie Qisndiaii altitudes at the two cnlnuiiatioiis* 

By obser^ two or more circumpolars the correction for refraction 

may fo^d, w m Art. 145, and the observed altitudes may then be 
corrected for refraction. ^ 

J of a )«ge number of stars are given in astron- 

circumpolar meUiod is never used at sea. It wnnM 
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Deterjiixatiox 


^ (*=^- 18* 36' 44-5' S.) 

r.7 ■ r *" ’oeo^/^ ® (*cl. 88“ 41' 531' N.) at iu uwer 

<^lm,^^on ,s 360 9' 57'. 5ott aUitudes being nieaeured from Oe “ offing 

dip being unknown. Find the latUude, given 

Refraction at alt. 36» = 1' 20' ; at aU. 37“ =. l' n\ 

The calcnlation stands thus : 

a Ursae Minoris (norths. 


This is an example of the method of Art. 
P Celt (south). 



36’ 

43' 

12' 

— 0 

1 

18 

36 

41 

54 

90 

0 

0 

+53 

18 

6 S, 

—18 

36 

44-5 S 


Observed altitudes 
Refraction corrections 

Corrected altitudes 


34 41 2l‘5N. 


Zenith distances 
Declinations 

Calculated Latitudes 


36 

9' 

57' 


— 0 

1 

19-3 


36 

8 

37-5 


90 

0 

0 


^3 

51 

22-5 

N. 

+88 

41 

53*1 

N. 

34 

50 

30*6 

N. 


Thus, lat. by star north of zenith = 34"" 50' 30*6" N 
„ „ south „ = 34 41 21*5 N 


2)69 31 52*1 


Jfean latitude = 34® 45' 56*^ X. 

Here, owing to dip, one of the calculated latitudes is 4' 34*6' too great, and the 
other is 4' 34*5' too small, but the mean of the two results is the correct latitude. 


2* The observed oUUudes of J8 Vrsae Minoris at lower and upper ctilfninaiion are 
29® 58' 15' and 60® 45' 3'. FiJtd appro^matei^ the UUUude, assuming the coefji* 
eieni of refraction to be 57'. 

By the “ tangent formula,’^ refraction at altitude 30® (approx.) 

- 57' tan 60® == 57' x V3 = 57' X 1*732 = 1' 39'. 
Refraction at alt. 60° = 57' tan 30° = 57' x V3/3 — 1' 39' 3 = 33'. 

Hence true alt. at lower culmination = 29° 58' 15' — r39' = 29° 56' 36' 

„ „ „ upper „ = 60 45 3 — 33' = 60 44 30 


2) 90 41 6 


Required North Laiitude — 45° 20' 33' 


We come now to the detennination of latitude by ex-meridian 
obsenxUions. 

347. To find the Latitude by a Suigle Altitude, the Local Time 

being known 

If the local time be known, a single altitude of the Sun or a known 
star is sufficient to determine the latitude. 

For let S be the observed body, Z the zenith, P the pole. 

Then in the spherical triangle PZS, the known local time enables 
us to find the hour angle ZPS. For, if the Sun be observed 

its hour angle ZPS = 15 X (apparent local time) 

= 15 X (mean local time + equation of time) ; 


Finding the Latitude 


261 


and if a star be observed : - 

its hour angle ZPS == 15 X (local sidereal time — star’s R. A.) 

Also ZS = observed body’s Z,D. = 90"" — (observed altitude) ; 

PS ^ observed body’s N.P.D. = 90"" — (known decL), 

Hence, ZSy PS, and the angle ZPS are known* These data corn- 
pletely fix the spherical triangle ZPS, and from them ZP can be found, 

By formula (1) of Art. 10, 

sin a = sin S sin ^ + cos 8 cos cos h 
which determines when a, S, h are known. To solve this equation, put 

sin h = A cos 0 
cos S cos h ^ A sin 0, 

These two equations determine A and 0, We then have : — 

A sin -f 0) = sin a 
which determines + &) and, therefore, 


348. To find the Latitude by Circum-meridian Altitudes 

This is a particular case of the method last described. In attempt- 
ing to find the latitude by meridian observations, it may ha]>pen that 
passing clouds prevent the body from being observed at the instant of 
transit. In this case the latitude can be found from the observed 
altitude when very near the meridian. The hour angle ZPS is then 
small, and the difference between the observed and meridian altitudes 
is also small. This difference is called the “ Reduction,” and is found 
by approximate methods. Take a number of altitudes of the liody 
before and after passing the meridian. 


349. To find the Latitude by a Single Altitude of the Pole Star 

The N.P.D. of Polaris is only 1® 1' in 1941, and is diminishing by 
18' per annum. Hence, if its altitude is observed, the latitude may be 
found by adding to, or subtracting from, this altitude, a small correction, 
never greater than 1® 1' for the next three centuries. 

Tables for fadlitating the reduction were given in the Nautical Ahaanac up 

to 1916, but have now been discontinued. A table for this purpose is now 

given m the Atr Almanac. Treating the triangle as plane, the difference 

between the star’s altitude and the latitude is Star’s N.P.D. multiplied by 

cos Hour-Angle. The altitude is ^«ater than the latitude when the star is 
within 6h. of its upper culmination. 


350. To find the Latitude by Observation of Two Altitudes 

By observing the altitudes of two known stars, both the latitude 
and the local sidereal time can be found. 

The same method can be employed to determine the latitude by two 
observations of the Sun’s altitude, separated by a known interval of time. 
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The Determixatiox op Position on the Earth 


xne newssary ^Iculations are very compUcated, iavolving spberic^ 
ngonom^y, and they cannot be mateiiaUy simplified even by the 

U-Sc Or u&olcs* 

A v^y usef^ geometrical construction, enabling us, from the two 
ob^rved altitndes, to mdicate the exact position of a ship on a globe 
without calculation, will be detailed in Section VI ^ 


To find the Latitude by the Prime Vertical Instrainezit 

The latitude of a fixed observatory may be found by means of an 
i^tn^ent similar to the transit circle, but whose telescope turns in 
the plane of the prime vertical instead of the meridian. A star will 
cross the middle wire of such an instrument when its direction is either 
due east or wes>t , the times of the two transits are observed. T S 
be the positions of a known star at its eastern, and western transits, 
Z the zenith, P the pole. The sidereal interval between the two transits 
determines the angle SPS', and this is evidently twice the angle ZPS. 
Hence Z.ZPS is known. Also PS, the star’s X.P.D., is known, and 
PZS is a right angle. The spherical triangle ZPS is completely 
determined, and the colatitude ZP can be foimd. Formula (1), of 
Art. 10 gives 

cos h = tan 8 cot ^ 
which determines the latitude 

The times of the transits are tmafiected by reflation, and this fact 
constitutes the principal advantage of the method. 

III. — To Fixi> THE Local Time by Observation 

352. The Methods Bmployed 

In determining the longitude of a place on the Earth, the first step 
is to find the local time by observations of the hour angle of a known 
celestial body. If the time indicated by a chronometer or clock at 
instant of observation be also noted, we shall find the difference between 
the true local time and the indicated time. This difference is the error 
of the clock on local time. 

In Art. 54 we described one instrument for observing local time — 
the sun-dial. This cannot, however, be used except for very rough 
observations, as the boundary of the shadow cast by the style is 
not suflficiently well defined to admit of accurate measurements. 

For this reason the local time is usually found by one or other of 
the following methods : — 

(1) By meridian observations. 

(2) Bv equal altitudes. 

(3) By a single altitude, the latitude being known. 

(4) By observation of two 
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353. Local Time by Meridian Observatioxis 

In a fixed observatory, the local sidereal time is found by means of 
the transit circle, as explained in Arts. 20, 300, The transit of a 
known star is observed ; the local sidereal time of transit is equal 
to the star's R.A., and is therefore known. 

Or by observing the transit of the Sun’s centre, the time oi apparent 
local noon may be found. The equation of time is the difference 
between mean time and apparent time and is given in the Nautical 
Almanac for Oh. G.M.T. each day. The value of the equation of time 
for the instant of observation is obtained by interpolation. Hence the 
local mean time is found. 

These methods are not available at sea, as the transit circle cannot 
be used. It might be thought that we could use a sextant to ascertain 
the instant when the body's altitude is greatest, but, for a short interval 
before and after the transit, the altitude remains very nearly constant ; 
it is therefore impossible to tell with any 
degree of accuracy when it is a maximum. 

On the other hand, a slight error in 
the time of observation does not affect 
the altitude perceptibly, so that the 
meridian altitude may be observed with 
great accuracy, as in Art. 342. 

354. Method of Equal Altitudes 



Fio. 122. 


When it is required to find the local 
time from observations taken with a 
sextant, the simplest method is as 
follows : — Observe the altitude of any celestial body some time before 
it culminates. After the body has passed the meridian, observe the 
instant of time when its altitude is again the same as it was at the 

first observation. Half the sum of the times of the two observations 
gives the time of transit. 

For let S, be the two observed positions of the body, Z the 

zenith, and P the pole. The altitudes of SX, S'X' being equal, the 
zenith distances are equal ; or 

ZS =3 ZS\ 

Also PS = PS\ and the spherical triangles ZPS, ZPS' have ZP 
in common. 

Therefore l_SPZ = /_ZPS\ 

Now let and be the times of the two observations, t the time of 
transit. Then t is the time taken to describe the angle SPZ 
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and is the time taken to describe the angle 

two angles are equal : — 

= ts—t: 


Earth 


. Since the 


t 




From the time of transit the local 
article. 


time can be found, as in the last 


Observing the Equal Altitudes unth a Sextant 
In observiag the equal altitudes with a sextant the following 

observation clamp the index bar at m 
altitude shghtly greater than that of the body. Continue to observe 

the bc^y as it rises, till its image is in contact with the horizon, and 


teep the index 


note the instant of time (/i) at which this happens. 

bar clamped until the second observation; comme^.. me 

body agam just before it has reached the same altitude again,” and 
note the instant of time (t^) when its image is again in contact with the 
horizon. The two observed times (I^, t^) are the times of equal altitude. 

V artificial horizon be used, we must observe the two instants of 
time (Ij) ^ 2 ) ^hen the two images are in contact. 


356. Equation of Equal Altitudes 

If the Sun be the observed body, its declination will, in general, 
change slightly between the two observations ; hence PS will not be 
exactly equal to PS', and the angles SPZ, ZPS' will not be quite equal. 
Por this reason a small correction most be applied, in order to allow 
for the effect of the change of declination. This correction is called the 
Equation of Equal Altitudes, and may be found from tables which have 
been calculated for the purpose. 

S€(i allowance must also be made for the change of position of 

the ship between the two observations, and this correction is also 
effected bv means of tables. 


357. Advantages of the Method of Equal Altitudes 

(1) The results are unaffected by errors of graduation of the sextant, 
for the actual readings are not required. 

(2) The semi -diameter of the observed bodv need not be known. 

(3) The observed altitudes, being equal, are equaUy affected by 
refraction, and no refraction correction need be made, other than the 
small ones depending on change in the barometer and thermometer 
between the observations. 

(4) The dip of the horizon need not be known, provided that it is 
the same at both observations. 




Finding' Local Time by Observations 


265 


358. Fmding Time of Apparent Noon with a Gnomon 

With a Gnomon, the time of apparent noon can be roughly found in 
a very simple manner. A rod is fixed vertically in a horizontal plane, 
and on the latter are drawn several circles, Concentric with the base of 
the rod. Let the times be observed, before and after noon, when the 
extremity of the shadow cast by the rod just touches one of these circles. 
At these two instants the Sun’s altitudes are, of course, equal, and 
therefore the time of apparent noon is the arithmetical mean between 
the observed times. Greater accuracy is secured by mounting a small 
bead on a needle at the top of the rod, and observing the centre of 
the shadow of the bead. This is a more definite point than the 
shadow of the top of the rod. 


Example . — The shadow of a vertical stick at Land’s End (long. 5° 40' W.) is 
observed to have the same length at 9h. 27m. a.m. and 3h. Im. 40s. p.m., Oreenwich 
time. Find the equation of time on the day of observation. 

Greenwich mean time of local apparent noon is : — 

i{9h. 27m. Os. 4- 3h. Im. 40s. — 12h.} = 14m. 203. 

But, by Art. 64, Greenwich mean time of local mean noon = 22m. 40a. 

Thus local mean noon is 8m. 20s. after local apparent noon. When the local 
mean time is 12h. the local apparent time is 12h. 8m. 203. Thus (Art. 47) the 
equation of time is 8m. 20s. 


359. Latitude by the Method of £qual Altitudes 

The latitude may also be found by the method of equal altitudes, 
though the calculations require spherical trigonometry. For this 
purpose, the altitude at either observation must be read otF on the 
sextant, and corrected for refraction, dip, etc. The zenith distance 
SZ is therefore ^own The angle SPZ is also known, being half the 
angle described in the interval and PS, being the complement 

of the decimation, is also known. The spherical triangle ZPS is there- 
fore completely determined, and ZP, which is the complement of the 
latitude, can be found. The formula is the same as that given in Art. 347. 

360. Local Time by a Single Altitude, the Latitude being known 

This is the converse of the method for finding the latitude (Art. 347). If the 
altitude of a known body, S, be observed in known latitude, we know ZS SP 
fZ, the dechnation and the latitude respectively ; hence the hour angle SPZ and 
the local tune, may be found. The formula U the same as that given in Art.’ 347. 

*361. Local Time by Two Altitudes 

not only th© latitude, but also the hour 
angles the bo^es at the two observations, and these determine the local 
ime. The method of equal altitudes is in reality only a particular case. 
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362. The Methods I&mplc^ed 

Before setting up a transit circle or equatorial in a fixed observa- 
tory, it IS necessary to know with considerable accuracy the direction 
of the meridian line, ue, the line joining the north and south points of 
the horizon. At sea, the directions of the cardinal points are deter- 
mined by a mariner s compass * but here, too, it is of great use, on 
long voyages, to determine the variation of the compass, or the deviation 
of the magnetic needle from the meridian line. This deviation is 
different at different parts of the Earth. 

There are three ways of finding the meridian line : first, by 
two ob^rvations of a celestial body at equal altitudes ; second, 
by a single observation of the azimuth ; third, by one or more 
observations of the Pole Star. 


363. Median Line by Equal Altitudes 

When a body has equal altitudes 
before and after culmination, the corre- 
sponding azimuths are equal and opposite. 

For if S, S' denote the two positions 
of the body, the triangles ZPS, ZPS' are 
equal in all respects ; so that 

Z.PZS = /_PZS' or /_nZS = /_nZS\ 

364. Use of Method 

At Sea, the Sun’s compass bearing 
may be taken, and the local time noted ; from the latter and the 
latitude, the Sun’s azimuth may be derived from Burdwood’s or other 
Azimuth Tables, and hence the variation of the compass may be found. 

On Land, we may observe the directions of the shadow cast by a 
vertical rod on a horizontal plane when it has equal lengths ; for this 
purpose we mark the points at which the end of the shadow just touches 
a circle concentric with the base of the rod (cf Art. 358). Bisecting the 
angle between the two directions the north and south points are found. 


IT 



Meridian lane by a Single Observation 

If the direction of the vertical plane through a single celestial body 
S be observ^ed at any instant, the direction of the meridian line may be 
found by means of spherical trigonometry. 

For if any three parts of the triangle ZPS are known, the triangle 
is completely determined, and the angle PZS can be found. (See 

Fig. 123). 
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The Rzimuth sZS = 180° — PZS, and is then known ; hence the 
meridian line ZS is found. 

Now the sides PS, ZS, ZP are the complements of the declination, 
the altitude, and the latitude ; and the hour angle ZPS is known, if 
the local time be known. Any three of these data are sufficient to 
deter min e the angle PZS. 

Thus the Sun’s direction, either at sunrise or at sunset, determines 
the meridian line, if either the local time or latitude is known. This 
should not be used if accuracy is required : refraction near the horizon 
is uncertain. 

366. Meridian Line by Observations of the Pole Star 

The direction of the meridian may be very accurately determined 
by obseryations of the star Polaris. If the azimuthal readings of this 
star be observed at the two instants when it is furthest from the merid- 
ian, east and west respectively, the reading for the meridian is half 
their sum. The observations may be made with a theodolite. The 
azimuth at either observation is a maximum, and it remains very 
nearly constant for a short interval before and after attaining its 
maximum. Hence, a slight error in the time of observation will not 
perceptibly affect the azimuth. The same method is applicable to anv 
star which culminates between the pole and the zenith. 

The A autical Almanac gives each year a table in which the azimuth 
of Polaris is tabulated for north latitudes 10°, 15°, 20°, then at intervals 
of 2° to 60°, then at intervals of 1° to 70°, for intervals of 10m. in hour 
angle. By simple interpolation the azimuth at any instant and for 
any latitude from 10°N, to 70°N. can be obtained. If then the azimuthal 

reading of Polaris at this instant is observed, the reading for the merid- 
ian is readily inferred. 

An alternative method is that employed in finding the azimuth 
error of the transit circle (see Art. 305). If the telescope alwavs moves 
in the plane of the meridian, the interv^al from upper to lower culmina- 
tion, and the interv^al from lower to upper culmination, will both be 
exactly twelve sidereal hours. If not, the small amount by which the 
vertical plane swept out by the telescope is east or west of the meridian. 

can be found by observing the amounts by which the two intervals are 
greater and less than 12h. 


V. — Longitude by Observation 

367. Various Methods 

In Section III of the present chapter we showed how the local time 
can be found by ohser\dng the celestial bodies. When this has been 
done, the longitude of the place of observation mav be found b\- 
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uu.parmg rne ousened local time with the corresponding Greenwich 

rst'of LsThef ‘ 


(Greenwich time) — (local time) 


] 


^ih. = 4Zm. 


^ ^ r j 

whence, knowing the difference of the two times, L may be found. 

^ The determination of longitude is thus reduced to the determination 
ot Greenwich time at the instant of observation. Before the days of 
telegraphy, this was not an easy matter. The method generally used 
involved the transport of a large number of chronometers. These 
^ere carefully rated and their errors determined, either at Greenwich 
or at a place whose longitude was known. They were then trans- 
ported to the place whose longitude was required. If the rates of the 
chronometers had remained constant, Greenwich time could be inferred 
from each chronometer by allowing for its accumulated error. But the 


rates of even the best chronometers are liable to small erratic changes, 
so that only by chance would any one chronometer give the Greenwich 
time correctly. The purpose of transporting a large number of chrono- 
meters was to reduce the uncertainty, by using the average of the times 

given by each. But the method is at best an unsatisfactory one and 
incapable of giving a longitude with precision. 

Longitudes at sea were determined by the method of lunar distances. 
In this method the iloon, by its rapid motion among the stars, takes 
the place of a chronometer, its position relative to the neighbouring 
stars determining the Greenwich time. The Moon moves through 360"^ 
in 27^ days ; hence it travels at the relative rate of about 33' per hour, 
or rather over 1' in every 2s., and this motion is sufficiently rapid to 
render it available as a timekeeper. The angular distance of the star 
from the nearest or furthest point of the Moon’s disc (according as one 
or other is illuminated) is measured with a sextant, the exact chrono- 
meter time of the observation being noted. The application of the 
semi-diameter (taken from the Almanac) gives the ffistance from the 
Moon's centre. The method involves laborious calculations and is not 
capable of very high precision. It served to provide a control on the rate 
of the chronometer. The method was used so seldom, however, that since 
the year 1907 the Xau/ical Almanac has discontinued the publication 
of the lunar distances of stars. It is now oulv of historic interest. 

The submarine telegraph cable provided an improved method for 
the determination of longitudes on land, but this has now been entirely 
superseded by radio telegraphy, both on shore and at sea. 


368. Longitude by the Ghronograph 

When two observatories are in telegraphic communication, the local 
time mav be readilv signalled from one to the other by means of the elec- 
trie current, and the difference between the longitudes thus determined. 
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This method is employed in connection with the chronographic 
method of recording transits, the chronographs being connected by the 
telegraph line, so that a transit is recorded nearly simultaneously at 
both stations. Let us call the two stations A and B. When the star 
crosses the meridian at A, the observer presses the button of his chrono- 
graph, Let ti, <2 of transit at A as thus recorded at A and 

B respectively. When the same star crosses the meridian at B, the 
times of transit are again recorded at A and Let these recorded 

times be and respectively. 

The transmission of the signal from one station to the other is not 
quite instantaneous, because a small interval of time must always 
elapse before the current has attained sufficient strength to make the 
signal at the distant station. Let this interval be x. Then the transit 
at A will be recorded too late at B by the amount x, and the transit at 
B will be recorded too late at A by the same amount x. 

When this correction is applied, the true times of the two transits, 
as determined by the chronograph record at A, will be and x. 

Hence, if L denote the difference of longitude in time measured west- 
wards from A to 5, the chronograph record at A gives 


L = — X — 

Again, the true times of the two transits, as determined by 
the chronograph record at will be — x and Hence the 

chronograph record at B gives 

L = T 2 — U 2 — x) = Tg — ^2 ”1" 

By addition, we have : — 

2L — f“ ^2 “ — ^2 > ^ ^2 — ^'2^' 

a result which does not involve x. Thus we see that, by using both 
chronograph records, and taking the mean of the separately calculated 
differences of longitude, the corrections due to the time occupied by 
the passage of the signals are entirely climated. Actually it suffices 
to find the error of the clock at each station by star-transits, and then 
compare the clocks by chronograph signals. 


*369. Elimination of Personal Equation 

In the above investigation we have taken no account of the personal 
equations of the two observers. But if e is the correction for personal 
equation of the observer at A, and E is that of the observer at B, the 
observed times must both be increased by e, and T, must both 
be increased by E, Introducing these corrections, the formula gives 

^ i (2*1 - + ^’2 - <2) + (£ - e ). 

To eliminate the corrections, let the two observers change places, 
and repeat the operations, and let the new recorded times of transit 
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be denoted by accented letters. The correction E must now be applied 

o tne times U, and the correction g must be applied to T ' 7* ' 
Inerefore : — i > -^2 - 


L=\ (T/ 


t' 4 _ 


T' 


k') + (c — E). 


By again taking the mean of the two results we get 

^ — f.) 4- (T/ — /j' + T' 


V)}. 


1 ‘ 2 '2/ I «j 

a result in which the personal equation is eliminated. 

The introduction of the “ moving wire ” method of talrm cr transifc 

(Art. 296) has practically eli min ated personal equation, so that exchange 
of observers is no longer considered necessary. “ 


370. Longitude by Badio Time Rignaic 

This method is now used almost exclusively both on land and at sea. 
Radio time signals are sent out daily, at specified Greenwich mean 
times, from various radio stations. Thus, for instance, time signals 
are sent out daily from Greenwich Observ atory, via the Rugby radio 
station, at lOh. and ISh. G.M.T. The signals are used to determine the 
error of the clock or chronometer that provides the standard of time *t 
the place on land whose longitude is required or on the ship at sea. Bv 
observing the signals on successive days, a continuous check on the 
error and rate of the clock or chronometer is obtained, so that the error 
at any intermediate time can be inf erred 

The local time is found as described in Section III. The corres- 


ponding Greenwich time at the same instant is inferred by applying the 
appropriate correction to the time given by the clock or chronometer. 
Hence the longitude east or west of Greenwich can be inferred. 

The radio time signals sent out from the Greenwich or any other 
Observatory are based on a predicted clock error and may not be 
transmitted at the exact hour of Greenwich Mean Time ; the signab 
are sent from the Observatory to the radio station by laud line and 
though allowance is made for the time taken in transmission over the 
line, this time is subject to small variations. The difference between 
the time at which the signal is actualh^ transmitted and the time at 
which it should be transmitted is a small quantity, rarely as great as 
0*055-. and can for most purposes be neglected. Where great accuracy 
is required, however, as in surveying operations, the appropriate 
corrections must be applied. Corrections to the actual times of trans- 
mission of the signals from Greenwich Observatory are published at 
approximately monthly interv’als. For high accuracy, the travel time 
of the radio signal (with a speed equal to that of light) must also be 
allowed for. 


Examples (I ). — At apparent noon a chronometer indicates 19A. 33m. 25^., 
Greenurich mean time, and the equation of time is 2m. 1^, Find the longitude. 
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Aa tile e^nation of timo is 

Gnenwich mem time — looal mem time 


#« « 


Molt, by 16, we have long. W. of Greenwich 
or sob. ftom 36(1“, long. E. of Greenwich ... 


# « * 


9 • * 


* « • 


« ■ * 


+ 2m. la. 

... s 19h. 35m. 

... = 2*3“ 51' 30' 

... = 66* 8' 30* 


m—Find Ihe kmgitvde, fiom rte fitOaimg data amjmled W 

anjfe = 75"& nme6ycitamwi»Mfcr= llA.7m.31s. Eqiudimoftim 3m.55s. 

Cc^ftetion for error and faUt — Iw. 18a. 


(i) Here O's hour angle in time 
So that apparent local time 
Equation of time 


Thus mean local lame 


(ii) Observed time 
Correction ... 






•’ m ib 






Greenwich time 


W. Long, in time ... 


Therefore regutred long. ... 



« * * 

9*9 

9 « * 


5b. 

before noon 

*• * 

• • • 

9 « 9 

* 9 9 


7h. 

Om. Ob. 

»«• 

94 * 

9 4 * 

4*9 

— 


3 S5(-) 

**■ 

«« • 

9P* 

« *4 

ss 

7h 

. 3m. 66e. 

* * » 

** 9 

9 9 * 

4*9 


llh 

. 7m. 318. 

•« * 

*4 9 

990 

9 9 9 



-^1 18 

• •a 

94 0 

9«d 

9»» 

s 

11 

6 13 






7 

3 55 


• 9« 

9 4# 

9*« 

= 

4 

2 18 







15 

* 9 * 

* ■ 9 

• 99 

■ * « 


60“ 

34' SO'W. 


(3).— Ob Jvne 29A,/n)m a Mp in like Norik Alittntk OoeoB, the Sun was observed 
to kmeqiidaMudeswhenUie ckronomeUr indteoled llA. 27fB. 26e. and 6h. 48fii. 32e. 
Ai noon on June 26IA, the ekrononutet was 3e. ioofast^ and il ^tns Se. o dap. The 

equation of time on June 29lh at Z p,m, was ^ 2m, Sis, Find ihe ship^s knqUude. 


The process stmids as foUows : — 
Chronometer time of first ohaervation 

econd ohservation 


« « * 




ff 


Correction for chronometer enor Jtine 26tb = 

„ rate in 4 days ^ 
„ „ „ 3 horns = 


ft 

ff 


»1 


Thus Greenwich time of local apparent noon 


Greenwich time of local mean noon 
Longihde west of Oreeimineh ... 








« t * 




H. 

X. 

3. 

r • • * 


11 

27 

26 

4 9 4 

= 

18 

48 

32 


i) 30 

15 

58 



15 

7 

59 

1 

3b., 

la.’ 

= 

3 

7 

59 

s 


— ~36 





9m* 


3 

7 

23 

) ... 

s=r 


-2 

58 

*«• 

— 

3 

4 

25 





15 

• 9# 

mSm 

46' 

5' 

15' 


(4).— If 17A. 6, a dmmmeler, lis Ommoudi meam time was faaad fa Aa 16A. 
SSm.Sl'2s. /f was laAn fa a pfam J, mi m£Msi 4A., hAoi fAe local aasm fiau 
was 3A. FJm. 46^. ; and nAm if tadicotad llA., tta Q r mimk k tim was llA. Oai. 
9*7s; FMtiebaiiftuieefAiatimamiimaiitiB. 
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H™, m, tte bj. tto. _2.8,, 

Therefore, i„ 18h. the ch^nometer lost 12 53 .” ” ” 

and the loss in llh. = — x I ’-S^ ~ - ra , 

18 ^ — #'o4s. nearly; 

Thus, the Greenmch time, when the chronometer indicated 4h.. was 

= 4h. — 2-8s. + 7.64s. = 4h. Qm. 4- 


and the local time at the same“i„sW ^=~3r47m ’ 
herefore required longitnde = 12m. 17-9s. W. = 3» 4 ' 29' W. 

OA.. aad is correct 

^ Ik. Om. 23s.. and 'qu£ time is 2 a“^ indi- 

1 -.. ^ b, “* 

By Qnebec time, the ship stayed in port 7d — 2h .-im 40, «4 o,i- ir. 

By chronometer, the ship stayed in ^rt 7d: 4h' 3^ - 7 h®"o^^" 2 ^- 

Thus in 7 days in port, chronometer lost ... - 6d. 21h. 54m. 16s. 

But in 37 days altogether, „ ^ * * *** *** 

Therefore, in 30 davs at sea * *** 

♦*' los« 

• ••• ... 8s. 

• ... 7h. Om. 23s. 

. ... 7h. Om. 31s. 

• 2h. 3m. ^2s. 

1. 49s. or ^£oit^tl 2 £d 6 of 


* w a. 


ana m lo days, from Liverpool to Quebec, it lost 
But chronometer time on arrival was 
Greenwich time was therefore 
And local time was 

* ••• *** ■-* 

The difference = longitude of Quebec (in time) - 

Quebec (in angU) = 73® 4_ 

[Actimlly Quebec does not now keep local time, but time differing 
6 hours from Greenwich time.] ^ 


VI 


Geographtcai, Position of a Celestial Body and 

Position CJibcle 


THE 


371. Geographical Position of a fialogtaai Body 

The observation of a celestial body made by the navigator of a ship 
gi^es, after correction for refraction and also, except when a 
bubble sextant is uwd, for the dip of the horizon gives the altitude of 
the body at a definite instant of Greenwich rg ea n time. 

The data given by this observation enable the point U on the 
Earth s surface, which has the celestial body in its zenith, to be deter- 
mined. This point is called the sttb-aalar point in the case of the Snn 

and the sub-steUer point in the case of a star ; it is generally known as 
the geographical position of the body. 

As the cele^ial body is in the zenith at the point U on the Earth’s 
surface, the latitude of is equal to the declination of the body. The 
Nmaioal Almanac tabulates the R.A.’8 and decls. of the celestial bodies 
at certain intervals of G.M.T. The positions of the Sun and planets 
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are given for each day at Oh. G.M.T. ; the position of the Moon is given 
at each hour of G.M.T. ; the positions of the stars are given at lO^day 
intervals. By interpolating the declination for the G.M.T, of the 
obsen^ation, the latitude of U is obtained. 

The longitude of measured westwards from Greenwich, is the 
Greenwich hour-angle of the body observed. If the Sun is the obser\Td 
body, the Greenwich hour-angle is the apparent solar time (measured 
from apparent noon), at Greenwich, which may be found by adding 
the equation of thne to the mean time (measured from midnight) and 
adding or subtracting 12h, If the body is the moon or a planet or a 
star, it is necessary to find first the Greenwich sidereal time of the 
obser\"ation, as described in Art. 60 or Art. 61. The Grcenwifh 
hour-angle is then obtained by subtracting the right ascension of 
the body, interpolated for the G.M.T. of observation, from the 
Greenwich sidereal time. 

Thus both the longitude and the latitude of the geographical 
position, Vj are obtained. 


372* The Position Circle 

The zenith distance of a celestial body, as seen from anv place on 

the Earth’s surface, is equal to the angular distance of the place from 

the geographical position ? 7 , being in each case the angle between the 

direction towards the zenith at the given place and at fj* Hence, the 

places at which the celestial body has a given zenith distance all lie on 

a small circle of the celestial globe, whose pole is at the geographical 

position U and whose angular radius is equal to the zenith distance of 
the body. 

This small circle on the Earth's surface is called a posilion circle. 
An obser\^ation of the zenith distance of a celestial bodv therefore 
gives the information that the observer is on a certain circle on the 
Earth s surface, provided that the G.M.T. of the observation is known 
Ihe position of observation may be assumed to be known approxi- 
mately, from dead reckoning or otherwise. In the vicinitv of the 
position of observation, the position circle will be practicallv a straight 
Jme ; the observation therefore provides the information that the ship 

or aircraft was, at a certain instant, somewhere on a definite line called 
tbe postttan line. 

Though by means of a single observation the position of the ship or 
mrcraft cannot be fixed more definitely, the information that it is on a 
certain position line may be of great value. If. for instance, it was 

» '»"vemene course mighi 
be foUowM uutU a poertion hue wue obtaiued that paased over fhe 

the iaiand w™ld^b^ 3® 


M. ASTRO y. 




2T4 


Determination of Position OK THE EaKTH 


If two different bodies are observed at the same G.M.T., two position 
circles can be drawn^ which intersect in two points. The observer 
mu^ be at one or other of these points of intersection ; the observer’s 
position being known approximately, one of these points of inter- 
section can be ruled out of consideration, and the observer’s position 
is therefore definitely fixed. The two observations will not normally 
be made at the same G.M.T. ; it will then be necessary to allow for the 
motion of the observer between the two observations. 

373. The hiteioept 

For the practical application of the podtion line method of deter- 
mining position, it is convenient to make use of an etssutned position. 
The speed and course of the ship or aircraft being known and allowance 
being made for drift from tides or wind, a position known as the 
dead r&:1ioning position is obtained. This position or any convenient 

position in its vicinily 
p can be adopted as the 

assumed position-', the 
final podtion deduced 
from the observations 
will be independent of 
the particular assumed 
podtion that is used. 

In Fig. 124 P is the 
Pole, U the geographical 
podtion of the observed 
' body, D is the assumed 
podtion of the observer. 

Fie. 124. AJB is the position 

circle, J the point in 

which the great circle connecting U and D cuts the podtion circle. 

In the spherical triangle DPU, DP is 90“ — where ^ is the latitude 
of the assumed podtion ; UP is 90“ — 8, where 8 is the declination of 
the observed body at the instant of observation. Also the angle 
DPU is equal to the hour-angle of the celestial body for the instant of 
observation and for the position D. This angle is (A — A), where h is 
the Greenwich hour-angle of the observed body and A is the longitude 
of the assumed podtion D, which is podtive if D is west of Greenwich 
and negative, if east of Greenwich i thus the angle DPU is known. 

Thus in the triangle DPU, the two sides PD, PU and the included 
angle DPU are known. By the formulae of i^herical trigonometry, 
the side DU and the angle PDU can therefore be calculated. The 

formulae are [DU being denoted by D ) : — 

cos D = dn ^ sin 8 -f cos ^ cos 8 cos (A — A) 
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gives D, and D being known, the angle PDU = is given by : — 

sin 5 = sin ^ cos D cos ^ sin i) cos A. 

Special volnmes of tables are available from which the distance and 
azimath of U from D can be obtained for given hoar-angle, latitude and 
declination. When using such tables, it is convenient to adopt for the 
assumed position one whose longitude and latitude are such that no 
interpolation in the tables is required for hour-angle or latitude ; the 
only interpolation then needed is for the declination. 

Now JU is equal to the observed zenith distance (t.e. 90'’ minus 
observed altitude), because the position circle is a small circle with 
this radius. Hence JU is known ; DU has been calculated. Thus the 
angular distance DJ is obtained by subtracting the observed zenith 

distance from the computed zenith distance. This distance is called the 
intercept and will always 

be a small quantity, p 

because the assumed 

a 

position will not be far B 

from the true position, 
which is somewhere on 
the position circle. 

This makes it possible 
to treat the plotting of 
the position line as a 
problem in plane trigo- 
nometry. The intercept 
jDJ, in minutes of arc, 
is equal to the distance 
of J £rom D in nautical 
miles. If Dcf is negative, 

J lies on UD produced. 

Tn Fig. 125, D represents, the assumed position, plotted on a chart. 
DP is the north direction on the chart. Prom D draw DJ making with 
DP the angle A, the azimath derived above. On DJ mark oflf the point 
/, so that DJ, on the scale of the chart, is equal to the intercept in 
imutical miles (if the intercept is negative, J will lie on the opposite side 
of D). Prom J draw the line AJB at right angles to DJ. This is the 
r^^d position line. It is the only portion of the position circle with 
winch the navigator is concerned. The same line would have been 
obtained if any other assumed position had been used, provided only 
that it IS sufficiently near the true position for the small arc DJ of a 

gr^t circle to be t^ted as a straight line. In practice the errors will 

not be great dDJ does not exceed 20 nautical mUes ; if it proves to be 
m of thi^ it is advisable to change the assumed position to one 



Fio. 125. 


nearer 




ition line. 
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374. Determination of Position by Position Line Method 

Two position lines must be drawn to determine the position of a 
ship or aircraft. Since it must lie on each of the two position lines, the 
position is given by their point of intersection. This assumes that both 
observations are made at the same instant of G.M.T. Though it is 
not possible for one observer to observe two objects simultaneously, 
it is ]>os5ible for the first object to be observed again after the second 
object, so that the mean of the two observations agrees in time with 
the s^econd observation. 

If the two objects are not observed at the same time, it is necessary 
to transfer the first position to allow for the motion of the ship or air- 
craft between the two observations. In Fig. 126, D is the assumed 
position for the first observation, AB the position line and DJ the 



intercept. Suppose JJ' represents in magnitude and direction the 
motion of the observer in the interval between the two observations. 
Then, al (he iT^^tanl of (he second ohservatioii^ the observ’er must lie on a 
line A'B' drawn through J' 
assumed position for the second observation or any convenient position 
nr^ar J\ can be used. The second posii tion line PQ is drawn from 
the results of the second observation. The intersection 0 of the two 
lines PQ, A'B' is the position at the instant of the second obsen’ation. 

An error in observ’ation will result in an error in drawing the position 
line. For a given error in the position line, the error in the position 
of the point of intersection 0 will be greater the more acute the 
angle at which the two position lines cut one another. This angle 
should be as near to 90° as possible and should not in any case 
be smaller than 3<)°. But since the azimuth of the position line 


parallel to AB. J' can be used as the 
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differs by 90° from the azimuth of the object observed, this implies 
that the azimuths of the two objects should differ by at least 30° 
in order to get a good intersection of the position lines and should 
preferably be as near to 90° as possible. 


375 . 


The Air All 




lanac 


It has been shown in Art. 371 that the geographical position of a 
body is determined by the Greenwich hour-angle and the declination 
of the body for the G.M.T. of the observation. In the Nautical 
Almanac (and also in the Abridged Nautical Almanac^ wliich is 
specially adapted for the use of seamen) the tabulated quantities 
are right ascension and declination ; the R.A. is given in time (hours, 
minutes and seconds) and the declination in arc. The Greenwich 
hour-angle must be computed and converted into arc. 

The Air Almanac has been arranged to facilitate the determination 
of position in the air* Because of the speed with wliich an aircraft 
moves, the air navigator requires to draw the position line with the 
minimum of delay after making the observation. The Air Almanac 
accordingly tabulates the two quantities that arc required f(jr obtaining 
the geographical position : the Greenwich hour-angle (G.H.A.) in arc 
{not in time) and the declination. Also in the Nautical Almanac the 
tabulated quantities for the Sun, Moon and planets are given at infvc- 
quent intervals — daily intervals for the Sun and planets, liourly intervals 
for the Moon — so that the position for the time of observation has to 
be carefully interpolated. In the Air Almanac the tabulated quantities 
for the Sun and Moon are given at intervals of 10 minutes ; thosi? for 
the planets are given at intervals of one hour (though it is intended 
shortly to give the positions of the planets also at intervals of 10 minutes). 

The interpolation for the time of observation is simple and is facilitated 
by special tables. 

For the stars, the Nautical Almanac tabulates right ascensions and 
declinations and gives also the Greenwich sidereal time at Oh. each day 
{i.e. at Greenwich midnight). The Greenwich hour-angle of the star 
at the instant of observation must be computed. The Air Almanac 
gives data for 50 of the brightest stars and instead of right ascension 
tabulates what is called the sidereal hour-angle. The sidereal hour-angle 
of a star is the hour-angle measured westwards from the First Point of 
Aries. It is therefore equal to 360° minus the R.A. of the star and is 
expressed in arc. The G.H.A. of a star is equal to the G.H.a! of the 
First Point of Aries plus the sidereal hour-angle of the star. The 
sidereal hour-angle of a star is a quantity that varies very slowly 
through the year, depending only upon the slight change in apparent 
position of the star. The G.H.A. of the First Point of Aries, on the 
other hand, is a quantity that varies rapidly. It is necessary to 
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interpolate it for the G.M.T. of the observation. This qnantitv is 
te boated at intervals of 10 minutes of time ; a table is provided to 
facilitate inter^lation for the time of observation. 

In the Abridged Nautical Almanac, used for surface navigation at 
sea, the data are given to an accuracy of one-tenth of a minute of arc. 
In the Air Almanac the data are given to the nearest minute of arc 
which is adequate for the requirements of air navigation. 


EXAMPLES 

1. At noon on the longest day a circnmpolar star is pasang over the observer’s 
meridian, and its zenith distance is the same as that of the Sun’s centre ; at mid- 
night it just grazes the horizon. Find the latitude. 

2. On January 2 nd, on a ship in the North Atlantic in longitude 4 S° W., it was 
observed that the Sun’s meridian altitude was 15° 21' 45 '. The Sun’s dec^tion 
at noon at Greenwich on the same dav was 22° 54' 33'. and the hourly variatinn 
13-78'. Find the ship's latitude. 

3. Show how to find the latitude by observing the difference of the mendian 
zenith distances of two known stars which cross the meridian on opposite sides of 
the zenith at nearly equal distances from it, flxpiain whether the stars chosen 
should be near to or remote from the zenith. Give also the advantages and 
disadvantages of this method of finding the latitude, as compared with the method 
of circximj>olars. 

4. On a certain day the observed meridian altitude of a Cassiopeiae (declination 
5o^ 49^ ll'l*^ was So^ 10 ' IS''. The eye of the observer was 18 above the 
horizon, and the error for refraction for the altitude of the star is o'" ; determine 
the latitufle. 

5- A vertical rod is fixed exactly in the centre of a circular fountain basin, and 
it is observed that on the 25th of July the extremity of the shadow exactly reaches 
the margin of the water at lOh. 7m. and at 2 h. 25m. p.m. The equation of 

time on that day is -r Om, What is the error, compared with local time, of the 
watch b 3 ' which these observations were taken ? 

6 . A chronometer is set b^^ the standard clock at Greenwich at 6 a.m. It is 
then taken to Shepton Mallet, and indicates noon when the lo<^ time is llh, 49m. 
50s. The chronometer is then brought back to Greenwich, and indicates 9 p.m,, 
when the correct time is 8 h. 59m. Sos. Find the longitude of Shepton, supposing 
the chronometer rate uniform. 

7 . -Amerigo Vespucci is said to have found his longitude in Latitude 10® N. in 
the follo\i ing manner. At 7.30 p.m. the Moon was 1® E. of Mars, at midnight the 
Moon was 5 E. of Mars. The Nuremberg time of conjunction of the Moon and Mars 
was midnight. Hence he calculated that his longitude was 82 J® W. of Nuremberg. 
Discuss the accuracy of the method, and point out the necessary corrections. 

8 . A chronometer whose rate is uniform is found at Greenwich to have an 
error of Sj hours when the time which it indicates is t,. It is then taken to a place 
A, and u hen it indicates U it is found that the excess of the observed local time of 
the place A over is S* hours. It is now brought back to Greenwich, and the 
chronometer time and error are observed to be f 3 and 83 hours r^apectivdy. Frove 

that the longitude of A east of Greenwich is 

1 ^ -r ^ Sjf. — IjS, — — ^) degrees. 
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9. The sidereal times of transit of a certain star across the meridian of an observ- 
atory A, as recorded at A, and by a telegraphic signal at B, are f,, fj respectively. 
The sidereal times of transit of the same star across the meridian of B, recorded 
by telegraphic signal at A, and at B, are Tj, respectively. If the signals take 
the same time to travel in either direction, show that the difference of the longi- 
tudes of B and A in angular measure 

= ¥ {^1 “^+7^5“ *3). 

10. The altitudes of tw^o known stars are observed at a given instant of time. 
Show how to find on a terrestrial globe the places at which the stars are vertically 
overhead, and give a geometrical construction for the place of observation. 

11. In Question 10, find the condition that there should be two, one, or no 
possible positions of a ship at which the altitudes of the known stars have certain 
given values. 

12. Find the geographical position of the Sun at G.M.T. 8h. 30m, 2os. given 
that its decl. is 13® 62' N. and that the equation of time is — 4m, ITs. 

13. Find the geographical position of Aniares (R.A. 16h. 25m. 43s. decl. 20" 
18' S.) at G.M.T. 3h. 15m. 30s. on April 1st, given that the sidereal time at April 
Id. Oh. is 12h. 36m. 483. 

14. Two stars, A, B, were observed simultaneously in a position assumed to 
be 52° 40' N., 40° W. The following results were obtained : 

Observed Z,D, Computed Z.D. True bearing, 

A 50° 48' 50° 42' 52^ 

B 35° 31' 35° 34' 135° 

Find by graphical methods the observed position. 


EXAMINATION PAPER 

1. Give a description of the sextant, and explain how to use it for taking 
altitudes (1) at sea, (2) on land, 

2. How does a chronometer differ from an ordinary iratch ? What are its 
error and rate ? 

3. Prove that a single meridian altitude of a star, whose declination is know n, 
will determine the latitude. Why is a zenith sector sometimes preferred to a 
transit circle for this purpose ? 

4. Show how the latitude is determinable by two meridian observations of a 
circumpolar star. Why is this method not generaliy applicable on board ship ? 

5. Show how to find the latitude of a place (I) by observing the Sun's altitude 
at a given time ; (2) by the Prime Vertical Instrument. 


6. Describe the method of equal altitudes for finding the time of transit of a 

celestial body. Tf the times be observed by the ship’s chronometer, show how to 
find the longitude. 

7. How is the difference of longitude determined by electric telegraph? Explain 

how the personal equation and the time of transmission of the signal are eliminated. 

8. Knowing the Greenwich time and observing the altitude and direction of the 

Sun, show how to construct graphically on a globe the position of the ship without 
any calculation whatever. 


9 . What ia meant by the geographical position of a celestial body * Show how- 
to find the geographical position of (a) the Sun. (b) a star, for a given instant of 
Greenwich Mean Time. 


10 . Describe the arrangement of data in the Air Almanac for (o) Sun. Moon and 
planets ; (b) the stars. Explain the advantages of this arrangement. 


CHAPTER XV 

THE DISTANX’ES OF THE SUX AND STABS 

I.— Determixatiox of the Srx’s Parallax by Obsebvatioxs of a 

Superior Plaxet at Opposition* 

376 . Introductioii 

In Chapter ^ II, Section I, we explained the nature of the correction 
known as parallax, and showed how to find the distance of a celestial 
body from the Earth in terms of its parallax. We also described two 
methods of finding the parallax of the Moon or of a planet in opposition 
— the first by meridian observations at two stations, one in the northern 
and the other in the southern hemisphere (Art. 161) ; the second by 
micrometric obseiwations made at a single obseiwatorv shortlv after 
the time of rising and shortly before the time of setting of the planet 
or observed body (Art. 163). 

In both methods the position of the body is compared with that of 
neighboiiring stars. This is impossible in the case of the Sun, for the 
intensity of the Sun's rays necessitates the use of darkened glasses in 
observations of the Sun, and these render all near stars invisible. 

Of course the star cotild theoretically be dispensed with in the method of 
Art. 161, but only (as there explained) at a great sacrifice of accuracy; and if a 
star is used which crosses the meridian at night, the temperature of the air has 
ehanc^ed considerablv, and the corrections for refraction are therefore quite 
different, besides which other errors are introduced by the change of tempera- 
ture of the instrument. 

In Art. 197 we described a method, due to Aristarchus, in which the 
ratio of the Sun's to the Moon's distance was determined by observing 
the iloon's elonsration when dichotomized, but this method was re- 

O 

jected, owing to the irregular boundary of the illuminated part of the 
disc, and the consccjuent impossibility of observing the instant of 
dichotomv. 

•r 

377. Classification of Methods 

The principal practicable methods of finding the Sun’s distance may 
be convenientlv classified as follows : — 


A. Geometrical Methods 

(1 ) By observations of the parallax of a superior planet at opposition 
(Section I). 

• The student wiU find it of great advantage to revise Section I. of Chaptei 
VII before commencing the present Section. 
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(2) By observations of a transit of the inferior planet ^ enus 
(Section II). 

B, Optical Methods (Section III) 

(3) By the eclipses of Jupiter’s satellites (Roemer’s Method). 

(4) By the aberration of light. 

C. Gravitational Methods (Chapter XVIII, Section lY). 

(5) By perturbations of Venus or Mars. 

(6) By lunar and solar inequalities. 

378. To Find the Sun's Parallax by Observation of the Parallax 

of Mars 

By observing the parallax of Mars when in opposition, the Sun’s 
parallax can readily be found. For the observ'ed parallax determines 
the distance of Mars from the Earth, and this is the difference 
of the distances of the Sun from the Earth and Mars respectively. 
The ratio of their mean distances may be found, if we assume Kepler’s 
Third Law (Art. 264), by comparing the sidereal period of Mars 
with the sidereal year, and is therefore known. Hence the distance 
of either planet from the Sun may readily be found, and the Sun’s 
parallax thus determined. 

The parallax of Mars in opposition may be observed by either of 
the methods described in Chapter VII, Section I, The method of 
Art. 161 (by meridian observations at two stations) was employed by 
E. J. Stone in 1865. The observations were made at Greenwich and 
at the Cape, and the Sun’s parallax was computed as 8*94*. The 
method of Art. 163 was employed by Gill in 1879, iising the heliometer, 
with the result 8*78*. This method was also used by Spencer Jones and 
Halm at the favourable opposition of 1924 : visual observations with 
the heliometer gave 8*76* and photographic observations gave 8*81*. 
The red colour of Mars is disadvantageous to this method. Atmos- 
pheric refraction is greater for blue light than for red light ; because 
Mars is redder than the average star, it is displaced towards the zenith 
by refraction by a smaller amount than the stars. But the effect of 
parallax is to displace a body away from the zenith ; relative to the 
stars Mars is effectively displaced away from the zenith by refraction. 
The measured differential displacement of Mars is interpreted as parallax ; 
as a consequence of the differential refraction, too large a value of the 
parallax is to be expected by the photographic method. In visual 
observations with the heiiometer, there are systematic personal errors, 
which are too complicated to discuss here. 
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E^ple — 7/ the parallax of Mars u^hen in opposUion fee 14'. find the Sun's 

of the Sun from the Earth and Mars to be fn the 

The distance of the Earth from Mars in opposition is the difference of the Sun’s 
distanc<-s from the two planets. Hence 

l>istance of Earth from Mars : Distance of Earth from San 

= 16 — 10 : 10 = 3 : 5. 

But the parallax of a body is inversely proportional to its disUnce (Art 

lob), so that : — '* 

Parallax of Sun : Parallax of Mars =3:5; 
or Sun's parallax ~ -- \ = 8*4*'. 


379. Effect of Eccentricities of Orbits 

Owmg to the eccentricities of the orbits of the Earth and Mara, 
their distances from the Sxtn when in opposition will not in general be 
equal to their mean distances, and therefore their ratio will differ 
Irom that given by Kepler^s Third Law, But, by the method of Art. 
128, the Earth’s distance at any time may be compared with its mean 
distance, and similarly, since the eccentricity of the orbit of Mara and 
the position of its apse line are known, it is easy to determine the ratio 
of Mars’ distance at opposition to its mean distance, and thus to com- 
pare its distance with that of the Earth. 


380. Sun’s Parallax by Observations on the 

The Sun’s parallax ma\’ also be found by observing the parallax 
of one ol the asteroids when in opposition, the method being identical 
with that employed in the case of Mars. In this way Gill, by helio- 
meter observations of Victoria, Iris and Sappho obtained the value 
S*S04', By far the best asteroid for the purpose is Eros (see Art. 246). 
At the fairly favourable opposition of Eros in 1901, when its nearest 
approach to the Earth was 30 million miles, a great number of observa- 
tories cooperated in observing and photographing the asteroid and 
surrounding stars. The value of 8-807' for the solar parallax was 
deduced by Hinks, In 1931 there was a still more favourable opposition, 
when Eros approached to a distance of about 16 milli on miles from the 
Earth ; a more extensive programme of observations was arranged, in 
which many observ'atoiies used the photographic method. From these 
observations, a solar parallax of 8-790' was deduced by Spencer Jones. 
This is the most reliable determination yet made. It corresponds to 
a mean distance of the Sun from the Earth of 93,0CS,000 miles. 


Rxamples. — 1, paraUax of JLTar^ was obscrvtd whxn it teas in opposttion in 
periheliony the Earth's distance from the i9un being then I'Ol times its mean distanee ; 
the observed value was 23*48^ Calculate the Sun's mean parallax, the tccentricUg 
of J/arj’ orbit being and Us period 1-88 years. 




Stm*s Distance by Geometrical Methods 


283 


Lgt ff denote the mean distances of the £arth and Mars from the Son 
respectively. By Kepler’s Third Law we have . 

r: _ ,1.88)! _ ,., 23 . 

r® 1 * r 

The perihelion distance of Mars from the Sun — r' (1 — jV) 

== ^ _ „i_) X l-623r = (1*523 138)r = l*385r. 

The Earth being distant 1 -Olr from the Sun, is *375r from Mars, the three 

bodies being in a straight line at opposition. 

Therefore, since r is the Snn*s mean distance from the Earth, we have 

Observed parallax of Mars r _ 1 8 ^ 

Mean parallax of Son •375r *375 3 ' 

so that Sun^s mean parallax — 23*48^ X J = 8*805^. 

2. Find the Earth’s mean distance from the Sun^ and its distances at perihelion 
and aphelion, taking the Sun’s parallax as 8*79'. 

If a denote the Earth’s equatorial radius, we have, approximately, 

a a 206,265 


r = 


= a X 


8*79 


sin 8*79' circ. meas. of 8*79' 

Taking a — 3963*4, this gives : — 

r {Earl’s mean solar distance) — 93,005,000 miles. 

correct to the nearest thousand miles. 

A&o, perihdion distance from Sun = 93,005,000 X (1 — 5 ^ 5 ) 

= 93,002,000 — 1,550,000 = 91,455,000 miles, 

and aphelion distance = 93,002,000 X (1 + 

= 93,002,000 + 1,550,000 = 94.555,000 miles. 


IT. — Transits of Inferior Planets 


381c IhtroduetioiL 


When either of the inferior planets Mercury or Venus is very close 
to one of its nodes (Art. 272) at the time of inferior conjunction, it 
passes over the Sun’s disc, appearing as a black dot. 

Transits of Venus are interesting historically, since it was by them 
that a fairly reliable estimate of the Sun’s distance was first obtained. 
The ratio of the distances of Venus and the Earth from the Sun can be 
found by the method of Art. 256 ; they are approximately as 18 to 25. 
Hence when Venus is in inferior conjunction its distance from the Earth 
is to that of the Sun as 7 to 25. Their parallaxes are therefore as 25 
to 7 (Art. 158) and the relative parallax of Venus (i.e. the excess of 
its parallax over the Sun’s) is of the Sun’s parallax. 

This relative parallax was found by two methods : each method 
required observers to be stationed over widely scattered regions of the 
Earth’s surface, who should observe the exact instants at which the 


discs of the Sun and Venus touched each other, with the planet lying 
wholly upon the Sun. The calculation depends on the fact that these 
observed times will be slightly different at the different stations. 
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alley, first to suggest the method of transits 

of ^ enus for finding tlie Sun’s distance, noted that it was veiy difficult 
to ascertain the longitudes of the stations occupied with the accuracy 
necessa^ for finding the absolute times of contact ; hence he relied on 
compan^ns of the observed duration of transit, reckoned from first to 
s^ond mtemal contact, as seen from different stations. Some of 
these stations were chosen as far north as possible, others as fer 
south ^ possible, so as to displace Venus to the south and north 
respectively on the Sun’s disc. See Fig. 127 where a and b are 

the relative positions of Venus on the Sun’s disc as seen at A and B 
respectively on the Earth- 

Delisle’s method assumed that the longitudes of the observing 
stations were known, so that the Greenwich times of the contacts could 
be determined. Stations were chosen for which internal contact at 
ingress happened as early and as late as possible ; similarly for mtemal 
contact at egress. Separate determinations of the paT-allmr result 
from the observations at ingress and egress, and these serve to check 
each other. This method is much the best, when the longitudes are 

accurately known. In 
X. 1874 and 1882 longitudes 

of many of the stations 
were not accurately 
known. Favourable 
stations for Delisle’s 
method can be found in 




for Halley’s method- This is an advantage both fro 
sibilitv and (usually) better weather conditions- 




Becurrence of Transits of Venus 

Thirteen revolutions of Venus are very nearly equal to eight of 
Earth. Accordingly transits of Venus frequently occur in pairs 8 
years apart. After such a pair there is an interval of more than a 
century before another pair, and these take place at the opposite node. 
The period of 243 years gives an extremely close approximation to 
recurrence of circumstances ; thus we have December transits in the 
years 1631, 1639, 1874, 1882, 2117, 2125, etc., the series continuing 
unbroken for more than a thousand years from the present time ; and 
June transits in 1761, 1769, 2004, 2012, etc., tUl 2733 when Venus just 
misses the Sun, crossing it near the centre in 2741. 

The first observed transit was that of 1639, seen by Horrocks and 
Crabtree . The pair of 1 761 , 1769 gave the first fairly reliable detenniM- 
tion of the Sun’s distance. Encke deduced the value 95| milliou 
miles, which is about 2J million miles too great. 
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The transits of 1874, 1882 were very carefully observed, but discus- 
sion of the observations established the fact that the method is not 
capable of such precision as had been hoped. Its drawbacks are : 

(1) Atmospheric tremors produced by the Sun’s heat ; 


(2) Distortion of the shape of Venus when in contact with the Sun 

this is probably due to irradiation, and makes it difficult to determine 

the time of contact within several seconds ; 


(3) The difficulty is further increased by the fact that Venus has 
an atmosphere similar to our own — the portion of Venus outside the 
Sun is surrounded by a luminous ring, owing to refraction, which 
increases the difficulty of noting the instant of contact. 


When we add that the asteroid Eros (discov^'ered in 1898) is about 
3 times a century at a distance from the Earth only half that of \ enus, 
and that its place among the stars can be fixed very accurately by 
photography, it will be seen that it is unlikely that transits of Venus 
will ever again be employed to find the Sun's distance. They will 
doubtless be observed in the future, but the observations will only be 
used to give better determinations of the elements of Venus’s orbit. 


383. Transits of Mercury 

Transits of Mercury occur much more frequently than those of 
Venus : there were transits in 1927, 1937 and 1940. The next will 
occur on November 14th, 1953 and will be visible in Europe. A transit 
of Mercury occurs either in May or in November. The average interval 
between them is only 7| years. They are also free from the objection 
(3) above, since Mercury has little or no atmosphere. Mercury is, 
however, much farther from the Earth than Venus is, and its parallax 
relatively to the Sun is too small to make the method of any use. The 
parallax of Mercury is 16*0'' in May transits, and 13*0'' in November 
ones. The parallax relatively to the Sun is 7*2" and 4*1" in the two 
cases, whereas that of Venus is 24*5". 


Examples. — 1. €^ven that the synodic period of Venus is 584 days^ and that the 
di^erence between the times of ending of a central transit, as seen from opposite ends 

of that diameter of the Earth that is in the direction of motion, is llm, 25s., find the 
Sun^s parallax. 

In 584 days Venus revolves through 360^ about the Sun relatively to the 
Earth ; therefore its angular motion per minute is 

360 X 60 X 60 

584 X 24 X 60 ~ ' 

Therefore in Venus describes an angle 1*541' x ll^j = 17*60'. The 

varaUax is half this or 8*80'. 
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Find the angular raie at which Venus mores across the Sun's disc. 

Let 5, V denote the Sim, Earth, and Vcnua respectiTclj (Fig, 139), 

From example 1, SV separates from SE with relative angular velocity, about 
S, of l per mmnte, or r32-4' per hour. 

Bnt Venus is nearer the ^rth than the Sun in the ratio 28 : 72 (ronnhlvl 
And we have : — 


Angular velocitT of E 1' : ang. vel. of 5 F 


Therefore E V separates 


1 


1 


EV* SV 


= 72 : 28 = 18 : 7. 


18 


rom ES with angular velocity = 
hour = 3'57-6' per hour = 4' per minute very nearly. 


X l'32-4' per 


III. — OmcAi. Methods 
384. Velocity of Light 

^Ve now come to certain methods of finding the Sun’s distance 
which depend on the fact that light is propagated through space with 
a large but measurable velocity. 

The velocity of light has been measured by laboratory experiments 
in various ways and is known with a high degree of accuracy. The 
experiments give the velocity of light in air ; the velocity in vacuo can 
be obtained by multiplying this by the index of refraction of air. The 
most probable value of the velocity of light in vacuo may be taken as 
299.796,000 metres or 186,285 miles a second. 


385. Boemer’s Method.— The Equati(m of Idght 

In chapter XI we stated that Jupiter has four large satellites, which 
revolve very nearly in the plane of the planet's orbit. Consequently 
a satellite passes through the shadow cast by Jupiter once in nearly 
every revolution, and is then eclipsed, as is our Moon in a lunar eclipse. 

Since the orbits and periods of the satellites have been accurately 
observed, it is possible to predict the recurrence of the eclipses, so that 
when one eclipse has been observed the times at which subsequent 
eclipses will begin and end can be computed.* 

Now, the Danish astronomer Roemer in 1675 observed a remarkable 
discrepancy between the predicted and the observed times of eclipses. 
I f of two eclipses one happens when J upiter is near opposition, and the 
other happens near the planet’s superior conjunction, the observed 
inten al between the former and the latter is always greater than the 
computed interval : similarly the observed interval between an eclipse 
near superior conjunction and the next eclipse near opposition is 
always less than the computed interval. The eclipses at injunction 
are thus always retarded, relatively to those at opposition, by an 

• The intervals are not exactly equal, owing to Jupiter’s variable velocity. 
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interval of time which, is observed to be about 16m. 40s. As explained 
by Boemer, this apparent retardation is due to the fact that light 
travels from Jupiter to the Earth with finite velocity, and therefore 
takes 16m. 40s. longer to reach the Earth when the planet is furthest 
away at superior conjunction (jB) than when the planet is nearest the 
Earth at opposition (A), 

The relative retardation is the difference between the times taken 
by the light to travel over the distances AE and BE. But BE — AE 
— 25^. Therefore the retardaiion is iieice the time taken by the light 
to travel from the Sun to the Earth. 

Taking the retardation as 16m. 40s., we see that light takes Sm. 2^Js. 
to travel from the Sun to the Earth. This interval is sometimes 
called the ‘‘ equation of lighV^ 

If we know the equation of light and the velocity of light, we may 
calculate the Sun’s distance. Conversely, if the Sun’s distance and the 
equation of light are known, the velocity of light can be determined. 

Knowing the Sun’s distance, the Sun’s 
'parallax can be computed, as in Chapter YIlj 
Section I. The present method differs from 
those described in Sections I, 11, in that it 
gives the distance instead of the parallax of 
the Sun. The method is of historic interest 
only ; it is not capable of determining the 
Sun’s distance with great accuracy. 



Fio. 12^. 


Examples. — 1. Find the Sun' a diaiance. Hating 
given that the velocity of light is 186,330 miles per 
second^ arid that eclipses of Jupiter's satellites which 

occur when the planet is furthest from the Earti^^ are retarded 16m. 405 . relaiicely 
to those which occur when the planei is nearest. 

Here the time taken by light to pass over a diameter of the Earth's orbit is 16m. 
405. ; therefore light travels from the Sun to the Earth in 8m. 20s., or 500 second?. 
Therefore the Sun's distance = 186,330 X 500 miles = 93,165,000 miles. 


2. Taking the value of the Sun's distance calculated in the preceding example^ 
Sun's parallax will be found to be about 8-78^ 


386. The Aberration of Light 

It was shown in Art. 188 that there is a relationship between the 
coefficient of aberration and the parallax of the Snn. If both (quantities 
are expressed in seconds of arc, it was shown that 

P.k = 180*3. 

^®l^Tmination of the c^oeffiicient of aberration therefore leads to a 
value of the parallax of the Sun and thence of the Sun’s distance. Methods 
of determining the constant of aberration were described in Art 187 
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• — The Distances of the Fixed Stars 

387. Annual Paiallax of a Star 

The parallax of a star was defined in Art. 168. In Art.. 169 it was 
shown that the reciprocal of the parallax (expressed in seconds of arc) 
gi\es the distance of the star in parsecs. It was proved in Art. 171 
that an\ star, owing to parallax, appears to describe an ellipse in the 
sky in the course of a year. To determine the parallax of a star, it 
is necessary to measure the displacement of the star by parallax at 
different times during the year. Because of the great distance of the 
stars, the parallax is a small quantity and great care and accuracy 
of measurement is needed to give a reliable result. It is important 
that the measurements should be made at the times when the paral- 
lactic displacements are as large as possible. 

It is generally most convenient to measure the component of the 
parallactic displacement in R.A. It was shown in Art. 173 that this 
displacement (in arc) is P sin (a — cos Sq, where Oq, 8q, are the 
R.A. and decl. of the Sun and a is the R.A. of the star. The term 
sin (a — a^) can vary between -|-1 and — 1, whereas the range of 
variation of cos Sq is only from -p *92 to -f L The most favourable 
conditions would therefore be secured by ma kin g observations at the 
times when a — Uq = 90° or ± 6h. These conditions would be 

obtained by making observ^ations of the star when it is on the meri- 
dian at about 6 p.m. local time and again six months later at about 
6 a.m. local time. These ideal conditions are subject to the restriction 
that the observations of the stars can be made only after sunset ; 
in high latitudes in the sum m er months, it may not be possible to 
begin observations for two or three hours after 6 p.m. or to continue 
them within two or three hours of 6 a.m. 

It is necessary to separate the displacement of a star caused by its 
own proper-motion from the displacement due to parallax. For this 
purpose observations must be made at a minimum of three epochs, 
se|>arated bv inter\"als of approximately six months. Comparison 
between the first and third epochs, when the parallactic displacements 

are nearlv the same, will determine the proper motion of the star and 

1 ^ 

niftkc it possible to disentAugle it from the parsUactic displacement. 

388. Determination of the Annual Parallax of any Star 

To determine the Annual Parallax of any star, the following methods 
have been employed : — 

(i) The absolute method, by the transit circle ; 

(ii) Bessel's, or the differential method, by the micrometer or 
heliometer ; 

(iii) The photographic method. 
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The absolute method consisted simply in obsennng with the transit 
circle the apparent decl. and R.A, of a star at different times in the 
year* From the small variations in these co-ordinates it is possible to 
find the star’s parallax. 

The method was used in 1835 by Henderson at the Cape to 'prove 
that the star a Centauri had a large parallax^ though even here the value 
obtained was quite rough. It is not capable of giving the degree of refine- 
ment now aimed at, and must be regarded as only of historical interest. 


389* Bessel’s Method 


BesseVs method consists in observing with a micrometer fArt. 325) 
or heliometer (Art. 326) the variations in the angular distance and 
relative position of two optically near stars during the course of a year. 

The stars, being nearly in the same direction, are very nearly 
equally affected by refraction'*', and we may also mention that the same 
is true of aberration, precession and nutation. These corrections do 
not therefore sensibly affect the relative angular distance and positions 
of the stars. On the other hand, the two stars may be at very different 
distances from the Earth ; if so, they are differently displaced by 
parallax, and their angular distance and position undergo variations 
depending on their relative parallax or difference of parallax. Hence, 

by observing these variations during the year the difference of parallax 
can be found. 


This method does not determine the actual parallax of either star. 

But if one of the observed stars has a large proper motion and the other 

has a much smaller one or is a much fainter star we can assume that 

the former is comparatively near the Earth, while the latter is at such 

a great distance away that its parallax is insensible. Under such 

circumstances the observed relative parallax is the parallax of the 

nearer star alone. By making comparisons between the bright star 

and several different faint stars in its neighbourhood, this point may 
be settled. 


If a considerable discrepancy is found in the observed relative 

parallaxes, one or more of the comparison stars must themselves have 

appreciable parallaxes, but since the vast majority of stars in any 

neighbourhood are too distant to have a parallax, we shall be able to 

find the parallax not only of the star originally observed, but of that 
with which we had first compared it. 

The parallax of a star can never be negative ; if the relative parallax 
should be found to be negative, we should infer that the comparison 
star has the greater parallax, and is therefore nearer the Earth. 

f ^ different for stars of different colour ; to avoid error 

from this source, the observations are made near the meridian, and only the 
ascension component of the parallax is measured ^ 


M. ASTROX, 
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390. The Photographic Method 

The Photographic method is identical in principle with the last, but 
instead of observing the relative distances of different stars with a 
micrometer, portions of the heavens axe photographed at different 
seasons, and the displacements due to parallax are measured at leisure 
by comparing the positions of any star on the different plates. 

All the refined researches on parallax are now photographic, large 
refractors of great focal length being devoted to this work, in order to 
obtain great light- gathering power and large scale. Experience has 
suggested many precautions, such as taking all the photographs near 
the meridian, so that there is no refraction in K.A., and making the 
parallax star of the same apparent magnitude as the compar^n stars ; 
this is done bv making a small slotted screen rotate in front of its 
image on the plate. The probable error of a result has been reduced 
to less than 0-01 

A star at a distance of 100 parsecs has a parallax of 0*01*, which is 
not much in excess of the probable error with which the parallax can 
be measured. The direct measurement of parallaxes is therefore 
restricted to the comparatively near stars. For stars at much greater 
distances parallaxes must be determined by indirect methods, which 
are outside the scope of this book ; for details of these the student is 
referred to text-books on astrophysics. 


391. Parallaxes of certain Fixed Stars 

The nearest stars are Proxitna Centauri, with a parallax of 0-78', 
a Ceniauri, with parallax 0*75', and Munich 15040, with 0-55 . Among 
others, the following may be mentioned : a Lyrae, O-IO', Sirius, 0-38 , 
Ardurus, O-OS', Polari/, 0 04*, a Aquilae, 0-22*, 61 Cygni, 0-30*. Of 
these. Proximo Centauri is of the eleventh magnitude ; Munich 15040 
is of the tenth magnitude ; a companion to Sirius is only of the tenth 
magnitude. So it is not an invariable rule that faint stars are most 
distant, and have no appreciable parallax. A star may appear faint 
either because its intrinsic luminosity is low or because it is at a very 

f’xeat distance, 

C 


392. Proper Motions. — Binary Stars 

Manv stars, instead of being fixed in space, are graduaUy chan^g 
their positions. They are then said to have a proper motion. This 
motion may partly belong to the star, but is also partly aa apparent 
motion, due to the fact that the solar system lytsetf moving thro^h 
.pace in the direction of a point B.A. 18h., North decl. about 30 . 
The displacement can be aUowed for approximately if the star s distance 

is known. 
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Many of these motions, like that of our own Sun, are apparently 
prog-ressive ; i.e. the star moves with constant velocity and in the same 
direction. Others are orbital, i.e. the star revolves about some other 
star, or (more accurately) two stars revolve about their common centre 
of mass. Such a system of stars is called a Binary Star, It is usually 
seen by the naked eye as a single heavenly body, its components being 
too near to be distinguished. Frequently a system of stars has itself 
a progressive motion ; and sometimes an apparently progressive 
motion may reaUy be an orbital one, with a period so long that the 
path has not sensibly diverged from a straight Une during the short 
period for which stellar motions have been watched, 

A progressive or orbital motion cannot be confounded with the 
displacement due to annual parallax, for the former is always in the 
same direction, and the latter has a period differing from a year, while 
parallax always produces an annual variation. 



1, Show, by means of a diagram, that the general effect of the Earth's diurnal 
rotation is to shorten the duration of a transit of Venus, and that this circumstance 
might be used to find the Sun’s parallax. 


2. Supposing the equator, ecliptic, and orbit of Venus all to lie in one plane, 
and that a transit of Venus would last eight hours, at a point on the Earth’s equator, 
if the Earth were without rotation ; show that, if the Sun is verticallv overhead 
at the middle of the transit, the duration is diminished by about 9m. 55^s, owning 
to the Earth s rotation, taking the Sun’s parallax to be 8*8^, and the svnoclic period 
of Venus to be 584 days. 


3. Suppose the velocity of light to be the same as the velocity of the Earth 
round the Sun. Discuss the effect on the Pole Star as seen by an observer at the 
North Pole throughout the year. 

4. Given that the Sun’s parallax is 8*79'’ and the radios of the Earth is 3,96t» 
miles, find the distance that the Earth moves whQe light travels from the Sun to 
the Earth. (The velocity of light is 186,000 miles a second), 

5. The parallax of a minor planet when in opposition is found to be 25-6'. 

Assuming that the Son’s parallax is 8-79', find the ratio of the distances of the 
planet and the Earth from the Sun. 


MISCELLANEOUS QUESTIONS 

1. Explain the foUowing terms libration, /uauliVm, parallax, peri^ 

fielum, planet e elangaiian, right ascension, synodical period, syzygies, zenith, 

2. Given that the R.A. of Orion’s belt is 80° and its declination 0°, show by a 
23^ position at different hours of the night about March 21st and September 

1: number of minutes in the dip is equal to the number of 

nautical miles m the distance of the visible horizon. 
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4. Skow how to determine the latitade of a place by meiidianal observations 
on a ciTcnmpolar star, taking into account the refraction error. 

5. At what time of the year can the waning moon best be seen ? 

6. On July 21st at 2 a.m. the Moon is on the meridian. What is the age of tite 
Moon ? Indicate the position on the celestial sphere of a star whose declination is 
0® and whose H.A. is 30®. 


7. Taking the distance of Venus &om the Sun to be f of that of the Earth, find 
the ratio of the planet^s angular diameters at superior and inferior conjunction 
and greatest elongation, and draw a series of diagrams lowing the changes in the 
planet's appearance during a synodic period, as seen through a telescope under the 
same magnifying power. 



g a lunar day as the interval between two consecutive tranants of tile 


8 . 


Moon across the meridian, find its mean length in (i) mean solar, and (ii) sidereal 


units. 

9. At what seasons is the aberration of a star least whose K.A. is 90® and whose 
declination is 60® ? 


10. Show that the constant of aberration can be determined by observation 
of Jupiter's satellites, without a knowledge of the radius of the Eeurth*s orbit. 

1 1 . How is it possible to calculate separately the aberration — the constant of 
aberration being supposed unknown — annual parallaLX, and proper motion of a 
star, from a long series of ol^ervations of the apparent place of a star ? 


EXAMINATION PAPER 

1. Why is the method for finding the Moon’s parallax not available in the case 
of the Sun ? Show how the determination of the parallax of Mars leads to the 
determination of the Sun's parallax. 

2. Show how the Sun's parallax can be found by comp ari n g the times of 
commencement or of fermifiolMm of a transit of Venus at two stations not far from 

the Earth's equator. 

3. Show how the Son's parallax can be fonnd by comparing iho durations of a 
transit of Venus at two stations in high N. and S, latitudes. Why is this method 

not available when the transit is central ? 

4. Describe Bessel's method of determining the annual parallax of a fixed star. 

5. How might the Sun's parallax be determined by observations of the echpses 
of Jupiter's satellites? 

6. At what times of the day and year should observations of a star he made to 
give the most reliable determination of its parallax ? When should observations be 
made of a star whose R.A. is 6h. and of one whose B.A. is 12h. 

7. Show that transite of A*eBns are more suitable for the detemunation of the 
solar parallax than transits of Mercury. 





DYNAMICAL ASTRONOMY 

CHAPTER XVI 

THE ROTx^TION OF THE EARTH 

393. Introductory 

In the preceding chapters we have shown how the motions of the 
celestial bodies can be determined by actual observation, and we have 
also explained certain resulting phenomena. But no use has yet been 
made of the principles of dynamics ; consequently we have been unable 
to investigate the causes of the various motions. In particular, while 
we have assumed that the diurnal rotation of the stars is an appearance 
due to the Earth’s rotation, we have not as yet given any definite proof 

that this is the only possible explanation. 

The ancient Greeks accounted for the motions of the solar system 
by means of the Theory of Epicycles, according to which each planet 
moved as if it were at the end of a system of jointed rods rotating with 
uniform but different angular velocities. Suppose AB, BC, CZ) to be 
three rods jointed together at B, C. Let A be fixed ; let AB revolve 
uniformly about A ; let BC revolve with a different angular velocity 
about B ; and let CD revolve with another different angular velocity 
about C. Then, by properly choosing the lengths and angular velocities 
of the rods, the motion of D, relative to A, may be made nearly to 
represent the motion, relative to the Earth, of a planet. 

Copernicus (a.d. 1530 dre,) was the first astronomer’*' who explained 
the motions of the solar system on the theory that the diurnal motion 
is due to the Earth^s rotation, and that the Earth is one of the planets 
which revolve round the Sun. This theory was adopted by Kepler 
(a.d. 1609 drc.) whose laws of planetary motion have already been 
mentioned (Art. 264). These laws were, however, unexplained until 
their true cause was found by Neicton (a.d. 1687) by his discovery of the 
law of gravitation. 

394. Arguments in Favour of the Earth’s Rotation 

Without appealing to dynamical principles, the probabilitv of 
the Earth’s rotation about its axis (Art. 79) may be inferred from the 
following considerations : — 

(i) If the Earth did not rotate, we should have to imagine the Sun 
and stars to be revolving about it with enormous velocities. We 
could not, indeed, assume on that hypothesis quite so great values for 
the distances of the stars, as those to which we have been led on the 
received hypothesis. The distance of the Sun is some 24,000 times the 

♦ Some of the old Greek philosophers had made similar suggestions ; but the 
evidence was then insufEcient to carry conviction. 
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radius of the Earth. A speed of 25 millioa miles per hour would be 
required to carry it round the Earth in a day. The very small parallaxes 
of the stars would suffice to prove that their distance was many 
times as great as the Sun’s, and their speed hundreds or thousands 
of millions of miles an hour or comparable with that of light. It 
is difficult to conceive of such speed in the case of bodies immensely 
larger than the Earth. 


(ii) The diurnal rotations all take place about the pole, and are all 
performed in the same period — a sidereal day. This uniformity is a 
natural consequence of the Earth’s rotation, but if the Earth were at 
rest, it could only be explained by supposing the stars to be rigidly 
connected in some manner or other. Were such a connection to exist, 
it would be difficult to explain the proper motions of certain fixed stars, 
and the independent motions of the Sun, Moon, and planets. 


(iii) By observing the motion of the spots on the Sun at different 
intervals, it is found that the Sim rotates on its axis. Moreover, similar 
rotations may be observed in the planets ; thus, Mars is known to rotate 
in a period of nearly 24 hours. There is, therefore, nothing unreason- 
able in supposing that the Earth also rotates once in a sidereal day. 

(iv) The phenomenon of diurnal aberrrUion affords a proof of the 
Earth’s rotation. Were it not for the difficulty of its observation, this 
proof alone would be conclusive. 


We mav mention that diurnal parallax could be equally well accounted for if 
the celestial bodies revolved round the Earth ; not so, however, diurnal abenati<». 


395. Dynamical Proofs of tiie Earth’s Botation 

The following is a list of the methods by which the Earth’s rotation 
is proved from dvnamical considerations : — 

(1) The eastward deviation of falling bodies. 

(2) Foucault’s pendulum experiment. 

(3) Foucault’s experiments with a gyroscope. 

(4) Experiments on the deviation of projectiles. 

(5) Observations of ocean currents and trade winds. 

(6) Experiments on the differences in the acceleration of gravity 
in different latitudes, due to the Earth’s centrifugal force, as observed 
by counting the oscillations of a pendulum ; combined with 

(7) Observations of the figure of the Earth. 

396. The Eastward Deviation of F a l ling Bodies 

If the Earth is rotating about its polar axis, those points which are 
furthest from the Earth’s axis move with greater velocity than those 
which are nearer the axis. Hence the top of a high tower moves with 








Proofs of the Earth’s Rotation 


295 


slightly greater velocity than the base. If, then, a stone be dropped 
from the top of the tower, its eastward horizontal velocity, due to the 
Earth’s rotation, is greater than that of the Earth below, and it falls 
to the east of the vertical through its point of projection. The same is 
true when a body is dropped down a mine. This eastward devmtion, 
though small, has been observed, and affords a proof of the Earth s 

rotation. 


Consider, for example, a tower of height h at the equator. If u lx? the Earth’s 
equatorial radius, the base travels over a distance ‘iira in a sidereal day. owing to 
the Earth’s rotation, while the top of the tower describes (a -f A) per 
sidereal day. Thus, the velocity at the top exceeds that at the bottom by 2nfi p(.r 

If A be measured in feet, this difference of velocities is vA/JtiOO inches sidereal 
second, and is sufficiently great to cause a small but perceptible deviation when a 
body is let fall from a high tower. 

The calculation of the deviation is somewhat difficult, and involves an applica- 
tion of principles which are discussed in the next chapter. If t is the time ot 
flight, V the difference of velocities of the top and the bottom of the tower, the 
deviation is found to be approximately Jit, and not vt as might naturally be 
expected. Owing to the difficulty of measuring this deviation experimentally, 

the question is chiefly of historic interest. 


39*7. Foucault’s Pendulum Experiment 

In 1851, Foucault invented an experiment by which the Earth’s 
rotation is very clearly shovni. A pendulum is formed of a large metal 
ball suspended by a fine wire from the roof of a high building, and is 
set in motion by being drawn on one side and suddenly released ; it 
then oscillates to and fro in a vertical plane. If now the pendulum be 


sufficiently long and heavy to continue vibrating for a considerable 
length of time, the plane of oscillation is observed to very gradually 
change its direction relative to the surrounding objects, by turning 
slowly round from left to right at a place in the northern hemisphere, 
or in the reverse direction in the southern. If the experiment is 
performed in latitude <f>y the plane of oscillation appears to rotate 
through 15^ X sin ^ in a sidereal hour, 360° sin ^ in a sidereal day, 
or 360° in cosec <f> sidereal days. This apparent rotation is accounted 
for by the Earth^s rotation, as follows : — 


(i) Let us first imagine the experiment to be performed at the north 
pole of the Earth. Let the pendulum AB (Fig. 129) be vibrating 
about A in the arc BB' in the plane of the paper. The only forces acting 
on the bob are the tension of the string and the wei 
acting vertically downwards ; both are in the plane of the paper. The 
Earth’s rotation about its axis CA produces no forces on the bob. 
Hence there is nothing whatever to alter the direction of the plane of 
oscillation ; this plane therefore remains fixed in space. But the 


ght of the bob 
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Earth is not fixed in space ; it turns from west to east, malriiig a com- 
plete direet revolution in a sidereal day. Hence the plane of the 
pendulum’s osciUation appears, to an observer not conscious of his own 
motion, as thougli it rotated once in a sidereal day, in the reverse or 
retroffr€td€ direction (east to west). If, however, he were to compare 
the plane of oscillation not with the Earth but with the stars, whose 
directions are actually fixed in space, he would see that it always 
retained the same position relatively to them. 

Since, then, the pendulum at the pole of the Earth appears to 
follow the stars, it evidently appears to rotate in the same dirwtion as 
the hands of a watch at the north pole, and in the direction opposite 
to the hands of a watch at the south pole. 

(ii) Next suppose the experiment performed at the Earth’s equaior. 
If the bob be set swinging in the plane of the equator, take this as the 
plane of the paper (Fig. 130). The direction of the vertical AQC is 

now rotating about an 
axis through C perpen^ 
dicular to the plane of the 
paper ; hence it always 
remains in that plane. 
Hence there is nothing 
whatever to turn the 
plane of oscillation of the 
pendulum out of the 
plane of the Earth’s 
equator. It therefore con- 
tinues always to pass 
through the east and west 

points, and there is no apparent rotation of the plane of oscillation. 

If the pendulum does not swing in the plane of the equator, the 
explanation is much more complicated. As the Earth rotates, the 
direction of gravity performs a direct revolution in a sidereal day. 
Hence, relative to the point of support, gravity is gradually and con- 
tinuously turning the bob westwards, in such a way as to keep its mean 
position always pointed towards the centre of the Earth. When the 
bob is south of its position of equilibrium, this westward bias tends to 
turn the plane of oscillation in the clockwise direction, but when the 
bob is north of the mean position, the westward bias has an equal 
tendency to turn the plane in the reverse direction. Consequently the 
two effects counteract one another, and therefore produce no apparent 
rotation of the plane of oscillation relative to surrounding objects. 




Fig. 129. 


Fig. 130. 


(iii) Lastly, consider the case of an observer O in latitude ^ (Fig. 
131). Let n denote the angular velocity with which the Earth is 
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rotating about its pole axis CP. It is a well-known theorem in rigid 
dynamics that an angular velocity of rotation about any line may be 
resolved into components about any two other lines, by the parallelo- 
gram law, in just the same way as a linear velocity or a force along that 
line ; this theorem is called the Parallelogram of Angular Velocities. 
Applying it to the angular velocity n about CP, we may resolve it into 
two components — 

n cos PCO orn sin ^ about CO, 

and 

n sin PCO or n cos ^ about a line CO' perpendicular to CO, and we may 
consider the effects of the two angular velocities separately. 

As in case (i), the component n sin ^ causes the Earth to turn 
about CO, without altering the direction in space of the plane of 
oscillation; this plane, therefore, appears to rotate relatively in the 
reverse or retrograde direction, with angular velocity n sin As in 
case (ii), the angular velocity w cos ^ about 
CO' produces no apparent rotation of the plane 
of oscillation relative to the Earth. Hence 
the plane of oscillation appears to revolve, 

relative to the Earth, with retrograde angular 
velocily n sin 

Sut the angular velocity n 

— 15° per sidereal hour 

= 360° per sidereal day. 

Therefore the plane of oscillation turns 
through 15° sin ^ per sidereal hour = 360° 

sin ^ per sidereal day, and its period of rota- 

360° . 

that is: — 



Fio. 131. 


tion 


n sin ^ * 

period of rotation 


cosec ^ sidereal days. 


398. The Gyroscope or Gyrostat 

is another apparatus used by Foucault to prove the Earth’s 
rototion. It is simply a heavy revolving wheel M (Fig. 132), whose 

Zitlte ^ ~ tut it «u, tom 

Me outer frame DECF about the bearings EF, the axis AB (like the 
teleswpe m an altazimuth or equatorial) can be pointed in any desired 

pass^ueh the Lntre of 

Sr? weight is entirely supported, and does not 

t^d to turn it m may way; and the bearinesil B C n P a 

lig^it, and so constructed that their friction may be as wnLl) as 
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The top may be spun by a string in the usual wav if 

to spm for a long time. * ^*7. it continues 

^en a symmetrical bodv, such as the wheel 1/ i • 

thetefote .he axis of eo,a.ion At:^, dt XT’ ““ 

of tt wTeeu's supS^T' »« -«ght 

^ t =>upi^rted, there is no force tending to turn it ro„nd 
followsThI IS performed it is observed that the axis AB 

chanmna witb tbae 5 * 1 , ^ tHat .tar, its position relative to the Earth 

of the 4rs are feed 1 L ' a'T “ 'j directions 

01 tne .tars are ixed m space, and that the diurnal motion is not due 

to them, but to the rotation of the Earth. 

If while the gyroscope is spinning rapidly any attempt be made to alter the 
direction of the ans of rotation AB bv nnshinir it in ^ 

P XUH^ Iv in 3DV QlPp'CtiODj & VC^rV 

resistance will be erperienced, and the axis will only 
more with great difficulty. This shows that the small 
riction at the pivots CD, EF can have but little effect 
m turning the axis of the top, and therefore the o-tto- 
scope spins as if it were practically free, as long Is its 
angular velocity remains considerable. 

399. Further Experiments with the Gyroscope 

experiments with 
used to prove the 





Cr 

o 



Fig. 132 . 


the gyroscope can be also 
Earth's rotation* 


E^eziment 1* Let the hoop CEDF be tsteadily rotated about the line EF, 
The line AB is no longer free to take up any position, for the pivots C and D 
obviously force it always to be in a plane through EF and perpendicular to plane 
CEDF, Hence the axis of rotation is no longer able to maintain always the same 
position, unless that position coincides with EF, The result is that the axis 
gradually turns about CD tiU it doe^ coincide with EF, the direction of rotation 
of the wheel being the same as that in which frame is forced to revolve. It will 
then have no further tendency to change its place. Of course we suppose the hoop 
^^rned so Q^uickly that the effect of the slow motion of the Farth is imperceptible. 

Experiment 2. — We may now repeat Experiment 1, using the Earth *s rotation. 
Let the framework CEDF be ffxcd in a horizontal position, the line CD being held 
pointed due east and west. The axis AB is then free to turn in the plane of the 
meridian, ^ow, owing to the Earth s rotation, the framework canrving CD is 
turning about the Earth's polar axis, and this causes the top to turn fi7Z its axis 
points to /Ae cd^ial potes. The result of experiment agrees with theory, thus 
affording a farther proof of the Earth's rotation about the poles. The gyro- 
compass, now used on many battle^ships and other large vessels, is essentially a 
large gyroscope whose rotation is maintained by an electric motor. It points to 
the astronomical north, not the magnetic north. As the guiding force is more 
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powerful than in the magnetic compass, it is possible to have a single compass at a 
safe position below the water line, which controls dials in various parts of the ship. 

experiment 3. L^et the framework CEJDF be clamped in a vertical plane. 
The axis AB can then turn in a horizontal plane, but it cannot point to the pole. 
It will, however, try to point in a direction differing as little as possibh- from the 
direction of the Earth’s axis, and will therefore turn till it points due north and 
south. This has also been verified by actual observation. 

Experiments 2 and 3, if performed with a sufficiently perfect gyroscope, would 
enable us to find the north point, and then to find the celestial pole, and thus 
determine the latitude without observing any stars. By means of Foucault’s 
pendulum experiment we could also (theoretically) determine the latitude. 

400. The Deviation of Projectiles 

If W6 suppose a cannon ball to be fired in anv’’ direction, sav from the 
Earth s North Pole, the ball will travel with uniform horizontal velocitv 
in a vertical plane. But, as the Earth rotates from right to left, the 
object at which the ball was aimed will be carried rouud to the left of 
the plane of projection, and therefore the ball wUl appear to deviate to 
the right of its mark. At the South Pole the reverse would be the case, 
because in consequence of the direction of the vertical being reversed the 
Earth w^d revolve from left to right ; hence the ball would deviate 
to the left of its mark. At the equator no such effect would occur 
The deviation, like that in Foucault’s pendulum, depends on the 
itarth s component angular velocity about a vertical axis at the place 
of ob^rvation, and this component, in latitude is « sin 6 (Art 397 

Zon through 15' per sidereal 

second.s tb**!t*’ ’ V ^ measured in sidereal 

seconds, the deviation is given bv r 

Deviation = nt sin = 15' . / sin 

tZVl'" ^ 15' . / sin ^ ’to the left of the 

is ^’i < sm ^ to the nyhi in S. lat. The formula 

IS necessary to allow for this deviation in gunnerv-thm affordiiL 
another proof of the Earth’s rotation. ‘ ^ ^ 

401, The Trade W^inds 

The Trade Winds are due to a similar Th ^ . 

travelling towards the hotter parts of the Earth at^the equator‘' like 

changes their directions from north and Jont^t. iu ’nation 

east resneetivpW T„ and south to north-east and south- 

deTOtion in the ocenn cmenK^^XM " 

opposite .0 .to of th. Earth’s rotation, Ihioh i,”™™.:” do^ltof" 
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lu the N. and “ clockwise ” in the S. hemisphere. The rotatory motion 
ot tHe wmd m cyclones is also due to the Earth’s rotation. 

4Q2. Centrifugal Force 

If a body of mass m is revolving in a circle of radius r with uniform 
velocity V under the action of any forces, it is known that the body has 
an acceleration v^/r towards the centre of the circle*. Hence the 
forces most have a resultant mt^jr acting towards the centre, and they 
would be balanced by a force mu*/r acting in the reverse direction, i.e. 
outwards from the centre. This force is called the centrifugal force. 

Thus, in consequence of its acceleration, the body appears to exert 
a centrifugal force outwards. If it be attached to the centre of the 
circle by a string, the pull in the string is mv^jr. If m be measured in 
pounds, T in feet, and v in feet per second, then mv^jr represents 

the centrifugal force in poundais. 
Similarly, in the centimetre-gramme- 
second system of units, mv^jr is the 
centrifugal force in dynes. 

If n represent the body’s angular 
velocity in radians per second, t; = nr. 


R 




n*MO 


and the centrifi^al force is therefore 
mn^r. 


403. General Effects of the Earth’s 

Centrifugal Force 


Fig. 133. 


If the Earth were at rest the 
weight of a body would be entirely 
due to the Earth’s attraction. But 
in consequence of the diurnal rotation 
the apparent weight is the resultant 
of the Earth’s attraction and the centrifugal force. 

Let QOR represent a meridian section of the Earth (Fig. 133). 
Consider a bodj" of mass m supported at any point 0 on the Earth’s 
surface. Since the Earth is nearly, but not quite, spherical, the force 
of the Earth’s attraction on a unit mass is not directed exactly to the 
Earth’s centre, but along a line OK. But, owing to the body’s central 
acceleration along OM, the force which it exerts on the support is not 
quite equal to the Earth’s attraction mg^, but is compounded of 
acting along OK, and the centrihigal force »i . n* . ilfO acting along MO. 
On KQ take a point G such that 

KG : KO = n* . MO ; g ; 

then, by the triangle of forces, OG is the direction of the resultant force 

* See any book on Dynamics. 
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exerted by the body on its support, and this force is the apparent weight 
of the body. Hence, also OG represents the apparent direction of 
gravity, or the vertical as indicated by a plumb-line. Producing GO, 
KO to Z, Z’, we see that the effect of centrifugal force is to displace the 
vertical from Z“ towards the nearest pole (P). 

The angle ZGQ measures the (geographical) latitude of the place, 
and is greater than Z’KQ, which would measure the latitude if the 
Earth were at rest. Hence the apparent latitude of any place is increased 
by centrifuged force. 

Again, if the apparent weight be denoted by mg, we have, by the 
triangle of forces, g:g^=GO:KO; 


now from the figure it is evident that GO<KO, and therefore g<go. 
Hence the apparent weight of a body is diminished by centrifugal force. 


404. Effect on the Acceleration of a Falling Body 

If a body is falling freely towards the Earth near 0, the whole 

acceleration of its motion in space is due to the Earth’s attraction, and 

is ^ 0 * elong OK. But the Earth at 0 has itself an acceleration f»*OAf 

towards M. Hence the acceleration of the body relative to the Earth 

is the resultant of g^ along OK, and n* . MO along MO, and is therefore 

g along OG. Hence the body approaches the Earth with acceleration 

g along OG. Therefore its relative acceleration is the acceleration due to 

its apparent weight, that is, to the resultant of the Earth’s edtraction atid 
centrifuged force. 


405. To Knd the Loss of Weight of a Body at the Equator, due 

to Centrifugal Force 

At the equator centrifugal force is directly opposed to gravity ; 
hence, if a denote the Earth’s radius CQ, 

9 = »»*o. 

Now we have roughly 

go = 32*18 feet per second per second, 



a = 3963 miles = 3963 x 5280 feet, 

** ~ 2?r radians per sidereal day as that * 

_ 2w 

” ~ 86164 mcon solar second. 


Hence n^o 






47r* 


and therefore 


86164 X 86164 

•11127 


•11127, 


n*o 


1 


9a 32 18 289 


nearly, 


Hence 
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or the effect of the Earth’s rotation is to decrease the weight < 

1 

the equator by about ^ of the vchde. 

For rough c^culations it would be sufficient to take g = 32*2, o = 

and to neglect the difference between a solar and a sidereal day. 
give as before. 


3960 miles, 
This would 


406. To Find apfoxsimately ihe Loss of Weight of a Body and 

the Deviation of the Votical due to Centrifugal Force in 
any given Latitude 

Let <j> = QGO = astronomical latitude of 0 ; D= GOK — ZOZ' = 
deviation of vertical from direction of Earth’s attraction, or increase of 
latitude due to centrifugal force. We have : — 

OM = CO cos COM = a cos <f> approximate! v ; 

where a is the Earth’s radius, since the Earth is very nearly spherical, 
and /_C0M is therefore very nearly equal to the latitude <f>. Therefore 
centrifugal force per unit mass at 0 is : — 

= n - . OM = n* .a cos <f> = cos <j> (&om Art. 405). 

Resohdng along OG, we have, if Jq be the Earth’s attraction per 
unit mass at 0*, 

= Jq cos D — . OM cos <f>; 


9 


or 9 = 90 


289 


cos* approximately 


(since D is small, and cos Z) — 1 nearly). 

Hence, in latitude <f>, the Earths rotation diminishes the weight of a 

body by approximately cos* <f> of itself. 

Resolving perpendicular to OG, we have 

Oq sin D — nH)M sin ^ = 0 ; 


or 


sin D 


n*a cos ^ sin ^ 1 sin 2^ 


9o 


289 2 


Since D is small, this gives approximately : 


circular measure of D 


1 sin 2<f> 


289 


or D" (number of seconds in D) 


ISO X 60 X 60 
289 X 277 


sin 2^ 


206265 

578 


sin 2^ = 357' sin 2^. 


• Since the Earth is not quite spherical, y, is not the same at 0 aa at the 
equator. The difierence may be neglected, however, when multiplied by the 

gmall constant 5I-5. 
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Hence the deviaiian Z) = 5' bl'* .sin 2<f>, and this is the increase of 
latitude due to centrifugal force. 

Corollary. — The deviation of the vertical due to oentrifuf?aI 
force is greatest in latitude 45"" (where sin 2(f>~ 1), and is there 5' 57". 

407. Figure of the Earth 

In Art. 98 we stated that the form of the Earth has been observed 
to be an oblate spheroid. Now it has been proved mathematlcall v that 
a mass of gravitating liquid when rotating takes the form of an oblate 
spheroid whose least diameter is along its axis of rotation. Thus the 
Earth's form may be accounted for on the theory that the Earth\s 
surface was formerly in a fluid or molten state, and that it then assumed 
its present form, owing to its diurnal rotation. We thus have another 
argument in favour of the Earth's rotation ; but it is only fair to say 
that this theory of the Earth's origin has not been satisfactorily demon- 
strated. It accounts satisfactorily, however, for the form of the 
surface of the ocean. 

This theory may be illustrated by the following general considerations. When 
a mass of liquid is acted on by no forces beyond the attractions of its particles, it 
is easy to realise that the whole is in equilibrium in a spherical form, being then 
perfectly symmetrical. 

If, however, the fluid be rotating about the axis PCP\ the centrifugal force 
tends to pull the liquid away from this axis and towards the equatorial plane. 
The liquid would, therefore, fly right off, but its attraction is always trying to pull 
it back to the spherical form. Hence, the only effect of centrifugal force (which, 
for the Earth, is small compared with gravity) is to distort the liquid from its 
spherical form by pulling it out towards the equator ; and it is therefore reasonable 

to suppose that the fluid will assume a more or less oblate figure, whose equatorial 
is greater than its solar diameter. 

It may also be remarked that the form assumed by the liquid would be 

such that the effective force of gravity (».e. the resultant of the attraction and 

centrifugal force) on the surface would everywhere be perpendicular (».e. normal i 
to the surface. 

408. Gravity Observations 

If the Earth were a sphere, its attraction g, would everywhere tend to its centre, 
and would be of the same intensity at all points on its surface, while the variations 
in the apparent intensity of gravity, would be entirely due to the Earth’s enntri- 
ugal force, Its value in latitude ^ being proportional to 1 — jig cos’A (Art. 406). 
By cornering the values of g at different places, we should then be able to demon- 

^ ® centrifugal force, and hence prove its rotation. But, owing to 

the Earth s elhpticity, its attraction y, does not pass through the centre, e^pt 
at the poles and equator, and its intensity is not everywhere constant. It L 
erefore, important to determine experimentally the values of g at different 
statioiw. By aUowing for centrifugal force, the corresponding values of the Earth’s 
attraction g, can be found, and the variations in its intensity at different places 
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afford a measure of the amount by which the Earth differs from a sphere. We 
thus have a graritational method of finding the Earth's ellipticitv. 

But the Earth’s ellipticity can also be determined by direct obe^vation, as 
explained in Chapter 1%% Section m. The agreement between the results thus 
independently obtained famishes another proof of the Earth’s rotation. 

In consequence of the Earth’s ellipticity it is found (by obseiwation) that the 
difference in the intensity of gravity between the pole and equator is increased from 
to of the whole. 


illll 


iy of 



II 

le 

. n 


•II 

:ti 


409. To Compare the Intensity of Gravity at Different Places 

The intensity of gravity may be measured by the force with which a 
unit mass is drawn towards the Earth. This cannot be 
body with a common balance, because the weights of the 
poise, by means of which it is weighed, are equally affected by variations in the 
intensity of gravity, and two bodies of equal will, therefore, balance one 

another when placed in the scale pans, no matter what be the mtensity of gravity. 
In fact, by weighing a body with weights in the ordinary way, we determine only 
its and not the absolute force with which it is drawn to the Earth. 

We might determine the intensity of gravity by means of a “ sprijig balance,^'* 
for the elasticity of the spring does not depend on the mtensity of gravity, and 
therefore the extension of the spring gives an absolute measure of the force with 
which the body is drawn towards the Earth. If the apparatus were to support a 
mass of one pound, first at the equator and then at the pole, the force on it would 
be greater at the latter place by about ^ and this spring would there be extended 
about more. It would be very difficult to construct a spring balance suffi- 
ciently sensitive to show such a small relative difference of weight, but it has been 
done. 

Atuood's machine might be used to find but this method is not capable of 
giving very accurate results. 

The most accurate method of finding g is by timing the oscillatioos of pendulum 
of known length. 

[♦ A theoretical eimpU pendulum, consisting of a mere heavy particle of no 
dimenj-ions, soaspended b}" a thread without weight, is of course impossible to 
realise in practice, bat the difficulty is overcome by the use of a pendulum caDed 
Captain Kater's Reversible Pendulum. This pendulum is a bar which can be made 
to swing about cither of two knife-blades fixed at oppc»site sides of, but unequal 
distances from, its centre of gravity, and it is so loaded that the periods of oscilla- 
tion, when suspended from either knife-edge, are equal. It is then known that the 
|[Jt*ndulum will swing about either knife-edge in just the sam e manner as if it were a 
simple pendulum whose whole mass was concentrated at the other knife-edge. The 
distance between the knife-eilges is, therefore, to be regarded as the length oj the 

pendnlum.] 


410. Oscillations of a Simple Fendnlum 

In a simple pendulum, formed of a small heavy particle suspended 
bv a fine light thread of length I, the period of a complete small oscilla- 
tion to and fro is 
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of length V — I, mav be readily found approximately without the 
labour of extracting any square roots. 

(ii) Suppose the intensity of gravity increased to g', the length I 
being unaltered, and let t' be the new period. Now : — 




ir. 


f 1 


Therefore 


('• 


therefore also 




But; if t, g are very nearly equal to t', g', this gives approximately 


(iii) If 1 and g both vary. 


becoming V and g', we have, in 

t'- _ I'g 

T* h" 


manner 


and 


r- 


i’ — t 

t) - 

r- 


I'g - Ig __ Vg - Vg' . Vg - Ig' 

F" Jg' ■ ]g' 


y 7 - 7 ' . 

/ ‘7 ' I' 

or appro.ximately, if the variations are small, 

_r g^g 

~ r I' 7 ’ 

showing that the effects of the two variations may be considered 

s'^parately. 

iiv) If V. )' be the number of complete oscillations of the pendulum 
in a gi^■en interval T . and if, in consequence of the change, this number 
be altered to n' . we have 


M ^ n'i' =-- r. 


so that 


whence 


If (' is verv nearly equal to b this gives approximately 


- /I 


i L - 4- i ^ ? 

-I ‘ 0 


which determines the number of beats gained by the pendulum m th( 
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time Ty in consequence of the variations, the original number n being 
supposed known. 


Example. — Find the nunUter of oscillations gained or lost in api hour hg the 
pendulum of the Example of Art^ 410, supposing (i) its length increased to 1 metre ; 
(ii) the acctleraiion of gravity increased to 982 ; (iii) both changes made simultaneously, 

(i) The pendulum beats seconds ; therefore it performs 3600 half oscillations 
or 1800 whole oscillations in an hour. Also V = 100*00, V — I 0*61, g' — j; = 0. 
Hence, if n' be the new number of oscillations in an hour, 

n' — 1800 0*61 0*61 , 0-61 

“ 1800 = “ IT = ~ ) - 200 ' 

or n' — 1800 = — 9 x *61 = — 5-49. 

McncG tlie pGndulutn lo36S nearly 5^ osciUfltions in An hour^ And th6 nujnbAr of 
oscillAtions is therefore 1794^. 



Here 


n’ — 1800 _ ^ ^ _ 982 — 981 1 

1800 ~ 2g ~ 2‘x 981 2~x 981 ’ 


or n' - 1800 = = -9=1 nearly. 

Hence the pendulum gains 1 oscillation in an hour, the total number of 
oscillations being 1801. 

(iu) Sinw from the first cause the pendulum loses 6J oscillations and from the 
second it gains 1 oscillation, therefore on the whole it loses 5^ — 1 or 4 J oscillations 
per hour. It therefore performs 1796^ oscillations or 3591 heata pejr hour. 


412. To Compare the Times of Oscillations of Two Pendulums 

whose Periods are Very Nearly Equal 

If two pendulums of nearly equal periods are simultaneous!}’ started 
swmgmg in the same direction, the one whose period is a little the 
shortest will soon begin to swing before the other. After some time 
It will gam a half oscillation, and the pendulums will then be swinging 
m opposite directions. After another equal mterval, the quicker 
penddum will have gamed one whole oscUlation gn the slower, and both 
will be agam swu^g together in the same direction. Similarly 
every time the quicker pendulum has gained an exact number of 
complete oscillations on the slower, both will be swinging together in 
the .am. di.«,tioo. Thee, the number of c^,ciience.Z the ttC 
ot fames that the two pendulums are together, in any interval, is equal 
the number of complete oscillations (to and fro) gained by the 
qmcker pendulum over the slower, I'.e. the difference between the 

"■“i fr ‘be two pendnlnot. 

neui 1 ’ *** number of o^iUations of the slower and faster 

pendulums m any given mterval, then n' - « is the number of oscilla- 

lons g^ed by the latter, and is, therefore, the number of “ coinci- 

dences^’ If either of the numbers », n' is known, we can, by co^nZ 
the comcidences, find the other number. ^ countmg 









Finding the Accelebation of Gravity 


309 


3* If a railway is laid along a meridian^ and a train is travelling from the equator 
towards the pole, investigate whether it will exert an eastward or a westward 
thrust on the rails, and why* 

4. A bullet is fired in N* latitude 46^, with a velocity of 1,600 feet per second, 
at an elevation 45°. Prove that it must be aimed in a vertical plane 12' 30"' to the 
left of the target ; and, if this precaution be neglected, calculate how many feet 
it will deviate to the right. 

5. Show that if the Earth were to rotate seventeen times as fast, a body at the 
equator would have no weight. 

6. If the Earth were a homogeneous sphere rotating so fast that bodies at the 
equator had no weight, show that in any latitude the plumbdine would point to the 
celestial pole. 

7. Would the latitude of Greenwich be increased or decreased bv an increase 
in the speed of the Earth’s rotation ? If the latitude of a place be 60% find what 

would be its latitude if (i) the Earth were reduced to rest, (ii) its angular velocity 
were doubled. 


8. Prove that if the Earth were reduced to rest, a pendulum in latitude 45® 
would gain one oscillation in every 1166, but if the Earth’s angular velocity were 
doubled, it would lose three oscillations in 1166. 


9. A clock and a chronometer are taken from London to Gibraltar and it is 
observed that the clock begins to lose, while the chronometer continues to keep 
correct time. Why is this? 


10. Assuming that a body loses of its weight when taken from the poles to 

the equator, show that a clock which keeps mean time at the equator would keep 

sidereal time at the poles, with a rate amounting to only a fraction of a second 
per day. 


11. With the data of the last question, show that the Earth’s attractions on a 
unit mass placed at the equator and at the poles are in the ratio of (nearly) 496 : 497. 

12. If a railway train is travelling along the equator from east to west, show that 
it presses on the rails with a force greater than its apparent weight when at rest. 
If the train is travelling at forty-five geographical miles per hour, and its mass is 
144 tons, find (roughly) in pounds the increase in the downward thrust on the rails. 


EXAMINATION PAPER 

1. Give reasons for supposing that the diurnal rotation of the heavens is only 

an appearance caused by a real rotation of the Earth. Name methods by which it 
has been claimed that this is proved. 

2. Describe the gyroscope experiment, and the gyroscope. 

3. Give any theoretical methods of determining latitude without observim? a 

heavenly body, ® 

4 D^cribe Foucault’s experiment for exhibiting the Earth’s rotation ; and 

find the time of the complete rotation of the plane of vibration of a simple pendulum 
freely suspended in latitude 60®. ^ 

5. Havuig given that the Earth’s circumference is 40,000 kilometres find 
acceleration of a body at the equator due to the Earth’s rotation in centimetre! 
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413. To find g, the . Acoderation of Giavily 

The simplest plan is to use a Captain Eater’s pendulum, the beat of 
which is very nearly one second. By counting the “ coincidences ” of 
the pendulum with the pendulum of a clock regulated to beat seconds 
during, say, an hour (as shown by the clock) the exact time of oscillation 
can be found. Moreover, from the number of beats gained or lost, 
and the observed length of the pendulum, we may calculate the amount 
by which the length must be increased or decreased in order to walrA the 
pendulum beat seconds. The length of the seconds pendulum is thus 
known, and the value of g can be found. 

The reason for using two pendulums is that it would be extremely 
difficult to measure the length of the pendulum of the clock, and 
it would be equally difficult to find the period of oscillation of a 
pendulum without comparing it with that of a clock, whose rate can 
be regulated daily by astronomical observations. 


414. To Compare the Value of g at Two Different Stations 

The simplest plan is to determine the number of seconds gaiaed or 
lost in a day by a clock after it has been taken from one station to the 
other, the length of the pendulum remaining the same. If n, n' be the 
number of seconds marked by the clock in a day at the two places, we 


have exactly 


n 


'2 


n 


or approximately, 


n 


n 


n 


y 

9 


9 —9 
9 


whence the ratio of to may be found. 

Here there is no necessity to use a Captain Kater’s pendulum, 
because the length of the pendulum is not required ; hence the ordinary 
compensating pendulum of the clock answers the purpose. If a non- 
compensating pendulum were used, it would be necessary to make 
allowance for any change in the length of the pendulum due to variations 

in temperature. 

EXAMPLES 

1. A Fottcalt’s pendulum being set vibrating in latitude 30®, show that ater 
one sidereal day it is again vibrating in the same plane. Find the corresponding 

interval in latitude 45®. 

2. If two conical pendulums of equal length revolve in opposite directions, 
dee^bing conee of equal verUcal angle, show that at a place in the noithmi 
hemisphere the pendulum which revolves in the same direction as the hands of a 
watch will have the greater apparent angular velocity, and will gam two compete 
revolutions on the other in the period in which the plane of Foucault’s pendtahim 
toms through 360®. Consider, in the first place, the phenomena at the North 
Pole. Also describe the corresponding phenomena in the southern hemisphere. 
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*7* ?" “**"“»» of to b. Ml rfu^ 

te. deduce the ratio of centrifugal force to grarity at the equator. 

^the Earth to be a uniform sphere reirolTing round a diameter. ralculatTS^ 
deflection of the vertical from the normal to the surface. 

Qk* intensity of gravity is less at the equator than in higher 

1 alteration in the apparent weight of a body d^ to 

centn^ forre vanes nearly as cos*^ where ^ is the Utitnde, and state the ratio 
ot centrifugal force to gravity at the equator. 

9- If a body is weighed by a spring balance in London and at Quito, a difference 

of weight IS observed. Why is this not observed if an ordinary pair of acahs 

be used t 

10. Show that an incre^ in the inlensit j of gravity wiU cause a pendnlum to 

swing more rapidly, and rice versa. If the acceleration of gravity be increase* by 

the small lotion l^r of its value, show that a pendulum will gain one complete 
oscillation in everv 2r. 


CHAPTER XVII 

THE LAW OF UNIVERSAL GRAVITATION 

I. — The Eakth’s Orbital Motiox — Kepler’s Laws akd their 

Consequences 

415. Eridence m Favour of the Earth’s Annual Motion nnmd 

the Sun 

The theory that the Earth is a planet, and revolves round the Sun, 
was propounded by Copernicus (ctre. 1530) and received its most 
convincing proof, over 150 years later from Newton (a.d. 1687), who 
accounted for the motions of the Earth and planets as a consequence 
of the law of universal gravitation. This proof is based on djnamical 
principles ; but the following arguments, based on other considerations, 
afford independent evidence in favour of the theory that the Earth 
revolves round the Sun rather than the Sun round the Earth. 


(i) The Sun’s diameter is 110 times that of the Earth’s, and it is 
much easier to believe that the smaller body revolves round the larger, 
than that the larger body revolves round the smaller. 

If the dynamical laws of motion be assumed, and the other planets 
left out of consideration, the Sun and the Earth would each revolve 
around their common centre of gravity. The mass of the Earth is 
only 1/330,000 that of the Sun. Their centre of gravity is less than 
300 miles from the centre of the Sun, whose radius is 432,000 miles. 
The Sun is pulled only very slightly from its position by the attraction 
of the olanets, each of which can be considered to revolve round the Sun. 
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(ii) The stationary points, and alternately direct and retrograde 
motions of the planets, are easily accounted for on the theory that the 
Earth and planets revolve round the Sun (Chap. XI) in orbits very 
nearly circular, and it would be impossible to give such a simple explana- 
tion of these motions on any other theory. It is true that we might 
suppose, with Tycho Brahe (circ, 1600), that the planets revolve round 
the Sun as a centre, while that body has an orbital motion round the 
Earth, but this explanation would be more complicated than that 
which assumes the Sun to be at rest. And it would be hard to explain 
how such huge bodies as Jupiter and Saturn could be brought to 
describe such complex paths. 

(iii) As seen through a telescope, Venus and Mars are found to be 
very similar to the Earth in their physical characteristics, and their 
phases show that, like the Earth and Moon, they are not self-luminous. 
It is, therefore, only natural to suppose that their property of revolving 
round the Sun is shared by the Earth. Moreover, the Earth’s relative 
distance from the Sun agrees fairly closely with that given by Bode s 
law ; hence there is a strong analogy between the Earth and the planets. 

(iv) The orbital motion of the Earth is in strict accordance with 
Kepler’s Laws of Planetary Motion. In particular, the relation 
between the mean distances and periodic times given by Kepler's 
Third Law (Art. 264) is satisfied in the case of the Earth’s orbit. 

Moreover, a similar relation is observed to hold between the periodic- 

times of Jupiter’s satellites and their mean distances from Jupiter. 

Hence it is probable that the Earth and planets form, like Jupiter's 

satellites, one system revolving about a common centre. But it is 

improbable that the Sun and Moon should both revolve about tb** 

Earth, for their distances from it and their periods are not connected 
by this relation. 

(v) The changes in the relativ'^e positions of two stars durinu^ the 

year in consequence of annual parallax can only be accounted for on 

the hypothesis either of the Earth’s orbital motion, or of a highly 

improbable rigid connection between all the nearer stars and the Suii, 

compelling them all to execute an annual orbit of the same size and 
position. 

(vi) The aberration of light affords the most convincing proof of all 
In particular, the relation between the coefficient of aberration and the 
retardation of the eclipses of Jupiter’s satellites has been fullv verified 
by actual observations, and affords incontestible evidence that the 
phenomenon is actuaUy due to the finite velocity of Ught, And the 
alternative hypothesis which would account for annual parallax would 
not give rise to aberration, but would produce an entirely different 
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evidence derived from the aberration of 

not merely an argoment, in favoar of the Earth’s orbital motST 

416. Newtons Theoretical Deductions from Kepler’s liaws 

planetary motion (Art. 264) naturaUv 

the following questions z 

(1) What makes the planets move in ellipses ? 

(2) hy does the radius vector from the Sun to any planet trace 
out equal areas m equal times ? 

(3) ^y are the squares of the periodic times proportional to the 
cubes of the mean distances from the Sun ? 

These questions were first answered by Newton about 1687 or 
nearly sixty years after the death of Kepler. The theoretical interpre- 
tation of the Second Law necessarily precedes that of the first ; accord- 

mgly we now repeat the laws in their new order, together with Newton’s 
interpretations of them. 


Kefir's Second Laic . — The radius vector joining each planet to the 
Sun moves in a plane describing equal areas in equal times. 

Newton s Deduction, The ^ovce nnder nihtch a planet 

describes its orbit altcays acts along the radius vector in the direction 
of the Sun's centre. 


Kepler's J 
in one focus. 


ellipses 


Newton’s Deduction. — The force on any planet varies inversdy 
as the square of its distance from the Sun. 

Kepler's Third Law . — The squares of the periodic times of the 
several planets are proportional to the cubes of their mean diat-n n^s 
from the Sun. 


Newton’s Deduction.- — The forces on different plants vary 
directly as their masses, and inversely as the squares of their distances 
from the Sun, or, tn other words, the cuxderations of different planets, 
due to the Sun's attraction, vary inversely as the sqiuires of their 
distances from the Sun. 


If, as we have every reason for believing, the planets are material 
bodies, Newton’s laws of motion show that they cannot move as they 
do unless they are acted on by some force, otherwise they would either 
be at rest or move uniforady in a straight line. Kepler’s Second Law 
then enables us to determine the direction of this force, his First Law 
enables us to compare the force at different parts of the same orbit, 
and his Third Law enables us to compare the forces on different planets. 
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417. Case of Circular Orbits 

We have seen that the orbits of most of the planets are nearly 
circular, the eccentricities being small, except in the case of Mercury. 
Before proceeding to the general discussion of the dynamical interpreta- 
tion of Kepler’s Laws, it will be convenient therefore to consider the 
case where the orbits are supposed circular, having the Sun for centre. 
Kepler’s Second Law shows that under such circumstances the planets 
will describe their orbits uniformly, and it hence follows that the 
acceleration of a planet has no component in the direction of motion, 
but is directed exactly towards the centre of the Sun. The law of 
force can now be deduced very simply, as follows : — 

418. To Compare the Sun’s Attractions on Difforent Planets, assum- 

ing that the Orbits are Circular and that the Squares of the 
Periodic Times are proportional to the Cubes of the Radii 

Suppose a planet of mass M is moving with velocity t> in a circle of 
radius r. Let T be the periodic time, P the force to the centre. 

Since the normal acceleration in a circular orbit is v^jr, we have : — 


In the period T the planet describes the circumference %tr, so that 

vT = Stit. 

Substituting for o, we have 

p __ ^T^Mr M 477*1^ 

~ ~ ^ 

Let M' be the mass of another planet revolv ing Jn ^ circular orbit 

of radius r\ T' its periodic time, P’ the force of the Sun’s attraction ; 
then we have in like manner 


P' 


M' 4w2r'* 

^ V'i ' 


n 


By Kepler’s Third Law, 

Therefore, P : P' = 

on different jdanets vary 
squares of their distances fr 


r® 


.'S 


ft fit » 

M Jf' 


masses 


I -Ut P = CUlii-, thm C ig «Ul.d the 
^ntenstiy of the Sun s attraction, and we see that : 

The absolute intensUy of the Sun’s atbractUm is the same for aU fflanets. 

4jr%^ 4w*f’^ 


For 


C 


ft 


fit 
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The constant C evidently represents the force with which the Son 

would at^ct a unit mass at unit distance, or the acceleration which the 
feun would produce at unit distance, 

, 2.— If another body be revolving in an orbit of radius 

r in a period T\ under a different central force, which produces an 
acceleration O'/r'* at distance r', we have 




or CT'* : CT* = r'^:r^, 

a formula which enables us to compare the absolute intensities of two 

different centres of force, which attract inversely as the squares of the 

distances, when the periodic times and distances of two bodies revolving 
about them are known. 


419. To Compare the Velocities and Angular Velocities of Two 

Planets moving in Circular Orbits 

If t\ v' are the velocities, n, n' the angular velocities (in radians per 
unit time), we have : — 

n = 27r/T, n' = 2nir ; 

and n : n' = = f-| ; r'-f . 

Also V — r»3 t;' = f'n' ; 

so that r : v' = 


Examples, — 1, If the Earth's period were doubled, find what would be its new 
distance from the Sun. 

If r, r' be the old and new distances, Kepler’s Third Law gives 

= 2 « : 1 * ; 

or ^ r X 4 = n,m,000 X 1 587 = 147,600,000 miles. 


2. If the Earth's velocity tcere doubled, its orbit remaining circular, find its 
new distance. 

Here r' : r — r* : r'* = 1 : 4 ; 

and r' ^ — 23,250,000 miles. 


3. If the Earth's angular velocity were doubled, find its netr distance . 

The new angular velocity being double the old, the new period would be half 
the old, and therefore 


and r' = r X J = ^/^' 4 — 93,000,000 — 1*587 = 58,600,000 mOes. 

4, Find ichat would be the coefficient of aberration to an observe situated on Venus. 
The coefficient of aberration (in circular measure) is the ratio of the observer’s 
velocity to the velocity of light ; hence, if k, k' are the coefficients on the Earth 

and Venus, 





' X V (1*38) = 20-47' X 1*1785 - 24*12'. 
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We now prove Newton’s deductions from Kepler’s Laws, for 
the general case of elliptic orbits, employing, however, different and 
simpler proofs than those used by Newton. 

420. Aieal Velocity. — ^Definition 

If a point P is moving in any path MPK about a centre S, the rate of 
increase of the area of the sector MSP, bounded by the fixed line SM 
and the radius vector SP, is called the areal velocity of P about the 

point S. 

If the radius vector SP describes equal areas in equal times, in 
accordance with Kepler’s Second Law, the areal velocity of P about S 
is of course constant, and is then measured by the area of the sector 
described in a unit of time. 

If the rate of description of areas is not constant, we must, in 
measuring the areal velocity at any point, pursue a similar course to 
that adopted in measuring variable velocity at any instant, as follows : — 

If the radius vector describes the sector 
PSP* in the interval of time t, then the 
average areal vdocily over the arc PP' is 
measured by the ratio 

area PSP' 


time t 

(Thus the average areal velocity is the areal 
velocity with which a radius vector, sweep- 
ing out equal areas in equal times, would 
describe the sector PiSP' in the same time t.) 

The areal velocity at a point P is the 
limiting value of the average areal velocity over the 
this arc is infirtitesinudly small. 



Via . 134 


PP' when 


421. Relation between the Area! Velocity and the Actual (linear) 

Velocity 

Let PP' be the small arc described by a body in any small interval 
of time t. Let v be the actual or linear velocity of the body, h its areal 
velocity. Since the arc PP' is supposed small, we have 


PP'^vt, area PSP' = ht. 


?y perpendicular on the chord PP' produced. 

/\PSP' = ^ (base) x (altitude) = JPP' x SY ; 

Therefore A/ = X SY, or A = . SY. 

lien the arc PP' is infinitesimally smalt, P 
b P, and SY is therefore the perpendicular i 


Then 
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the tangent at P. If this perpendicular be denoted 
therefore 


ahout 


(i) 

{vdocUy) X {perp.from S on tanaeiU). 


Corollary. — ^F or planets 
we have : — 

h = and h' — ^r'. 
V :v' = f~2 : : 


in circular orbits of radii r r' 


But 


Therefore h : A' = ri ; r'i ; 


hence the areal velocity of a planet moving in a circular orbit is pro- 
portional to the square root of the radius. 


422. Proposition I. If a paitide moves in such a maiiTior that 

its areal velocity about a fixed point is constant, to prove 

that the resultant force on the p^de 
is always directed towards tiie 
point. [Kewton’s Deduction from 
Kepler’s Second Law.] 

Let a body be moving in the curve 
PQ in such a way that its areal velocity 
about S remains constant. Let v, v' 
be the velocities at P, Q, and let PY, 
QY', the corresponding directions of 
motion, intersect in R, Drop SY, SY', 
QY'. Since the areal velocities at P and Q 

v.SY = v' . ST. 

SY = SR ^ SRY, 

SY' = SR sin SRT. 
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perpendicular on PY, 
are equal ; - 


But 


Therefore v sin SRY = v' sin SRY'. 

i,e. Component velocity at P perpendicular to SR = 

vel. at Q perp. to SR. 


component 


Therefore, as the particle moves from P to Q, its velocity perpendicu- 
lar to is unaltered, and therefore the total change of velocity is 

parallel to RS. 

This is true whether the arc PQ be large or small. But if the arc 
PQ be taken infinitesimally small, the average rate of change of velocity 
over PQ measures the acceleration at P, and R coincides with P. 

Therefore the direction of the acceleration of the particle at ^y 
point of its path always passes through S, and therefore the force acting 
on the particle also always passes through S. 
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423. Conversely, if the force on the particle always passes through 

S, the areal velocity about S remains constant 

For in passing from P to <?, the direction of motion is changed from PR to RQ. 
and the same change of velocity could therefore be produced by a suitable single 
blow or instantaneous impulse acting at 7?, And since the force at every point of 
PQ always passes through S, this equivalent impulse must evidently also pass 
through S; it must therefore act along RS. Hence the velocity perpendicular 
to RS is unaltered by the whole impulse, and is the same at P as at Q ; therefore 

V sin SR Y = v' sin SR Y' ; 

OT V . SY — v' * SY' ; 
areal veL at P == areal veL at Q, 


424, Proposition IL A particle describes an ellipse under a force 

directed towards the focus ; to show that the force varies 


inversely as the square of the distance. [Newton’s Deduc- 
tion from Kepler’s First Law.] 


If h is the constant areal velocity, 
we have, by (i) : — 


V — 2hlp. 


We will now express the kinetic 
energy of the particle in terms of r, its 
distance from the focus. Let its mass 
be M. In the Appendix (Ellipse II) it 
is proved that for the ellipse whose 
major and minor axes are 2a, 26, 


1 



whence 




r a/ 


and kinetic energy at distance r 


\M.v^ 


\M 




M 


2h}a / 2 1 


62 


a 


If V is the velocity at distance r', we have, similarly : 


mv'^ = m 


462 


M 


2h^a / 2 1 


62 


a 


and therefore, for the increase of kinetic energy, 

1 '2 1 n r 9 iMh^a {\ 1 

\Mv’^ — \Mv^ = — ^ 

b~ 


(ii) 




. . (hi) 


Now the increase of kinetic energy is equal to the work done by 
the impressed force in bringing the particle from distance r to distance 
r . The resolved part of the displacement in the direction of the force 
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is f r . Hence if F denote the average value of the force between 
the distances r and r', we have 

Work done =P’ {r~ r') = i'j 

_ 4Jf A*fl r — r' 

~ 52 ff’ (iv) 

4AfA*a 

" ^ = w 

Put r' = r; then the average force P' becomes the actual force P 
at distance r. Therefore 

P (Force at distance r) = (vi) 

This is proportional to 1 /r*. Therrfore the force varies inversdy as the 
square of the distance. 

425. Proposition III. Having given that the squares of the peiiodic 

times of the planets are proportional to the cubes the 
semi-axes major of their orbits, to compare the forces acting 
cm different planets. [Newton’s Deduction from Kepler’s 
Third Law.] 

Let T be the periodic time of any planet ; then, by hypothesis, 

T . 

the ratio — is the same for all planets. 

Or 

In the last proposition (vi) we showed that the force at distance 
r is given by 

_ AMhH 

P = 

6V 

Let this be pot = AfC; r^, where C is some constant ; then 

_ 4A*a . ... 

C = -i5- (vu) 

Xow in the period T the radius vector sweeps out the area of the 
ellipse, and this area is Trab (Appendix, Ellipse 13). Hence, since the 
areal velocity is A, we have : — 

hT “ 

Substituting the value of h from this equation in (vii), we have 

4^ ^ (riii) 

^ J 2 J 2 ft • 

But o*/r* is the same for afl the planets ; therefore C is constant for 
all the planets, and since the force ; — 

w 
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it follows tliat the forces on different planets are proportiotuil to their 
masses divided by the squares of their distances from the Sun. 

Or, as in Art. 418, Cor. 1, the absolute intensity of the Suti’s 

attraction (C) is the same for aU the planets. 

Corollary. — ^Let accented letters refer to the orbit of another particle 
revolving round a different centre of force of intensity C'. Then, by (viii), 

T^C : T’^C = ; a'\ 


426. Other Oonsequeiices of Kepler’s Laws 

(i) In Art. 133 we showed that, in consequence of Kepler’s Second 
Law being satisfied by the Earth in its annual orbit, the Sun’s 
apparent motion in longitude is inversely proportional to the square 
of the Earth’s' distance from it. Since the areal velocity of any 
planet about the Sun always remains constant, it may be shown 
in like manner that its angular velocity is inversely proportional to 
the square of its distance from the Sun. 

For, if the planet’s radius vector revolves 
from SP to SP* in the time t, and if the 
arc PP' is very small, we have 

area 5PP' = |SP» X APSP’ (Art. 133), 

measured in radians ; 


the angle beii^ i 

area SPP’ 
Therefore, 


\SP^ X 


APSP' 

t 



Fig. 137 


i.e. (areal velocity of P) = ^SP® X (angular 
velocity of P), provided that the angular velo- 
city is measured in radians per unit of time. 

If n denote the angular velocity, h the areal velocity, and r the 
distance SP, we have therefore 

h = |r*n. 

And since h is constant, n is inversely proportional to r^. 

(ii) If the mass of the planet is Af, its momentum is Mv along PY, 
and the moment of this momentum about S is : — 

= Mv X SY — Mvp — 2hM. (Art. 421). 

This is the planet’s anqular momentum, and is constant, since h is 
constant. 


427. Having given, in Uagnitude and Directian, the Velocity of a 

Planet at any point of its Orbit, to construct the tmipca 
described imd» the Sun’s Attraction 


Let the attraction at distance r be Cfr^ per unit mass, where C is 

given. Suppose that at the point P of the orbit the planet is movino 
with velocity v in the direction PT. 










320 


Tee Law of Uxivebsal G&avitatioe 


We have v x ST= 2h, which determines A. Also, feom (viil 
C = 4A*a/6*. Substituting in (ii) we get : — * 

« 

Hence, by considering the planet at P, we have : — 




(x 0^ 


Now V, C, and SP are known ; hence the last equation determines 
the semi-axis major a. If r = SP, we have : — 

2Cf 


2a 


2C — n^‘ 


Let H be the other focus of the ellipse. Then it is known (Ellipse 8) 

that HP, SP make equal angles with 



Fig. 138. 


PT. Also SP + HP = 2a. Hence, we 
can construct the position of H hy 
making /_TPI — £TPS, and producing 


IP to & point H such that 

PH = 2a — SP. 

The ellipse can now be constructed 
as in Appendix (Ellipse 2). 

CoBOLLABT 1. — Since SP -|- HP = 2a, 
equation (x) gives 

C.HP 


c* = 


SP.a' 


CoBOLLABT 2. — Substituting for h in terms of C, we see from equation (iv) that 
work done when the bodv moves from distance r to distance i' is 


= MC 




distance 


- =i3fir* 

— kinetic enei^ of the planet when at distance r« 

Therefore, if a circle be described abont the centre of force S, with radios eqod 
to the major axis 2a, the velocity at any point of the orbit is that which the planet 
would acquire by falling freely from the circle to that point under the action of the 

attracting force. 

Corollary 3. — If the planet be revolving in a circle, r — a, and therefore 

t;* = Cjr = C/a, as in Art, 418. 

CoBOtLABT 4.— If c* = 2C/r, (x) gives l/o = 0 ; or a = oo. Hence the velodty 
is that aoqniied by fcWmg from an infinite distance, in tJiis case, the orbit is not 
an ellipse, but a panbda, a ocmic section satisfying the “ focus and direcfetix ” 
d»finirir>n of Appendix (1), but having its eccentricity equal to unity. 


This result is also proved independently in many treatises 
er invest ifiration would be out of place here. 






Newton’s Law op Gravitation 


321 


If >20 jr, the velocity is greater than that due to falling from infinity, a 
comes out negative, and the orbit is a hyperbolaf a conic section satisfying the focus 
and directrix definition, but having its eccentricity e greater than unity. 

Many comets move in orbits that are sensibly parabolic ; however, it can be 
shown that comets arriving from outside the solar system would have strongly 
marked hyperbolic orbits, which have never been observed. Hence we infer 
that all observed comets belong to the solar system, and that the supposed 
parabolas are really very long ellipses. In a few cases the perturbations pro- 
duced by the planets change these orbits into hyperbolas that are almost 
parabolas. Such comets leave our ^stem for ever, unless subsequent pertur- 
bations reverse the action. 

Example . — Find hew long ike Earth would take to fall into the Sun if its velocity 
were suddenly destroyed. 

If the Earth^s velocity were very nearly^ but not quite destroyed, it would 
describe a very narrow ellipse, veiy nearly coinciding with the straight line joining 
the point of projection to the Sun. The major axis of this ellipse would be very 
nearly equal to the Earth’s initial distance from the Sun, and therefore the Earth 
would have very nearly gone half round the narrow ellipse when it would collide 
with the surface of the Sun. 

Hence, if r denote the Earth’s distance from the Sun, the semi-major axis of 

the narrow eUipse is |r, and the periodic time in this ellipse would be (^)i years. 
The Earth would therefore collide with the Sun in 


i X ( J)5 years = 
365 


I 


4V2 


years = 


y? 

8 


years 


g- X 1*4142 days == 641 days nearly 


II 


Gravitation — Comparison op the MA«ap s 
: Sttn and Planets 


428. The Law oi Gravitation 

In the last section we showed that the Son attracts any planet of 
mass M at distance r with a force CMjr*, where C is a constant. If we 
assume the truth of Newton’s Third Law of Motion (*.c. that action 
and reaction are equal and opposite), the planet must also attract the 
Sun with an equal and opposite force CMfi*. Since in the former >’a ag 
the force is proportional to the mass of the aUraOed body, and in the 
latter to the mass of the attraOing body, it is reasonable to suppose that 
the attraction between two bodies is proportional to the maaa ©f each. 

Moreover, the motions of the various satellites, such as the Moon, 

confirm the theory that they revolve in their orbits under the attraction 

of their respective primary planets. Prom evidence of this character 

Newton, after mwy years of careful investigation, enunciated his Law 
of Universtd Gramtatirm. wbinh ho afaf/i/) f.hiva • 


H. ASTBOH. 


21 
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Every partide in the univeise attracts every other partide vnth a 
force proportional to tiie quantities of matter in each, anfl Inversdy 
proportion to the square of the distance between them. 

By quantity of matter is, of course, meant mass, and the word attracts 
implies that the force between two particles acts in the straight line 
joining them and tends to bring them together. 

If M, M' be the masses of two particles, and r the distance between 
them, the law asserts that either particle is acted on by a force, directed 
towards the other, of magmtude 

, MM' 

k — 


where k has the same value for all bodies in the universe. 
k is called the cotistant of gravitation. 


constant 


429. Astronomical Unit of Mass 

Taking any fundamental units of length and time, it is possible to 
choose the unit of mass such that k= 1. This uiut is called the astron- 
omical unit of mass. Hence, if M, M' are expressed in astronomical 
units, the force between the particles is equal to MM' }t^. It is, however, 
usually more convenient to keep the unit of mass arbitrary, and to 

retain the constant k. 


430. on the Law of Gravitation 

Newton’s Law states that not only do the Sun, the planets and their 
satellites, and the stars, mutually attract one another, but every pound 
of matter on one celestial body attracts every other pound of matter, 
on either the same or another body. But it is well-known that two 
spheres attract one another in just the same way as if the whole of the 
mass of either were concentrated at its centre, provided that the 
spheres are either homogeneous or made up of concentric spherical 
layers, each of uniform density. Since the Sun and planets are very 
nearly spherical, and their dimensions are very small compar^ with 
their distances, we see that their attractions may be very approximately 
found by regarding them as mere particles, instead of taking separate 

account of the individual particles forming them. 

Moreover, every planet is attracted by every other planet, as well as 
by the Son. But the mass of the Sun, and consequently its attraction, 
is so much greater than that of any other member of the solar 
that the planetary motions are only very sUghtly influenced by the 
mutual attractions. Kepler’s Laws, therefore, still hold approxm^y, 
but the orbits are subject to smaU and slow changes or j^rturbatioM. 

The Moon, on the other hand, is far nearer to the Earth than to the 
Sun : hence the Moon’s orbital motion is mainly due to the Earth s 
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attraction. The chief effect of the Son’s attraction on the Earth and 
Moon is to cause them together to describe the annual orbit ; but it 
also produces perturbations or disturbances in the Moon’s relative 
orbit (Art. 210) with which we are not here concerned. 

The fixed stars also attract one another and attract the solar system, 
which in its turn attracts the stars. The proper motions of stars are 
probably due to this cause ; but when we consider the vast distances 
of the stars, and remember that the attraction varies inverselv as the 
square of the distance, it is evident that the relative accelerations are 
mostly too feeble to have produced any sensible changes of motion 
within historic times, and that countless ages must elapse before such 
changes can be discerned. 


431. Correction of Kepler’s Third Law 

From the fact that a planet atl^cts the Sun with a force equal to 
that with which the Sun attracts the planets, it may be shown that 
Kepler’s Third Law cannot be strictly true, as a consequence of the law 
of gravitation. Not only will the planet move under the Sun’s attrac- 
tion, hut the Sun will also move under the planet’s attraction. But 
since the forces on the two bodies are equal, while the mass of the Sun 
is very great compared with the mass of any planet, it follows that the 
accderalion of the Sun is very small compared with that of the planet, 
and hence the Sun remains very nearly at rest. 

We may, however, obtain a modification of Kepler’s Third Law 

in which the planet’s reciprocal attraction is allowed for as follows : - 

Let S, if be the masses of the Sun and planet ; then the attraction 
between them is 


k 


SM 


This attraction, acting on the mass if of the plj 
acceleration of the planet towards the Sun equal to 

S 


produces an 


k 


r*‘ 


The corresponding attraction on the mai 
acceleration, in the reverse direction, of 


k 


M 


Hence the whole acceleration of the planet reUitive to the Sun is : 


k 


S+M 

fi 


instead of kSy, as it would be if the Sun were at rest 
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Hence the absohUe intensity of the planet’s acceleration towands 
the Sun is kiS 3f), and this depends on the values of both M and S, 
Let now T be the periodic time, r the planet’s mean distance from the 
Sun, or the semi-axis major of the relative orbit ; then, by Art. 418 
(for a circular orbit), or Art. 425 (for an elliptical orbit), 

k{S + 31)1^ = 477V\ 

If df be the mass of another planet, we have in like manner for 
its orbit k{S + M')r^ = Therefore 


!n{S -f If) : T'HS + 31') = 

the correct relation between the periods and mean distances. 

It is known that different planets have different masses. Hence, 
the fact that Kepler’s Third Law is approximately true shows that the 
masses of the planets are small compared with that of the Sun. 

432. Motion relative to Centre of Mass 

The mutual attractions of the Sim and planet have no influence on 
the position of the centre of mass (commonly called the “ centre of 
gravity ”) of the solar ^stem ; hence, in considering the relative 
motions, that point may be treated as fixed. It is known from general 
dvnamical principles that when a system of bodies are under the 
influence of their mutual reactions or attractions alone, the centre of 
mass of the whole system is not accelerated. But it may be interesting 
to prove independently that when two bodies, such as the Sun and a 
planet, attract one another, they both revolve abont their centre of mass. 

Let ns suppose (to take a simple case) the relative orbit circular and 
of radius SP (= r), the angular velocity being n. Then, if (7 be the 
point about which the planet (P) and Sun (jS) revolve, individually, 

we have 

^ X GP = accel. of planet = kSJr^ ; 


n 


X GS = accel. of Sun = iAf/r* 


Hence 


M X GP = S X GS ; 


of mass, as was to 


which relation shows that G is the co mm on 
be proved. 

In the case of three or more bodies, such as the Sun and planets, 
the centre of mass is stdl the common centre about which they revolve, 
but the corresponding investigation is more difficult, owing to the effect 
of the mutual attractions of the planets in producing perturbations. 

It may be mentioned that the mass of the Sun is so laige, compared 
with those of the planets, that, although the further planets are so very 
distant, the centre of mass of the whole solar system always lies very 

near the Sun. 
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433* Verification of the Theory of Gravitation for the Earth and Moon 

Before considering the motions of the planets about the Sun, 
Newton investigated the orbital motion of the Moon about the Earth, 
to discover whether the Earth’s attractive force, which retains the 
Moon in its orbit, is the same force as that which produces the phenom- 
enon of gravity at the Earth surface. 

If we assume that the force varies inversely as the square of the 
distance, and that the Moon’s distance is 60 times the Earth’s radius, 
the acceleration due to the Earth’s gravity at the Moon should be 

O J 

where g is the acceleration of gravity on the Earth’s surface. 

But the acceleration g = 32-2 feet per sec. per sec. : 

and accel. at Moon’s distance == 32*2/3600 feet per sec. per sec. 

= 32‘2 feet per min. per min. 

From the length of the lunar month and the Moon’s distance in 
miles, Newton calculated what must be the normal acceleration of the 
Moon in its orbit. At the time of his first investigation (1666) the 
Earth’s radius and the Moon’s distance were but imperfectly known, 
and the Moon’s normal acceleration, as thus computed, came out onlv 
about 27 feet per minute per minute. Some fifteen years later, the 
Earth’s radius, and consequently the Moon’s distance, had been 
measured with much greater accuracy, and, working with the new 
values, Newton found that the Moon’s normal acceleration to the 
Earth agreed with that given by his theory. 

Taking the lunar sidereal month as 27*3 days, the Earth’s radius 

V * 

as 3,960 miles, and the radius of the Moon’s orbit as 60 times the Earth’s 

radius, the angular velocity (n) of the Moon, in radians, per minute is 

27r/27-3 X 24 X 60. The Moon’s distance in feet (d) is 3960 x 60 x 

5280. Hence the Moon’s normal acceleration (n^d) in feet per minute 
per minute is : — 

3960 X 60 x 5280 X 2 x 110^ X 

(27-3)* X 24® X 60“* {27-3)® x kT approximately, 

thus agreeing with that given by the law of gravitation. 


Example. Having given that a body at the Earth's equator loses 1/289 of its 

weight in consequence of centrifugal force, (i) Calculate the period in which a projectile 

could revolve in a circular orbit, close to, but without touching the Earth, and (ii) 
Deduce the Jlloon^s distance, 

(i) The centrifugal force on the body would have to be equal to its weight, and 

would therefore have to be 289 times as great as that at the Earth’s equator. 

Hence the projectUe would have to move ^289, or 17 times as fast as a point 

on the Earth’s equator, and would therefore have to perform 17 revolutions per 
day,* ^ 


* Rdative to the Earth it would perform 16 or 18 revolutions per dav, according 
to whether it was revolving in the same or the opposite direction to the Earth. 
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Therefore the period of revolution = of a day. 

(ii) Ass u ming the law of gravitation* the periodic times and of the 

projectile and Moon must be oonnected by Kepler's Third Law. Hence* fAlrfiig the 
Moon’s sidereal period as 27J days, we have, if a = Earth’s rad,, d = Moon’s dist. 

= (274)* = (tS)* ; 

or d* = o* X (17 X 274 )* giving d= 59’99a 
or distance of Moon — 60 X Earth’s radius almost exactlv. 


434. Effect of Moon’s Attraction. — Moon’s 

If we take account of the Moon’s attraction on the Earth we most 
introduce a correction analogons to that made in Kepler’s Third Law 
(Art. 431). If M, m are the masses of the Earth and Moon, the whole 
relative acceleration is k{M + instead of kMjd^. But, if is the 

acceleration of gravity on the Earth’s surface, = JcMfd^ ; 

or A: = 


and, if T is the length of the sidereal 


47r*d^ = h(M ~ g^fl 


onth, then, by Art. 431, 
M 


m 


M 


T^. 


giving 1 


m 47r*<P 


This formula might be used (and was used by Airy) to find tn/Jf , 
the ratio of the Moon’s to the Earth’s mass, in terms of the observed 
values of a, d, Jq, T. It is not, however, a very accurate method, owing 

to the smallness of m ' 3f . 


435. To find the Batio of the Masses of the Sun and Earth 

Let S, JLf, m be the masses of the Sun, Earth, and Moon, d, r the 
distances of the Moon and Sun from the Earth, T, Y the lengths of 
the sidereal lunar month and year respectively. Then, if k be the 
gravitation constant, the Earth’s attraction on the Moon is = kMmj ^ , 

and its intensity is 

The Sun’s attraction on the Earth is = kSUff ^ , and its intensity 
is kS. Therefore, by Art. 425, Corollary, 

kM . T* = 4w*«P, LS . Y* = 4^ ; 


giving S : M 


F* 




or 


S 

M 


iP y*’ 


whence the ratio of the Sun’s to the Earth’s mass may be found. 

K we take account of the attraction of the smaller body on Oie 
larger the whole acceleration of the Earth, relative to the Sun, is 
MS 4- 3f + m) r* (since the Sun is attracted by the Moon as well as 
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the Earth), and that of the Moon, relative to the Earth, is k(M -|- m)ld^. 
Hence the corrected or more exact formnla is 


S “1“ ilf “f* jw t 3f — f- m 


* 


Y*' T*’ 


Since the Moon’s mass is about Earth, the first or 

approximate formula can only be used if the calculations are not 
carried beyond two significant figures. 

In this manner it is found that the Sun’s mass is about 331,100 



les that of the Earth. 


Esamides. — 1. Compare, rougfdy, the massea of the Earth and Sun, toting the 
Sun’s distance to be 390 times the Moon’s, and the number of sidereal months in the 
year to be 13. 


We have 




13* 


and 


mass of Son 


390» 


lass of Earth 13* 


= 30* X 390 = 351,000 


To the degree of accuracy possible with these data, the San^ 
360,000 times that of the Earth. 



ass is therefore 


2 . Find iAe raSio of the masses^ taling the MoonU mass as of the Barth's, and 
the number of sidereal months in the year as 13|. 

S + M+ m 390* 390* x 3* 5338710 ^ 

If + m (13})* 40* 16 333669 ; 

and 8 = 333668 (if + m) = 333668 (1 + ^) if = 337,787 if. 
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I Detemune the Mass of a Planet wliidi hnn 0 ^ more 
Satdlites 


The method of Hie last paragraph is obviously applicable to the 
of any planet which has a satellite. We require to know the mean 
distance and the periodic time of the satellite. The former may be 
easfly found by observing the maximum angular distance of the satellite 
from its primary, the distance of the planet &om the Earth at the t.ima 

of observation having been previously computed. The periodic time 
of Hie satellite may also be easily observed. 

Let m' be the masses of the planet and satellite, d' their distance 
apart^ r' their distance firom Ihe Sun, T the period of revolution of the 
satellite, ¥' Hie planet’s period of revolution round the Sun. Using 

nnaiM^nted letters to represent the Gonesponding quantities for the 
EhirHi and Moon we have, roughly, 


4w* 

k 


M'T 

d'» 


•t 


SY'* SY* MT^ 

f* 


(P ’ 
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or, more accurately, 

^ _ (Jtf' + fn') jT'* _{S + + m') Y'* 

k ci '3 ^ 

^ (^ + Jlf + m ) Y* _ {M + m) r* 

whence the mass of the planet, or, more correctly, the sum of the 
masses of the planet and satellite, may be determined in terms of 
the mass of the Sun, or the sum of the masses of the Earth and 
Moon, We do not require to know the periodic time and mean 
distance of the planet from the Sun, since the above expressions 
enable us to express the required mass, M' -f- m', in terms of the 
year and mean c^Ustance of the Earth, or in terms of the lunar 
month and the mean distance of the Moon. 


Bxample . — Find the mass of Uranus in terms of that of the Sun^ having given 
that its satellite Titania revolves in a period of 8 days 17 hours at a distance from 
the planet — -003 times the distance of the Earth from the Sun, 

Let 21 be the m&ss of Lraans, then we have : — 


:5 = 


fpi, * * 


and, by K^epler's Third L>aw, r^/ is the same for XJranns as for the Karth. 

(*003)» 


M iS = 


(8d. 17h.)* (365d. 6h.)* 


or 


^ - 1 

f * 1 

I’xl 

r365d. 6h.'\ 

1* - ^ X 1 

^8766y 


UOOOy' 

1 8d. 17h, ) 

' 10* ^ 

^209/ 


)* = am 


Thus, the Tnsuaa of Uranns is to that of the Son In the ratio of 1 to 21,053 


437. 13ie Mass^ of Mercury and Venus 

The masses of Mercury and Venus (which have no sateBites) could 
theoretically be found by determining their mean distances from the 
Sun by direct observation, and comparing them with those calculated 
from their periodic times by Kepler’s Third Law* For, if M' is the 
mass of such a planet, we have 

{S + itf ') Y'2 (S + If + m)Y2 


/3 


r 3 


This enables us to find the sum of the masses of the Sun and planet, 
and, the Sun’s mass being known, the planet’s mass could be found. 
This method is, however, worthless, because the masses of Mercury 

and Venus are only about y o o 6o ^ 6 o that of the Sxm^ 
and in order to calculate one significant figure of the fraction M'JS 
it would be necessary to know all the data correct to about seven 
significant figures, a degree of accuracy unattainable in practice. For 
this reason it is necessary to calculate the masses of these planets by 
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»i,M>ang of the perturbations they produce on one another and on the 
Sarth ; these perturbations will be discussed in the next chapter. 

438. Centre of JSass of the Solar System 

When the wmggpa of the various planets have been found in terms 
of the Sun’s mass, the position of the centre of mass of the system can 
be found for any given configuration, and can thus be shown to lie 

always very near the Sun. 

Examples. — ^1. Find the distance of (Ae eenire of mass of the Earth and Sun from 
the cerdre of the 8un. 

Here the mass of the Sun is 331,100 times the Earth’s mass, and the distance 
between their centres is about 93,000,000 miles. Hence, the centre of mass of 
the two is at a distance from the Sun’s centre of about 

93.000.000 


331,100 + 1 


= 281 miles. 


2. Find the eenire of mass of Uranus and the Sun, and to show that it lies wiikin 
the 8un, 

The distance of Uranus from the Sun is 19*2 timee the Earth’s distance, and its 
Ftinag js 1/21053 of the Sun’s. Hence the C.H. is at a distance from the Son’s 

centre of 

93,000,000 X ljij 3Q0 

21063 + 1 

The Sun’s semi'diameter is 433,200 miles ; hence the centre of mass of the Son 
and Uranus is at a distance from the Sun’s centre of rather leas than ^ the radius. 

Note. — ^In the case of Jupiter, the mean distance is 5*2 times that of the 
Earth, and the mass is 1/1050 of that of the Sun ; hence the C.M. is at a distance 

6-2 X 92,000,000 ^ 

josg - - 466,000 miles. 

This is just greats than the Son’s radios, showing that the centre of lies 
jost without tile Son’s surface. 


in. — ^Thb Earth’s Mass and Density 


439. Mass of the EarQi 

The so-called “Weight of the Earth” really means the Earth’s 
mass, and the operation called “ weighing the Earth,” in some of the 
older text-books, means finding the mass of the Earth. In the last 
section we explained how to compare the masses of the Son and certain 
planets with that of the Earth, and in the next chapter we ab.H give 
methods applicable to a planet having no satellites. But before the 
masses can be eiqireased in pounds or tons it is necessary to determine 
ihe Earth’s mass in these units. The methods of doing this all depend 
on comparing the Earth’s attraction with that of a body of known 
and distance ; and the only difficulty lies in deter mining the latter 
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attraction, since the force between two bodies of ordinary dimensions 

IS always extremely small. The following methods have been used 
The first two are by far the best. 

(1) By the Cavendish Experiment/’ or the balance. 

(2) By observations of the influence of tides in estuaries. 

(3) By the “ Mountain ” method. 

(4) By pendulum experiments in mines. 

440. The “ Cavendish Experiment ” 

This experiment owes its name to its having been first used to 
determine the Earth’s mass by Cavendish, about the year 179S. The 
essential principle of the method consists in comparing the attractions 
of two heavy balls of known size and weight with the Earth’s attraction. 
Since the attraction of a sphere at any point is proportional directly 
to the mass of the sphere and inversely to the square of the distance 
from its centre, it is evident that by comparing the attractions of 



Fio. 139. 


different spheres — such as the Earth and the experimental ball of 
metal — we can find the ratio of their masses. 

The comparison is effected b}^ means of a torsion balance. Two 
equal small balls *4, B are fixed to the ends of a light beam suspended 
from its middle point O b}^ means of a slender vertical thread or “ torsion 
fibre.*’ so as to be capable of twisting about O in a horizontal plane 
i t he plane of the paper in Fig. 139). Two heavy metal balls C, D, are 
brought near the small balls B (as shown in the figure), and their 
attraction causes the beam to turn about O, say from its original position 
fif rest XX' to the position AB. As the beam turns the fibre twists ; 
this twisting is resisted by the elasticity of the fibre, which produces a 
couple, proportional to the angle of twist XOA, tending to mitwist it 
asain. ' Let us call this couple / x /_XOA, where / is a constant 

depending on the fibre, called its torsiojud rigiditij^ 

The beam AB assumes a position of equilibrium when the moments 

about O of the attractions of the large spheres C, D on the balls A, J5, 
just balance the untwisting couple ”/ X /_XOA. The angle XOA 
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being measured, and the dimensions of the apparatus being supposed 
kno'^, the attractions of the sphere.s can now be determined in terms 

of the torsional rigidity. 

The value of / is found in terms of ab.solute unit.s of couple by 
observing the time of a small oscillation of the beam when the balls 
A, B have been removed. [The beam will then swing backwards and 
forwards like the balance wheel of a chronometer. The greater the 
torsional rigiditv, the more frequently will it reverse the motion of 
the beam, and the more frequent will be the oscillations.*] 

Hence finally the attractions between the known masses C, D and 


A, B are fomd in terms of known units of force, and by comparing these 
attractions with that of gravity the Earth’s mass is found. 

In practice, instead of measuring the angle XOA, the mas.ses C. D 
are subsequently placed on the reverse side of the beam, say with 
their centres at c, d, and they now deflect the beam in the reverst' 
direction, say to ab. The angle measured is the whole angle aOA, and 
this angle is twice the angle XOA, if the positions CD and cd are sym- 
metrically arranged with respect to the line XOX'. 

In the experiments of Cavendish the beam AB was six feet hmg. 


and the masses C, D were balls of lead a foot in diameter. Recemly, 
however, C. V. Boys, by the use of a quartz fibre for the suspending 
thread, has performed the experiment on a much smaller scab-, the 
whole apparatus being only a few inches in size and being highly 
sensitive. He used cylinders instead of spheres for the attracting 
bodies, and this introduces extra complications in the calculation.s. 
His researches, and those of C. Braun, who used a similar method, 
agreed in making the Earth’s density 5-527 time.s that of water. 

Although the above description shows the general principle of the 
method, many further precautions are required to ensure accuracy. 
A full description of these would be out of place here. 


441. The Common Balance Method 

The common balance has also been used to determine the Earth .s 
mass. In this case the differences of weight of a body are observed 
when a large attracting mass is placed successively above and below 
the scale-pan containing it. 

Example. — Find the Earth's mass in tons, having given that the altraclion of a 
leaden ball, weighing 3 ewl., on a body placed at a distance of 6 inches from its 
centre is '0000000432 of the weight of the body. 

Let AI be the mass of the Earth in tons. The mass of the ball in tons is == 

The Earth’s radius in feet = 3960 x 6280 = 20,900,000 roughly ; and thr 
distance of the body from the ball in feet = 4. 


* The student who has read Rigid Dynamics should work out the formula. 
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► i_ ' iji Lji.:r X^nn aii'l bsM arp l j* 

to the Eiis- and to th- =or.,,« . r Foportional dirtctj 

- r; -iv to tne :,quare, of the <lt-un«s from • 

’ -V 


3 

2 T 


or 


3 


■OC*»»:i432 ; ] := 

il = ' ^ A _ 3 / 2 -X(S X ] 0 » 

i / •C»yxxx«m32 57 43i> , i,>-:i 


'2*/d^ 43t>^l z' X 

*■'- m>j~ 1 '' =W-«. • 10 “ tons. 


44^. Detei^tion of the Earth’s Mass hj Obsemtions of the 

Attraction of Tides in Estuaries 

A methcKi which admts of verv great accmcr is that in which the 
ma;s of the Eanh is found by comparing it with that of the watei 
brought by the tid. into an estuary. Consider an observatorr situated 
. like Edinburgh Observatory; due south of an arm of the sea whose 
general direction is east and west. The direction of its zenith, as 
^hown either by a plummet or by the normal to the surface of a bow] of 
mercury, is not the same at high tide as at low, because the additional 
mass of water at high tide produces an attraction which deflects the 
plummet and the nadir point nonhward, and hence displaces the 
zenith towards the south. Hence the latitude of the observatorr is 
less at high tide than at low ; and the difference is a measurable quan- 
tity. The great advantage of this method is that the mass which 
deflects the plumb-line can be measured with great certaintv ; for the 
density of the sea-water is exactly known land, unlike that of the rocks 
in the next methods, is uniform throughout) and the shape and heii^ht 
of the layer of water brought in are known from the ordnance maps, 
and the tide measurements at the port. 


443, Mass of Earth by the Pendulum Method 

In the Pendulum Method the values of g, the acceleration of gravity, 
are compared by comparing the oscillations of two pendulums at the 
top and bottom of a deep mine* The difference of the two values is due 
to the attraction of that portion of the Earth which is above the bottom 
of the mine ; this exerts a downward pull on the upper pendulum, and 
an upward pull on the lower one* 

If the Eanh were homogeneous throughout, the values of ^ at the 
top and bottom would be directly proportional to the corresponding 
distances from the Earth's centre. If this is not observed to be the 
case, the discrepancy enables us to find the ratio of the density of the 
Earth to that of the rocks in the neighbourhood of the mine. If the 
latter densitv is known, the Earth’s density can be found, and knowing 
its volume, its mass can be computed. But this method is very liable 
to considerable errors, arising from imperfect knowledge of the density 
of the rooks over! ring the mine. 
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444, Mass of the Earth by the Moimtain Method 

The MouTUain Method compares the attraction of the Earth with 
that of a mountain. It was used by Maskelyne at Schiehallien in 
Scotland. This mountain runs due E. and W. ; then at a place at its 
foot on the S. side the attraction of the mountain will pull the plummet 
of a plumb line towards the N., and at a place on the N. side the moun- 
tain will pull the plummet to the S. Hence the Z.D. of a star, as 
observed by means of zenith sectors, will be different at the two sides, 
from this difference the ratio of the Earth s to the mountain s 

attraction may be found. 

In order to deduce the Earth^s density it is then necessary to 
determine accurately the dimensions and density of the mountain. 
This renders the method very inexact, for it is impossible to find with 
certainty the density of the rocks throughout every part of the mountain. 

445. Determination of Densities. Gravity on the Surface of the 

Sun and Planets 

When the mass and volume of a celestial body have been computed, 
its average density can, of course, be readily found. By dividing the 
mass in pounds by the volume in cubic feet, we find the average mass 
per cubic foot, and since we know that the mass of a cubic foot of water 
is about 62i lbs., it is easy to compare the average density with that of 
water. The determination of densities is particularly interesting, on 
account of the evidence it furnishes regarding the physical condition 
of the members of the solar system. The Earth’s relative density is 
about 5*527. 

Knowing the ratios of the mass and diameter of the Sun or a planet 
to that of the Earth, we can compare the intensity of its attraction at 
a point on its surface with the intensity of gravity on the Earth. 


It may be noticed that attraction of a sphere at its surface is proportional to 
the product of the density and the radius. 

For the attraction is proportional to mass -4- (radius)*, and the mass is pro- 
portional to the density x (radius)* ; the attraction at the surface is therefore 
proportional to the density X radius. 


Examples. — 1. Find the Barthes average density and mass^ ^rin^ that the 

aitraciioj^ of a ball of lead a foot in diameter^ on a particle placed close to its surface, 
is less than the Earth's attraction in the proportion of 1 : 20,600,000, and that the 
density of lead is 11*4 times that of water. 


Let D be the average density of the Earth. Then, since the radii of the Earth 
and the leaden ball are ^ and 20,900,000 feet respectively, and the attractions at 
their surfaces are proportional to their densities multiplied by their radii, so that : 

1 : 20,500,000 = 11*4 X J : D X 20,900,000 ; 

and average density of Earth Z) — 5*7 x 5*6. 
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Menoe the Average 
5*6 X 62*5 pounds. 


taierial formiiiir the Earth 


But the Earth is a sphere of volume |ir(20,900,000)* cubic feet. 

Hence mass of Earth, with these data, = x 209* x 10»* x 6'6 X 62-5 
pounds 

t.€. Mass of Earth 1338 x 10** pounds = 597 x 10*» tons. 


2, Calculate the mean density of the Sun from tAe /oZ2btr»n{^ data ; 

2Iass of Sun = 330,000 . (mass of Earth) ; 

Density of Earth 5*58 ; 

Sun^s parallax =s 8*8^ ; Sun^s angular semi-diameter = 16'. 

The radii of the Sun and Earth being in the ratio of the Sun's angular semi* 
diameter to its parallax, we have : — 

Sun's radius _ 16' __ 960 _ 

Earth’s radius “ 8*8^ 8*8 ~ ' ^ ' 

volume of Sun = (109-1)* . {voL of Earth) = 1,298,000 . (vol. of Earth) roughly. 

But mass of Sun = 330,000 . (mass of Earth) ; so that ; — 

density of Sun 330 1 

density of Earth “ 1298 nearly ; 

Whence the density of Sun — 1-4. 


3, Find the number of poundals in the weight of a pound at the surface of Jupiter^ 
tahirig the planet's radius os 43,200 and density 1^ times lAol of water. 

Taking the Earth's radius as 3960 miles and density as 5-58, we have 
(gravity at surface of Jupiter) ; (gravity on Earth) — 1-33 X 43,200 : 5-58 X 3960. 
Bnt at the Earth’s surface the weight of a pound = 32*2 poundals ; 
Thereforfe on the surface of Jupiter the weight of a pound : — 


= 32*2 X 


1*33 X 43200 
5-58 X 3960 


poundals = 83*7 poundals. 


exa:mples 

1. Taking Neptune’s distance from the Sun as 30 times the Elarth’s distance, 
and' the Earth’s velocity as 18-6 miles per second, find the orbital velocity 
of Neptune. 

2. If we suppose the Moon to be 61 times as far &om the Earth’s centre as w© 
are, find how far the Earth's attraction can pull the Moon from rest in a minute. 

3. If the Earth possessed a satellite revolving at a distance of only 6,000 miles 
from the Earth’s surface, what would be approximately its periodic time, assuming 
the Earth to be a sphere of 4,000 miles radius ? 

4. the distance between the Earth’s centre and the Moon’s to be 
240,000 miles, and the period of the Moon’s revolution 28 days, find how long the 
month would be if the distance of the Moon were 80,000 miles. 

5 Calculate the mass of the Sun in terms of that of Mars, given that the Earth’s 
mean distance and period are 92 X 10« miles and 36^ days, and the mean distance 

and period of the outer satellite of Mars are 14,650 miles and Id. 6h. 18m. 

6. Show that the periodic time of an asteroid is 3i years, having given that its 
mean distance is 2-305 times that of the Earth. 
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7. Show that we could tind the Sun s mass in terms of the Earth’s, from exact 
observation of the periods and mean, distances of the Earth and an asteroid, hy 
the error produced in Kepler’s Third Law in consequence of the Earth’s mass. 

8. Show that an increase of 10 per cent, in the Earth’s distance from the Sun 
would increase the length of the year by 66*14 days. 

9. The masses of the Earth and Jupiter are approximately 

respectively of the Sun’s mass, and their distances from the Sun are as 1 : 5. Show 
that Kepler’s Laws would give the periodic time of Jupiter ^ rea t 1^^ 

2 days. 

10. Prove that the mass of the Sun is 2 X 10^' tons, given that the mean 
acceleratiom of gravity on the Earth’s surface is 9*81 metres per second per second, 
the mean density of the Earth is 5*53, the Sun’s mean distance 1*5 X 10® kilometres, 
a quadrant of the Earth’s circumference 10,000 kilometres, and taking a metre 
cube of water to be a ton, 

11. Having given that the constant of aberration for the Earth is 20*49', and 
that the distance of Jupiter from the Sun is 5*2 times the distance of the Earth 
from the Sun, calculate the constant of aberration for Jupiter. 

12. If the mass of Jupiter is mass of the Sun, show that the change 

in its constant of aberration caused by taking into account the mass of Jupiter is 
0*004^ nearly (see Question 11). 

13. Find the centre of mass of Jupiter and the Sun. Hence find the centre of 
mass of Jupiter, the Sun, and Earth, (1) when Jupiter is in conjunction, (2) when in 
opposition. (Sun’s mass = 1,048 times Jupiter’s = 332,000 times Earth’s, 
Jupiter’s mean distance = 480,000,000 miles ; Earth’s = 93,(XM>,000 miles.) 


14. If the intensity of gravity at the Earth’s surface be 32*185 feet per second 
per second, what will be its value when we ascend in a baloon to a height of 10,000 
feet ? (Take Earth’s radius = 4,000 miles and neglect centrifugal force.) Would 
the intensity be the same on the top of a mountain 10,000 feet high ? If not, why 
not ? 

15. Show how by comparing the number of oscillations of a pendulum at the 
top and bottom of a mountain of known density, the Earth’s mass could be found. 

16. How would the tides in the Thames affect the determination of meridian 
altitudes at Greenwich observatory theoreticcdly ? 


17. If the mean diameter of Jupiter be 86,000 miles, and his mass 315 times that 
of the Earth, find the average density of Jupiter. 


18. If the Sun’s diameter be 109 times that of the Earth, his mass 330,000 
times greater, and if an article weighing one pound on the Earth were removed to 
the Sun’s surface, find in poundals what its weight would be there. 

19. Ts^ing the Moon’s mass as that of the Earth, show that the attraction 
which the Moon exerts upon bodies at its surface is only l-6th that of gravity at 
the Earth’s surface. 


20. If the Earth were suddenly arrested in its course at an eclipse of the Sun, 
what kind of orbit would the Moon begin to describe ? 
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EXAMINATION PAPER 

1. State reasons for supposing that the Earth mores nnmd the and not 

the Sun round the Earth. •«*. no* 

2. State Kepler's Laws, and give Newton’s deductions therefrom. 

3. If the Sun attracts the Earthy why does not the Earth ihll into the Sunt 

4. Show that the angular velocities of two planets are as the cubes of their 
linear velocities. 


5. State Newton’s Law of Gravitation, and prove Kepler’s Third Law from it 
for the case of circular orbits, taking the planets smaU,, 

6* Explain clearly (and illustrate by figures or otherwise) what is meant by a 
force varying inversely as the square of the distance. 


7. Are Kepler’s Laws perfectly correct? Give the reason for your answer. 
What is the correct form of the Third Law if the masses of the planeto are supposed 
appreciable as compared with the mass of the Sun ? 


8. How can the mass of Jupiter be found ? 

9. Show that if a body describes equal areas in equal times about a point, it 
must be acted on by a force to that point. 

10. Find the law of force to the focus under which a body will descril^ an 
ellipse ; and if C be the acceleration produced by the force at unit distance, T the 
periodic time, and 2a the major axis of the ellipse, find the relation between C, 

u, r. 


CHAPTER XVm 

FURTHER APPLICATIONS OF THE LAW OF 

GRAVITATION 


I. — The Moon’s Mass — Concavity op Lunar Orbit 


446. The Earth’s Disidaoement due to the Moon 

In Section II of the last chapter we saw that when two bodies are 
under their mntnal attraction they revolve about their common centre 
of Tna.^<» Thus, instead of the Moon revolving about the Earth in a 
period of 27 ^ days, both bodies revolve about their centre of mass in 
this period, although from the Moon’s smaller size its motion is more 


marked. 

In this case both the Earth and Moon are nnder the attraction of a 
third body— the Sun— which causes them together to describe the 
annual orbit. But the Sun’s distance is so great compared with the 
^ I p l*-^* '-**- apart of the Earth and Moon, that its attraction is very nearly 
the both in intensity and direction, on both bodies. To a first 

approximation, therefore, the resultant attraction of the Sun is tlie 
same as if the masses of both the Earth and Moon were collected at their 
common centre of mass. Hence it is strictly the cento of mass of the 
Earth and Moon, and not the cento of the Earth, which revolves in an 
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ellipse about the Sun with uniform areal velocity, in accordance with 
the laws stated in Art. 136. And, owing to the revolution of the Moon, 
the Earth’s centre revolves round this point once in a sidereal month, 
threading its way alternately in and out of the ellipse described, and 
being alternately before and behind its mean position. 

This displacement of the Earth has been used for finding the Moon’s 
mass in terms of the Earth’s, by determining the common centre of mass 
of the Earth and Moon, as follows. 

Let E^, Ml, Gi (Fig. 140) be the positions of the centres of the Earth 
and Moon, and their centre of mass, at the Moon’s last quarter, Ej, 
Mi, Gi and E,, Af,, G^ their positions at new Moon and at first quarter 
respectively, S the Sun’s centre. 

Then, at last quarter, E^ is behind Gi, and the Sun’s longitude, as 
seen from Ej, is less than 
it would be as seen from 
Gi by the angle EiSGi. At 
first quarter. Eg is in fimnt 
of Gi, and therefore the 
Sun’s longitude is greater at 
Eg than at Eg by the angle 

If, then, the 
observed co-ordinates of the ; 

Sun be compared with those 
calculated on the supposi- 
tion that the Earth moves 
uniformly (i.e. with uniform 
areal velocity), its longitude 
will be found to be decreased 
at last quarter and increased 
at first quarter. 

From observing these displacements the Moon’s mass may be found. 
For, knowing the angle of displacement EiSGi and the Sun’s distance, 
the length EjEj may be found. Also the Moon’s distance E^Af} is 
known. And, since Gi is the centre of mass of the Earth and Moon, 

mass of Moon : mass of Earth = Elfii : EjAfg ; 

whence the mass of the Moon can be found. 

The Sun’s displacement at the quarters could be found by meridian 
observations of the Sun’s B.A. with a transit circle. The displacement 
of the Earth will also give rise to an apparent displacement, having a 
period of about one month, in the position of any near planet ; this 
could be detected by observations on Mars, when in opposition, similar 
to those used in finding solar parallax (Art. 378). The most accurate 
determination of the mass of the Moon was derived in thi« way from the 
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extensive observations of the asteroid Eros at the time of its unusuallv 
close approach to the Earth in 1931 (Art. 380). The mass of the 
:Moon was found to be 1/81-27 of that of the Earth. The Moon’s 
detmty, as thus deduced, is about 3*44 or f of that of the Earth. 

The fact of the Moon’s orbit being inclined to the ecliptic malrps 
the Earth’s centre move alternately above and below the ecliptic plane 
in addition to the oscillation in longitude. This gives the Sun a latitude 
(as seen from the Earth’s centre) of the same sign as that of the Moon, 

and approximately proportional to the latter ; its greatest value is 
about O-S*. 


Example. — Compare the maeses of the Jtloon oni Earth, having given that the 
Sun s displacement in longitude at the Moon's quadratures is equal to \ of the Sun's 
paraUaz. 

Since EiSG^ = f the angle subtended by Earth’s radius at S, 

therefore 

EiGi = f {Earth's radios). 
But 

EiMi = 60 (Earth’s radius) ; 
so that EiMi = 80 . E,e, ; 
and G^My = 79 . 

’ and mass of Moon : mass of 
Earth = E-^G^ i G^M^ = 1 ; 79. 

447. Application to Detenni- 
nation of Solar Faiallaz 

Fig. 141. If the Moon’s mass be 

found by any other method, 
the above phenomena give us a means of finding the Sun’s parallax 
and distance. For we then know £iGi : GiMi, and therefore Efii 
and the angle E^SGj is found by observation. But the exact ratio of 
E^SGi to the parallax is known, for it is equal to that of EiG^ to 
the Earth’s radius ; hence the Sun’s parallax and distance can be 
found. Since the Moon’s mass can be found bv manv different 

w w 

methods, this method is quite as accurate as many that have been 
used for findin g the solar parallax. 



448. Concavity of the Moon’s Path about the Sun 

The Mood, by its monthly orbital motion about the Earth, threads its way 
alternately inside and outside of the ellipse which the centre of mass of the Earth 
and Moon describes in its annual orbit about the Sun. Hence the path described 
by the Moon in the course of the year is a wavy curve, forming a series of about 
thirteen undulations about the ellipse. It might be thought that these undulations 
turned alternately their concave and convex side towards the Sun, but the Moon’s 
path is really always concave : that is, it always bends towards the Sun, as shown 
in Fig, 141, which shows how the path passes to the inside of the ellipse without 

becoming convex. 
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To show this it is necessary to prove that the Moon is always being accelerated 
towards the Sun. Let n, n' be the angular velocities of the Moon about the Earth 
and the Earth about the Sun respectively. Then, when the Moon is new, as at J/, 
(Fig. 142), its acceleration towards relative to G?,, is n*. But <7, has a 

normal acceleration n'*G^S towards S, Hence the resultant acceleration of the 

Moon M 2 towards S is — n^M^G^- 

Now, there are about 13 J sidereal months in the year ; therefor© n = 13i»^ 
Also E^S is nearly 400 times E^M^, and therefore is slightly over 400 times 
O 2 M 2 * Therefore roughly 

= 400 : 182 ; and therefore n'-G 2 S>n~GiM 2 - 

Thus, the resultant acceleration of J/j is directed towards, not atoay from JS, even 
at Jfj, where the acceleration, relative to Gr^, is directly opposed to that of G^,. 
Therefore the Moon’s path is constantly being bent (or deflected from the tangent 
at M 2 ) in the direction of the Sun, and is concave towards the Sun. 


II, — The Tides 

In the last section we investigated the displacements due to the 
Moon’s attraction on the Earth as a whole. We shall now consider 
the effects arising from the fact that the Moon’s attractive force is not 
quite the same either in magnitude or dkection at different parts of the 
Earth, and shall show how the small differences in the attraction give 
rise to the tides. 


449. The Moon’s or Sun’s Disturbing Force 

Let C, M be the centres of the Earth and Moon ; AC A' the Earth’s 
diameter through M B, B' points on the Earth such that MC = MB 
= MB'. Let M, m denote the masses of the Earth and Moon, a the 
Earth’s radius, d the Moon’s distance. 

The resultant attraction of the Moon on the Earth as a whole i.s 


kMmjCM^, and the Earth is therefore moving with acceleration km 'CM~ 


towards the common centre of 
in Arts. 432, 434. 


ass of the Earth and Moon, as shown 


(i) Now at the sublunar point A the Moons attraction on unit 
mass is km/AM^ and is greater than that at C (since AM<CM). 
Hence the Moon tends to accelerate A more than C and thus to draw 
a body at A away from the Earth, with relative accleration jF, where 



. / 1 1 \ , CA{CMA-AM) 

^ \Am CMV 

a{2d-a) 2o l-o/2d 
d^{d - af ~ d3 (1 _ a/d)* • 


Since ujd is & smsll frEctioH, we to ^ first spproximstioii, 




2a 

¥ 












340 


Fr-P.THKR ApPLICATK.XS OP pHE La^t of (iRA\nAT|..v 


Oi) At A' the Moon's attraction per unit mas> is km A' ,nr1 .. 
less than that at C, since A'M>CM. Hence the Moon tend • 

more than A\ and thus to draw the Earth a>rny r 

with relative acceleration F\ where " 


F km { 


1 


1 


CM^- A.\r 


) = k 


tn 


CA'iCM 

CJ/2 . 


AM) 

\M’^ 


- km. 


n{24 


^(d 


n) 

a)‘ 


k 


'/H 


To a first approximation, therefore. 


2<7 1 - a 2d 

d"* ( 1 - a d d 


F' = km 


2a 


2k CA’. 

a‘ 


Thus a body either at A or A' tends to separate from the Earth, ai 

a force amay from C, of magnitude approximatelv 
2kma d^ per unit mass. 


B 
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(iii) Consider now the effect of the Moon's attraction on a body at 

B. This produces a force per unit mass of km BM\ which may be 
resolved into components 

, m CM 

’•'bW ■■ Mil 

, 7 BC , 

and Jc - X - - alonc^ RC 

BM ^ 


Since we have taken BM = CM. the first component is equal to 
A'n? CJ/“ j that is, to the force at C. This component therefore tends 
to make a body at B move with the rest of the Earth, and produces no 

relative acceleration. Therefore the Moon tends to draw a bodv at B 



tovards the Earth with relative acceleration/, represented by the second 
component ; thus 




BC 

bSp ' 


The point B is approximately the end of the diameter BCB' 
perpendicular to AC (since BM, CM, B'M are nearly parallel in the 
neighbourhood of the Earth). 


Disturbing Force of the Moon or Sun 



Hence the relative acceleration at B is approximately perpendiculai 
to CM, and its magnitude 


/ = hm 




BC 


Similarly at B* the Moon tends to draw a bodv towards C, with 
relative acceleration / = kviajd^. 

At either of these points, B, B', therefore, a body tends to approach 
the Earth, as if acted on by a force towards the Earth’s centre, of 
magnitude kmajd? per rmit mass. Generally, the Moon’s attraction 
at any point 0 tends to accelerate a body, relatively to the Earth, as if 
it were acted on by a force depending on the difference in magnitude 
and direction between the Moon’s attractions at that point and at the 
Earth’s centra. This apparent force is called the Moon’s disturbing 
force or tide generating force. We see that the disturbing force produces 
a pull along AA' and a squeeze along BB' . 

A similar consequence arises from the attraction of the Sun. The 
Sim’s actual attraction on the Earth as a whole keeps the Earth in its 
annual orbit, but the variations in the attraction at different points 
give rise to an apparent distribution of force on the Earth which is the 
Sun’s disturbing force or tide-generating force. 


450. To find apprimmately the Moon’s or Sun’s Disturbing Force 

at any Point 

Let 0 be any point of the Earth. Draw ON perpendicular on CM 

(Fig. 142). Then the difference of the Moon’s attractions at O and A’ 

tends to accelerate 0 towards A", with a relative acceleration km.NOjtP 

[by Art. 449 (iii)]. Also, the difference of the attractions at A, C 

tends to accelerate N away from C with a relative acceleration 
2km . CN/d^ [by Art. 449 (i)]. 

The whole acceleration of 0, relative to C, is compounded of these 
two relative accelerations. Therefore, if X, Y be the components of 
the disturbing force at 0 in the directions CN, NO, 






NO 


Hence we derive the following geometrical construction • — On C V 
produced take a point H such that NH = 2CN. Then the line OH 
represents the disturbing force at 0 in direction, and its magnitude is 




OH 


The Sun s tide-raismg force may be found exactly in the same wav 

i, p Tk Ju the diameter of 

the Earth through the Sun, found by a similar construction to the above 
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And if f , S denote the Sun’s distance and 
to S!r^ instead of m!d^. 

i 



ass, the force is proportional 


In aU these investigations we see that the tide-raising force due to 
an attracting body is proportional direcUy to its mass and inversdu to 
the cube (not the square) of its distance. ^ 

From this it is easy to compare the tid.e*raising forces ciue to different 
bodies acting at different distances. 


Examples. — 1. Compare the tide-raising forces due to the Sun and Moon. 

The masses of the Sun and Moon are respectively 331,000 and ^ times the 
Earth’s mass. Also, the Son’s distance is abont 390 times the Moon’s. Therefore 

Son’s tide-raising force : Moon’s tide-raising force 
331,000 1 (39)* 

(390)* ’ ^ * 3x3* ~ ^ ^ ~ = 3:7 nearly. 

Thus the Sun’s tide-raking force k about three-sevenths of ©f the Moon. 

2. Find urhat uould be the change in the MocnCs tide-raising force if the Moon's 
distance ircre doubled and iie mass icert increased sij^old. 

If /. /" be the old and new tide-raising forces at corresponding points, 

= OP /' = 1/ 

Therefore the tide-raking force would have three-quarters of its present value. 

3. Compare the Moon's tide-raising forces at perigee and apogee. 

The greatest and least distances of the Moon being in the ratio of 1 ^ to 

1 — xV’ or 19 to 17 (Art. 20S), the tide-raking power at perigee k greater than 
at apc^ee in the ratio of 19* : 17* or 6859 : 4913, or roughly 7:5. 

4. Compart the maximum and minimum values of the Sun's tide-raising force. 

The eccentricity of the Earth's orbit being these are in the ratio of 
(1 -r ^s)* : (1 — ^)*» or approximately 1 -f ^ ; 1 — /g, or 21 : 19. As before, 
the force is greatest at perigee and least at apogee. 


451. The Equilibiiiiin Theory of the Tides 

Let us imagine the Earth to he a solid sphere covered with an ocean 
of uniform depth. If we plot out the disturbing forces at different 
points of the Earth by the construction of Art. 450, we s hall find the 
distribution represented in Fig. 143, the lines representing the forces 
both in magnitude and direction. Here the disturbing force tends to 
raise the ocean at the sub-lunar point A and at the opposite point A', 
and to depress it at the points B, S’. At intermediate points it tends 
to draw the water away from B and B', towards A and A'. 

Hence the surface of the ocean will assume an oval form, as repre- 
sented by the thick line in Fig. 143, and there mil be high water at the 
.sublunar point A and the opposite point A\ low water along the circle 
of the Earth BB', distant 90° from the sublunar point. Thus we have 
the same tides occurring simultaneously at opposite aides of the Emth. 
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It may be shown that the oval curve aba'b' is an ellipse whose major 
ayia is oa'. The surface of the ocean, therefore, assumes the form of 
the figure produced by revolving this ellipse about its major axis. 
This figure is called a prolate spheroid, and is thus dis tingniah ed from 
an oblate spheroid, which is formed by revolution about the minor axis. 

But though this is the form which the ocean would assume if it were 
at rest, a stricter mathematical investigation shows that the Earth’s 
rotation would cause the surface of the sea to assume a very different 
form. In fact, if the Earth were covered over with a sufficiency shdUow 
ocean of uniform depth, and rotating, we should really have low tide 
very near the sublunar point A and its antipodal point A', and high 
tide at the two points on the Earth’s equator distant 90° from the 
Moon (Fig. 144). 

If the Moon were to move in the equator, the equilibrium theory 
would always give low water at the poles. This phenomenon is un- 
mfluenced by the Earth’s rotation, and since the Moon is never more 
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thAU about 28° firom the equator^ we 
force has the general effect of drawing 
towards the eanator. 


452. Canal Theory of the Tides 

As an illustration, let ns consider what would happen in a circular 
canal, not extremely deep, supposed to extend round the equator of 
a revolving globe. Then, in Eg. 144, it is clear that the direction of 
the disturbing force would, if it acted alone, cause the water in the 

flow towards A ; in thTo^ote 
A ^ and towards A\ Hence this force acta in the satne direction 
as the Barth s rotation in the quadrants S' A and BA' and in the 

direction in ^ and Hence, as the water is carried from 

A to B, It i^on^tly being retarded, from B to it is accelerated 
^m A to B’ It IS retarded, and from B' to .4 it is again accelerated 
tte ave^ velocity being, of course, that of the Earth’s rotation’ 
Hence the velocity is least at B and B', and greatest at A and A', 
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The lunar time is measured by the Moon’s hour angle, converted 
into hours, minutes, and seconds, at the rate of 15^ to the hour. 


454. Semi-diurnal, Diurnal and Fortnightly Tides 

It has been found convenient to regard the tides pro^lin ed by the 
Moon’s disturbing force as divided into three parts, whose periods are 
half a day, a day and a fortnight, the day ” being the lunar day of 
the last paragraph. 

If we adopt the equilibrium theory as a working hypothesis, the 
lunar tide must be highest when the Moon is nearest to the zenith or 
nadir. Hence high tide takes place at the iioon’s upper and lower 
transits, when its zenith distance and nadir distance are least respec- 
tively. But, for a place in N. lat, (Fig. 145) when the Moon’s declination 
is N., it describes a small circle Q'R', and its least zenith distance ZQ 
is less than its least nadir distance NE' ; hence the two tides are unequal 
in height. This phenomenon can be represented b\^ supposing a 
diurnal tide^ high only once a lunar day, 
combined with a semi-diurnal tide, high 
twice in this period. 

Again, the Moon^s meridian 2.D. and N.D. 
go through a complete cycle of changes, 
owing to the change of the Moon’s decli- 
nation, whose period is a month. But after 
half a month, the Moon’s declination will 
have the same value but opposite sign, 
and hence the diurnal circles Q'R', Q**R*'^ 
equidistant from the equator QR^ are de- 
scribed at intervals of a fortnight. But 

^R” = ZQ\ ZQ" = NR* ; hence the two tides have the same heights. 
This can be represented by supposing a fortnightly tide of the proper 
height combined with the diurnal and semi-diurnal ones. 

In just the same way the smaller tides caused by the Sun may be 
artificially represented by combining a diurnal and semi-diurPial tide 
(the solar day being used) and a six-monthly tide. 



455. Spring and Neap Tides,— Priming and Lagging 

We have hitherto considered chiefly the tides due to the action of 
the Moon. In reality, however, the tides are due to the combined 
action of the Sun and Moon, the tide-raising forces due to these bodies 
being in the proportion of about 3 to 7 (Ex. 1, Art. 450). We shall make 
the assumption that the height of the tide at any place is the algebraic 

sum of the heights of the tides which would be produced at that place 
by the Sun and Moon separately. 
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Further Applications op the Law op Gravitation 

At new or full Jlloon the Son is nearly in the line AA' an*! «-ii 

rjT “■»" aet u. 

a to draw th^ ^ _ a . , , auectioii, 

hence the whole tide 


disturb ing 


and 


marked, the height of high water and 


spring 


are called 

5 = 1 -f- ® 


IS in a 


line BB* perpendicular 
Jie water away from A, A* 
draw the water in the opposite 




Mnn 


Moon, The tides are then most 

St T-r -r xrs 

i>pnng Tides. We notice that the heiirl] 

"S^ that of the lunar tide alone. 

At the Moon’s first or last quarter tiie Sni 
to AA'. Hence the Sun tends to draw 
-S', ^hile the Moon tends to 
^ection. The Moon’s action being me greater, prepo 

tion. are therefore at their minmum, although high water still occurs 

at the same tune as it would 
if the Sun were absent. 
These tides are called Neap 
Tides, The height of the 
neap tide is the difference of 
the heights of the lunar and 
solar tides, and is therefore 
^ of that of the lunar tide. 

Hence spring tides and 
neap tides are in the ratio 
of (roughly) 10 to 4* 

For any intermediate 
phase of the Moon, the Sun’s 
action is somewhat different. 

Between new Aloon and first quarter, the Sun is over a point 

behind A, Here the Moon tends to draw the water towards A, A* 
and the Sun tends to draw the water towards jS^ and the antipodal 
point Therefore the combined action tends to draw the water 
towards two points Q, Q' between A and and between A and 
respectively, whose longitudes are rather less than those of A and 
A* respectively. The resulting position of high water is therefore 
displaced to the west, and the high water occurs earlier than it would 
if due to the Moon’s influence alone. The tides are then said to prime. 

Between first quarter atid fuU Moon the Sun is over a point between 
B* and A* , and the combined action of the Sun and Moon tends to draw 
the water towards two points fi, R\ whose longitudes are slightly 
greater than those of A^ A\ The resulting high tides are therefore 
displaced eastwards, and occur later than they would if the Sun were 
absent. The tides are then said to laa. 






u 
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Spbikg and Neap Tides. Primikg and Laggini; 

Between fu& Moon and last quarter the Sun is over some point ^3 
between B and A\ hut the antipodal point is between A and R ; 

hence the tide primes. 

Between last quarter and new Moon, when the Sun is at a point 
between B and A, it is evident in like manner that the tide lags. 

Hence we have the following:— 

Spring Tides occur at the spzygies 
(conjxmction and opposition). 

Neap Tides occur at the quadratures. 

From syzygp to quadrature, the tide primes. 

From quadrature to syzygy, the tide lags. 

The heights of the spriog and neap tides vary with the varying distances of the 
Snn and Moon from the £arth. Spring tides are the highest possible when both 
the Son and Moon are in perigee, while neap tides are the most marked when the 
Moon is in apt^ee bnt the Snn is in perigee (becanse the Snn then pnlls agaimt the 
Moon with the greatest power, as &r as the Snn’s action is concerned). Both the 
spring and neap tides, and also the priming and lagging, are on the whole most 
marked when the Snn is near perigee, t.e. about January. 

It may be here stated, without proof, that, taking the Sun’s and Moon’s tide- 
raising forces to be in the proportion of 3 to 7, the maximum interval of priming 
or lagging is fonnd to be about 51 minutes. 

456. EstaUishmeut the Port 

Both the equilibrium and canal theories completely fail to represent 
the actual tides on the sea, owing to the iiregular diafarihntinn of land 
and water on the Earth, combined with the varying depth of the ocean. 
These circumstances render the prediction of tides by calculation one 
of the most complicated problems of practical astronomy, and the 
computations have to be based largely on previous observations. In 
consequence of the barriers offered to the passage of tidal waves bv 
large continents, lunar high tide does not occur ^ther when the Moon 
crosses the meridian, as it would on the equilibrium theory, or when the 
Moon’s hour an^e is 90®, as it would on the canal theory. But thU 
continental retardation causes the high tide to occur later thuii it would 
on the equilibrium theory, by an interval which is constant for anv 
given place. This interval, reckoned in lunar hours, is called the 
Bstablishmeia of the Port for the place considered. Thus the establish- 
ment of the port at London Bridge is Ih. 58in., so that lunar high water 

occurs Ih. 58m. after the Moon’s transit, i.e. when the Moon’s hour 
angle, reckoned in time, is Ih. 58m. 

The same causes affect the ^lar tide as the lunar, hence the Sun^s 

hour an^e (or the local apparent time) at the solar high tide is also 
equal to the establishment of the port. 

^e actual high tide, being due to the Sun and Moon conjointly, is 
earlier or later than the lunar tide by the amount of priming or lagging. 
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this to the estoblishment of the port, the 

q ores), the lunar time of high water is equal to the establish- 
ment of the port. And, knowing the lunar time of high water the 
corresponding mean time can be found, for 

(mean solar time) — (lunar time) 

(mean O s hour angle) — ( ^ ’s hour angle) 

= ( (1 ’s R.A.) — (mean G’s R.A.) 

[since R.A. and hour angle are measured in opposite directions]. 

Now the Moon’s R.A. is given in the Nautical Almanac for every 
hour of every day in the year. Also the mean Sun’s R.A. at mid- 
night is the sidereal time of mean midnight, and can be obtained fiom 
the A aiUical Almanac. Hence the mean Sun’s R.A. [which = (sidereal 
time) (mean time)] is easily found for any intermediate time 


- -- — Q — CAH 1)0 rB&dily found* 71i0 

establishments of different ports, and the times of high water at London 
Bridge, are given in the Admiralty Tide Tables, etc. 


457. Approximate Calculation 

If only a ten/ rough calculation is required, we may proceed as in Arts. 39, 
193. Vi e assume the Moon’s R.A. to increase uniformly ; we ahnH then have 

( ^ 's R.A.) — (O’s R.A.) = ( ([ ’s elongation) ; 
or (solar time) = (lunar time) -}-({[ ’s elongation). 

Knowing the Moon’s age, its elongation may he found, as in Art. 193, and 
this must be converted into time, at the rate of Ih. to 15*. We tl»»Ti have 

(time of high water) = (establishment) (amount of lag.) -f ( € ’s ebngation 
in time). 

Example. — Find, roughly, the time of high water at the Moon's first quarter, at 
London Bridge. 

Here there is no priming or lagging. Hence the lunar time, or ({ ’s hour-ai^e 
at high water, is equal to the establishment, or Ih. 58m. Also the Moon’s elonga- 
tion is 90*. Hence the Sun’s hour angle, in time, =: Ih. 58m. 6h., and high 

water occurs about 7h. oSm. 


458. Tidal Constants 

The excess of the establishment of the port at any place, over that 
at London Bridge, expressed in mean time, is sometimes called the 
Tidal Constant of that place. 

If we assume the amonnt of priming or lagging to be the same at 
both places, the tidal constant is the difference between the times of 
hig h water at London Bridge and the given place. Hence, knowing 
the tidal constant and the time of high water at London Bridge, the 
time at any other place can be found. 

Tables of tidal constants, and of the heights of the spring and neap 
tides at different places, are given in Whitaler’s Almanack. 
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EzAmple . — Find the times of high water at Cardiff and Portsmouth on January 
25th, 1892, the tide intervals from London Bridge being ■+■ 4A. 58m. and — 2h. 17m. 

From the Almanack we find times of high water at London Bridge are : — 

Jan. 24th .Ian. 25th 

9h. 15m. aft. 9h. 53m. morn.. lOh. 31m. aft. 

Add 4h. 58m. 4h. 68m. 4h. 58m. 

Times at Cardiff are 

(Jan. 25th) 2h. 13m. mom. 2b. 61m. aft. 

Again, subtract from first line 2h. 17ro. 2h. 17m. 

times at Portsmouth are (Jan. 25th) 7h. 36m. mom., 8b. 14m. aft. 


459. The Masses of the Sun and Moon 

These can be compared by observing the relative heights of the 
solar and lunar tide, the relative distances of the Sun and Moon being 
known. The masses of the Sun and Earth can be compared by using 
Kepler’s third law (see § 435), and so the ratio of the masses of the 
Moon and Earth can be 
inferred. In this man- 
ner Newton (a.d. 1687) 
found the masses of the 
Moon and Earth to be 
in the proportion of 1 : 40. 

D. Bernoulli (1738)foond 
1:70, and Lubbock 
(1862) found 1:67-3. 

The last two make the 

Moon’s mass a little too great, Newton double what if ought to be. 



Fig. 147. 


460. Effects of Tidal Friction.— Betardation of Earth’s Rotation.— 

Accel^tion of Moon’s Orbital Mo ti on 

All liquids possess a certain kind of friction, known as “ viscosity,” 

which tends to resist their motion when they are changing their form, 

and to convert part of their kinetic energy into heat. Owing to this 

friction between the Earth and the oceans, the Earth, in its diurnal 

rotation, tends to carry the tidal wave round slightly in front of the 

point underneath the Moon, taking the positions of high water forward 

from the line H'CM to AVA. The Moon, on the contrary, tends to 

draw the water back from A, A\ the disturbing forces AH, A'H' 

forming a couple, which is resisted only by the Earth’s friction. Hence 

the ocean exerts an equal frictional couple on the Earth, and this couple 

tends to (hminish the angular velocity of the Earth’s diurnal rotation, 
and thus increase its period. 

Therefore tided friction tends to g^radttally lengthen the dot/. 
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^ to retard it, 

a ^ must exert an equal and opposite couple on the Moon 

endmg to accelerate it. The portion of the ocean heaped up at A, 

leing nearer the Moon, exerts a greater attraction than that at A’ 

m addition to which the angle CM A is very slightly greater than CMA\ 

^ resultant of the attractions of equal masses of water at A 

on 3/ in a direction shghtly in front of MC, and tends to 

pnil the Moon forward. This tends to increase the Moon’s areal 

' elocity. (Compare Art. 423). Since the areal velocity of a body 

revolving in a c^le varies as the square root of the radius (Art. 421, 

Cor.), the lloon’s distance must be gradually increased by this means! 
and hence also its periodic time.* 

Therefore tidal friction tends to increase the Moon's distance and to 

lengthen the month. 


The rate of increase of the Moon’s distance at the present time is 
about five feet in a centurv. 

The final effect of tidal friction must be to equalize the lengths of 
the day and lunar month. The angular velocities of the Earth and 
Moon both decrease, but the effect of the couple, in producing retarda- 
tion, is far more considerable on the Earth than on the Moon. 


The student who has not read rigid dynamics may illustrate this statement by 
the comparative ease A\-ith which a small top can be spun with the fingers, and the 
great difficulty of imparting an equal angular velocity to the same body by whirling 
it round in a circle at the end of a string of considerable length. The top represents 
the Earth, and the body on the long string the Moon. 

In rigid djiTiamics it is shown that when a system of bodies are revolving under 
their mutual reactions, their angular momentum^ or moment of momentum about 
their centre of mass, remains constant. Hence the decrease in the Earth’s angular 
momentum is equal to the increase in that of the Moon. Xow the angular momen- 
tum of a particle revolving in an orbit is twice the product of its mass into its areal 
velocity, and this is also approximately true of the Moon. Hence, since the Moon’s 
distance from the common centre of mass is far greater (about sixty times greater) 
than the distanc-e of any point on the Earth from its axis of rotation, it is evident 
that the same change in angular momentum produces far more effect on the angular 
velocity of the Earth than on that of the Moon. 


The lengthening of the day by tidal friction amounts to about 
< )<)02 of a second in the course of a century. The lengthening, though 
slow, is c umulative and eventually the p>eriods of rotation of the Earth 
and Moon will be equalized. The day and the month will then be of 
equal length, each being equal to about 47 of our present days. It has 
been estimated that it will need 50,(X)0 million years to bring this about. 
The Earth will then a 1 wavs turn the same face to the Moon and the 

• This increase of the distance more than counterbalances the tendency to 
increase the Moon's actual velocity. For the actual velocity is inpcraefy propor- 
tional to the squarf* root of the distance (Art. 419), and therefore diminish es as 
the distance increases, Similarly, the angular velocity is decreased. 
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Moon will continue, as it does at present, to turn the same face toward- 
the Earth. Hence there will be no lunar tides and the retardation du^- 
to lunar tidal friction will no longer exist. 

The solar tides will, however, still continue to exist, provided that 
water surfaces still exist on the Earth : indeed, even apart from this 
condition, considerable bodily tides in the solid crust are known to 
occur. Further, the lunar tidal force will onlv amount to one-third rd 
its present value, owing to its increased distance from the Earth ; the 
solar tides will, therefore, be the stronger and will further lengthen the 
day. The limar tidal wave will then go round the Earth in the reA erse 
direction, and the Moon as a result will again approach the Earth. 


461. Variations in the Length of the Day 

In the preceding section it has been shown that the day is slowlv 
lengthening as a consequence of tidal friction. But in addition to 
this lengthening, astronomical observ’ations have established the 
occurrence of irregular variations in the length of the day. The dav 
provides the fundamental unit of time and the positions of the Sun, 
Moon and planets, given in the Nautical Almanac are computed on the 
assumption that the unit of time is invariable. A change in the unit of 
time will cause apparent displacements of Sun, Moon and planets which, 
when measured in arc, will be proportional to their rate.s of angular 
motion. It is from the similarity in the apparent displacement.s of 
these bodies that the changes in the length of the day can be inferred. 
The changes, which occur rather suddenly, can be as great as 
seconds in the length of the day, which mav either be increased or 


decreased. Tidal friction can never shorten the dav ; it can onlv 

^ f 

lengthen it. Hence some other cause must be operative, which must 

produce a change of moment of inertia of the Earth. As the angular 

momentum remains constant, a decrease in the moment of inertia will 

result in an increase in the angular velocity or, in other words, in a 

decrease in the length of the day. An increase in the moment of 

inertia will result in an increase in the length of the dav. .\ slif^ht 

expansion or contraction of the Earth as a whole may occur ; a change 

of 6 inches in the radius of the Earth would be sufficient to produce^a 

change in the length of the day of the order of magnitude that i.s 

observed. Such a change in the radius of the Earth couhl not be 

detected by direct observation. Alternatively, it may be that then- 

IS some readjustment from time to time of the lavers of equal densitv 
within the Earth. 


462. The Moon’s Form and Rotation 

The theory of tidal friction affords a simple explanation of how it 
IS that the Moon always turns the same face to the Earth. Remember- 
ing that the Earth s mass is 8l times the Moon’s, but that its radius is 
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about four times as great, the Earth's tide-raising force at a point on 
the Moon would be about 81/4, or over twenty times as great as the 
Moon s on the Earth. Early in the Moon’s hi^ry, whilst it was still 
hot and before it had solidified, huge tides were produced on the Moon 

attraction of the Earth. The Moon was then much nearer to 
the Earth than it is now and the lengths of the day and month were 
shorter. The huge tides on the Moon, by their friction, rapidly 
lengthened the 3Ioon s period of rotation. The period lengthened 
imtil it became equal to the period of revolution of the Moon about 
the Earth. The Moon thus always turned the same face to the Earth, 
and it has since continued to do so. 

If the Moon was then not quite solid, the Earth’s tide-raising force, 
which had then become constant, must have drawn it out into the 
form demanded by the equilibrium theory, namely, to a first approxima- 
tion, a prolate spheroid, with its longest diameter pointed towards the 
Earth. 

It may easily be seen, from the expressions in Art. 449 that the tide- 
raising force of a body is slightly greater at the point just under it 
than at the opposite point (when we do not only consider approximate 
values). Hence the Moon is not quite spheroidal, but is more drawn 
out on the side towards the Earth than on the remote side. Its form 
is, therefore, that of an egg, the small end being towards the Earth. 
This result of theory cannot, of course, be confirmed by direct observa- 
tion, the remote side being in^^sible ; but Hansen, by the theory of 
perturbations, has shown that the Moon’s centre of mass is further 
from the Earth than its centre of figure, thus furnishing independent 
eAnidence in favour of the theory. 

463. Application to Solar S 3 ^stem 

Since the Sun’s tide-raising force on different planets varies inversely 
as the cube of their distance, the solar tides are far greater on the nearer 
planets than on those more remote. It is, therefore, quite natoral to 
suppose that the effects of tidal friction may have produced such a 
retardation in the rotations of ^lercury, and possibly also of 
Venus, that one or both of these bodies already turn the same face 
towards the Sun. Xhe remoter planets, must necessarily tahe a 
much longer time to undergo the necessary retardation, and it would 
be verv unnatural to expect Neptune, for example, always to turn the 
same face to the Sun. Obser\’ation has shown that Mercury always 
turns the same face towards the Sun, so that the length of the day (as 
defined by the period of rotation) and the year on Mercury are the 
same. The period of rotation of Venus is not known with certainty. 
It is known to be appreciably longer than the period of rotation of the 
Earth but not to be so long as the period of revolution of Venus around 
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the Sun. It appears probable that the rotation period of Venus is of 
the order of 30 days. Tidal friction has therefore slowed down the 

•r 

rotation of Venus but not sufficiently to cause it always to turn the 
same face to the Sun. 


III. — Precession and Nutation 

464. Precession 

In Arts. 125, 276 we stated that the plane of the Earth’s equator 
is not fixed in space, but that its intersections with the ecliptic have a 
slow retrograde motion. This phenomenon, which is known as Pre- 
cession, is due to the fact that the Earth is not quite spherical, and that, 

in consequence of its spheroidal form, the Sun’s and Moon’s attractions 
exert a disturbing couple on it. 


465. The Sun’s and Moon’s Disturbing Couples on the Earth 

Let the plane of the paper in Fig. 14S contain the Earth’s polar axis 
PP\ and the Moon’s 
centre M, say at the [b: 

time when the Moon’s 
south declination is 
greatest. 

Inside the Earth in- 
scribe a sphere PAP' A', 

touching its surface at j.'iq | 4 g 

the poles. Then we may 



(for the sake of illustration) regard the protuberant portion of 
the Earth outside this sphere as a kind of tide firmly fixed to the 
Earth, and the arguments of the last section (Art. 460) show that 
the variations in the Moon’s attraction at different points give rise 
to a distribution of disturbing force identical with the tide-raisinff 


force, ten<^g to draw this protuberant part with its longest diameter 
QR pointing towards the Moon. The Moon’s attraction on the 
matter inside the inscribed sphere passes exactly through the Earth’s 
centre C, and produces no such couple ; but the disturbing forces at 
A, A , which are represented by AH, A'H', form a couple on the 
protuberant parts, AQ, A’R, tending to turn the diameter A' A towards 
CM. The same is true of the disturbing forces at any other pair of 
opposite points of the Earth in the quadrants HCK, H'CK’. Of course 
there are couples in the two other quadrants tending in the reverse 

direction, but they have less matter to act on, and are therefore insuffi- 
cient to balance the former couples. 

men the Moon is at the opposite point of its orbit, i.e. at its greatest 
N. decimation, it is again in the line CH', and again tends to draw the 
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Earth’s equatorial plane towards the line HH’. For any 

p^ition of the Moon the couple is smaller, and it vanishes when the 

31oon IS on the equator ; still, on the whole, the Moon^s disturbing force 

altcays tends to draw the plane of the Earth’s equator towards the nlane 
of the Moon’s orbit. 

Similarly, the Sun’s disturbing force alicays tends to draw the plane 
of ih^ EartVs equator towards the ecliptic. 

Since the Moon’s nodes are rotating (Art. 211), the plane of the 
Moon’s orbit is not fixed ; but it is inclined to the ecliptic at a smaU 
angle (5®), while the plane of the equator is inclined to the ecliptic 
at a much larger angle (23J®). The average effect of the Moon’s dis- 
turbing couple is thus to pull the Earth’s equator towards the plane 
of the ecliptic. This tendency is mcreased by the Sun’s disturbing 

couple ; and the two are pro- 
portional to the Sun’s and 
Moon’s tide-producing forces, 
i.e. as 3:7 roughly. For this 
reason, the resulting phenome- 
non is sometimes called luni- 
solar precession. 



Q* 


would oscillate fro: 


466. Effect of tiie Couple on 

the Earth’s A™ 

If the Earth were without 
rotation, the tendency of thi s 
couple would be to bring the 
plane of the equator into coin- 
cidence with the ecliptic, with 
the result that the equator 
side to side of the ecliptic, like a pendulum under 
gravity. But the rapid diurnal motion of the Earth entirely alters 
the phenomena. 

Let CR be a semi-diameter of the Earth, perpendicular to CP and 
C3I (the direction of the Moon). The precesaional couple would, 
alone, produce a slow rotation in the direction PQM ; i.e. about CR. 
If now the Earth’s rotation be represented in magnitude and direction 
by CPs measured along the Earth’s ads, this additional rotation must 
be represented by a very short length CR\ measured along CR. 

Take PP\ equal and parallel to CR' ; then, since PP' is very smaD, 
CP' is of almost exactly the same length as CP. But angular velocities, 
and momenta about lines which represent them in magmtude, are 
compounded by the same law as forces, velocities, etc. Art. 397 (iii)l 
along the same Unes of corresponding magnitudes. 
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Hence, the resultant axis of rotation is shifted from CP to CP", 
in a direction ‘perjtendicular to the plane of the acting cou f ie. 

A full explanation of what follows would be impossible without a 
close acquaintance with rigid dynamics. But it is evident that a body 
flattened at the poles will spin more readily about the line CP than 
about any other line drawn in its substance. Hence it is easy to 
understand that the polar axis CP is iteelf deflected towards CP', and 
thus moves perpendicular to the acting couple. 

This motion can be illustrated by that of a rapidly spinning top, 

or of a gyroscope, the phenomena of which can readily be investigated 
by expenment. 


467. Precession of a Spinning Top 

1.— Let a top be set spinning rapidly about it.s extremity, in the 
opposite direction to the hands of a watch, as seen from abovo, the top being 
supported at a point on its axis below its centre of gravity. The aeight of the top 
acting vertically through the centre of gravity, tends to upset the top by pulling 
its a^ out of vertical. But if the top is spinning sufficiently rapidly, we know that 
it wfll not fall, the only effect of gravity being to make it “ reel.” ».«. to cause its 
axis of rotation to describe a cone about the vertical through the point of support, 
revolving slowly in the counter-clockwise direction. This slow revolution may be 
called the preceenon of the top, and the experiment shows that when a top is acted 
on by a couple (such as that due to its weight) tending to puU its axis away from 
the vertical, it precesses in the tame direction in which it is spinning. 

Bxpertment 2. Kow suppose the top ttispended from its upper extremity, being 

thns supported above its centre of gravity. The couple due to the weight and the 

reaction of the support, now tends to draw the axis of the top tawarde the vertical. 

In this case the uis of the top will be found to slowly describe a cone in the oppotUe 

direction ; that is, the top now precesses in the oppoeiU direction to that in which 
it is spinning. 

Expenment 3.— Snppose the top snpported as in Experiment 1. If we give the 
top a push away from the vertical, its axis wiU not move in this direction but its 
precessional motion wffl increase. If we give a push in the direction of precession 
its approach the vertical. If we push the axis in the directfon of the' 

v^i^ it will not move towards the vertical, but its rate of preoessioiiat motion 
win be increased, <.e. Ae top will acquire an additional increased precessional 
mo^. If we posh it in the direction opposite to that of precession, the axis wiU 
begin to move away ^ the verticaL In every case the axis of the top moves 
m a direction perpmidiciilar to the direction of the force acting on it, and therefore 
a couple acting on a very rapidly spinning top prodnoes displacement of the axis 

in a plane perpeadicular to the plane of the connk • 


puah the top by pressii^ the side of a pencU agaiiLit iu axis, it thus 
ves in the directum in which the axie would roU along the side of the nencil 
the displacement of the axis is nd due to rolling, as may ea^y be 


These experiments may easfly be performed by the reader with any good 
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same experiment with a gyroscope, Uiis time pn.hi»g 

herenostSr 

468. PrecesaoB of fhe Eartti’s Axis 

On the c«lestial sphere, let P, Z be the poles of the equator and 
echptic respectively. The Sun’s disturbing couple and the mean couple 
due to the Moon tend to pull the Earth’s equator towards the ecliptic, 
or to pull the polar axis P towards the axis of the ecliptic K. Hence the 
Earth behaves like a top suspended from above its centre of gravity, 
and the polar axis slowly describes a cone about the axis of the ecliptic,’ 
revolving in the opposite direction to that of the Earth’s rotation, ».e! 
m the retrograde direction.* 'The pole P therefore slowly describes 

a small circle, PP' about K, the pole of 
the ecliptic, with angular radius PK, equal 
to the obliquity of the ecliptic, i.e. 23“ 27', 
As the pole revolves from P to P* it carries 
the equator from to T thus 

carrying the equinoctial pomts T and ^ 
slowly backwards along the ecliptic. The 
average angle TT', or PZP'f, described 
in a year, is 50-2*, and P therefore performs 
a complete revolution about K in 25,800 
years. 

The position of the ediptic is not aZected 
by precession. Hence the cdeMid haUude 
xB of any star x remains constant, and its celestial longitude tH increases 
hy the amount of precession TT', thcU is, ci the rate of 50-2' per year. 

A star 8 declination and right ascension are, however, continually 
changing. This change is, of course, due to the motion of the equator, 
and not of the star. Thus, as P moves to F, the N.P.D. of the star x 
decreases from Px to Fx, and its B.A. changes from T Px to T’P'x. 
(The circles TP, T’P*, xP, xF, are not represented, in order not to 
complicate the figure unnecessarily.) The declinations of some stars 
are increasing, of others decreasing. From R.A. 6h. to 18h. north 
declinations are diminishing, south ones increasing : from R.A. 18h. 
to 6h. the reverse happens. Expressions for the changes of a star’s 
right ascension and declination caused by precession were derived in 

Chapter XII, Art. 278. 

* See also Fig. 149. If £’ be pole of ecliptic {CK nearly perpendicular to Cl!) it 
is erident that as P travels towai^ P' it moves in the retrograde direction abont K. 

t PT and Kt are each 90® ; therefore T is pole of arc KP ; and TifP is 
a right angle. Similarly, T ' KP' is a right angle ; 

Therefore PKP' — T if T' — arc T T', 
ainoe T T ' — is a mat circle, whose pole is K, 
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469. Nutation of the Earth’s Axis 

In treating of precession, we have supposed the Earth’s poles to 
describe small circles uniformly about the poles of the ecliptic. Th is 
they would do if the Sun’s and Moon’s disturbing couples on the Earth 
were always constant in magnitude, and always tended to pull the 
Earth’s poles directly towards the poles of the ecliptic* But the 
couples, so far from being constant, are subject to periodic variations, 
in consequence of which the Earth’s poles really describe a wavy curve 
(shown in Fig. 151), threading alternately in and out of the small 
circle which would be described under precession alone if the couple were 
constant. This phenomenon is called Nutation^ because it causes the 
Earth’s poles to nod to and from the pole of the ecliptic. 

Nutation is really compounded of several independent periodic 
motions of the Earth’s axis ; the most 
important of these is known as Lunar 
Nutation^ and has for its period the time 
of a sidereal revolution of the Moon’s nodes, 
i.e. about 18 years 220 days. The effect 
of lunar nutation may be represented by 
imagining the pole P to revolve in a small 
ellipse about its mean position p as centre, 
in the above period, in the retrograde 
direction, while p revolves about the 
pole of the ecliptic, with the uniform 
angular velocity of precession of 50-2'’ per 
annum. The major and minor axes of 

the little ellipse are along and perpendicular to Kp respectively, their 
semi-lengths being = 9*" and pb — 6-8'' respectively. The angle 
pKh — bpjsiu Kp = 6*8*^ cosec 23^^ 27’ = I?*!’’ nearly. 



470. General Effects of Lunar Nutation 

In consequence of lunar nutation, the obliquity of the ecliptic is 
subject to periodic variations. For this obliquity is equal to the arc 
KP, and as P revolves about its mean position from one end to the 
other of the major axis of the little ellipse, the arc KP becomes alter- 
nately greater and less than its mean value Kp, by 9''. Thus the 
greatest and least values of the obliquity of the ecliptic differ by 18', 
and the obliquity fluctuates between limits differing by this amount 
once in 18-6 years. But as, in addition, the obliquity is diminishing 
0'47' each year owing to planetary action, the limits are not fixed. 

Again, when the pole is at an extremity of the minor axis 6, it has 
regreded further than its mean position p by the angle pKb, which we 
have seen is about 17*1 . Hence, also, the first point of Aries has 
regreded 17*1 further than it would have gone had its motion been 
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^form. Similarly at 6' it has regreded 171' leas than it would have 
toTnd fro l^iformly. Hence the first point of Arie. oeciT^ 

50-2'foralSuri5'V7L poation moves through an angle 18| x 

The apgiJar ^tance between the true and mean positions of the 

first pomt of Aries is caUed the Equation of the Equinoxes. It is of 
course, equal to the angle pKP. oi 

; # affect the position of the ecliptic ; hence the 

l^itudes of stars are unaltered by it. Their apparent longitudes am 

however, mcreased by the equation of the equinoxes. Both this cause 
and the varying obUquity of the ecHptic produce variations in a star’s 
K.A. and decl ; expressions for these were derived in Chapter XII 

Art. 282. 

V- „ 

471. Physical Cause of Nutation 

If the Moon were to move exactly in the 
ecliptic, the average couples exerted by the 
Moon as well as the Sun would both tend 
to pull the Earth’s pole directly towards 
K, the pole of the ecliptic. But the Moon’s 
orbit is inclined to the ecliptic at an angle 
of S'" ; hence, if L be its pole, KL = 5®, 
and the Moon’s average disturbing couple 
^ tends to pull the pole P towards L ingt^»ftd 
of K. When we consider the Sun’s action 
also, the resultant of the two couples tends 
to pull the pole towards a point H which 
is intermediate between K and Z, but nearer 
to L (because the Moon’s disturbing couple is about 2J times the Sun’s). 
Hence the pole P moves off in a direction perpendicular to HP, and 
not to HP, In consequence of the rotation of the Moon’s nodes, Z, 
and therefore ulso H, revolves in a small circle about P in the period 
of I8f years (see Fig, 152). 

Let Zj, Zg, Z3, Z4, Z- be the positions of Z, and Pj, Pg, P3, P4, 
the positions of P, when the angle PKL is 0®, 90®, 180®, 270®, 360® 
respectively, Hg, the positions of H corresponding to Zg, Z^. Then 
at P^ and P3 the couple is directed towards H, and therefore P is then 
moving perpendicular to HP. At Pg the couple is directed towards 
Hg, and the pole Pg moves perpendicularly to HgPg, thus passing from 
the inside to the outside of the small circle described by its mean 
position. Similarly, at P4 the pole, by moving perpendicularly* to 
H^P^, passes back from the outside to the inside of the small circle 
which it would describe if the couple were always directed towards H. 



Fig, 152. 
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Thus the wavy form of the curve described by P is accouuted for. And 
since the whole space P^KP- or LyKL^, traversed in a revolution of L, 
is very small, the period of oscillation is almost exactly that of revolu- 
tion of the Moon’s nodes. It is exactly the same as their period of 
revolution relatively to the equinox, which is 5 days in excess of their 
sidereal period. 

Again, the Moon’s couple depends on the angular distance PL. and 
is greater the greater this distance (as may easily be seen by .\rt. 465). 
Hence the resultant couple, and therefore also the precessional motion, 
is least at Pi and greatest at P,. This accounts for the variable rate of 
motion of P, which gives rise to the equation of the equiuo.xes. 

472. Solar and Fortnightly Nutations 

The variations in the intensity of the Sun’s and Moon’s disturbing 
couples during their orbital revolutions give rise tn two other kinds of 
nutation. Let us first consider the 
variations in the Sun’s disturbing 
coupfe, which produce Solar Nutation. 

It appears from Art. 465, that the 
couple vanishes when the Sun is on 
the equator, and that it is greater the 
greater the Sun’s declination. Also it 
is readily evident from Fig. 148 that 
the couple in general acts in a plane 
through the Sun and the Earth’s poles, 
tending to turn the poles more nearly 
perpendicular to the direction of the 
Sun, This shows that the couple is 
not really directed towards the pole of 

the ecliptic (though this is its average direction for the year) exccni 
at the solstices (Fig. 153). 

Now at the vernal equinox, when the Sun is at T, the couple 
vanishes, and therefore the Earth’s tendency to precession, due to 
the Sun, vanishes. Between the vernal equinox and the summer 
solstice, when the Sun is at Si, the couple is along NjP away from 
Ni, a^ this tends to make the pole precess along PG' perpendicularly 
to SiP. At the summer solstice the couple along CP is a maximum 
and tends to produce precession along PQ perpendicular to KP At 
^2 the couple along S^P tends to make the pole precess in the direction 

. At the autumnal equinox, the couple, and therefore the 
veiDcrty of solar precession, vanishes. At the Sun’s declination is 
negative, and the couple tends to draw P twmrdi S, ; hence the 
Earth again tends to precess along P6\ At the winter solstice the 
direction of precession is again along PG, and the precessional velocitv 
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apm a maximum. FinaUy, at S, the direction of 
along PG'. 


precession is a gai^i 


* 1 . variations in the Sun’s declination cause the pole to 

thread its way m and out of the circle it would describe under uniform 

precession once every six months, and to cause the velocity of revolution 

a out K to fluctuate in pe same period. This gives rise to the nutation 

mown as tSoIar Mutation, whose period is half a tropical year. In 

the case of the Moon the corresponding phenomenon is known as 

Fortnightly Nutation, and its period is half a month ; the explanation 
is exactly the same. 


The variations in the obliquity of the ecliptic due to these two 
cai^ are small, because, owing to the comparatively small period in 

recur, the pole has not time to oscillate to and from F. to 
any great extent. Moreover, the couple, and therefore the rate of 
motion of P , decreases as the inclination of PG' to PG increases. When 
the Sun is at T or === the displacement, if it existed, would be along 
PK, in the most advantageous direction for producing nutation, but 
at this instant the couple vanishes. 


The solar nutation accotmts for the term c sin 23 in .Art. 279, 
and the fortnightly nutation accounts for the term d sin 2 ^ . The 
corresponding variations in the obliquity are given in Art. 280. 

The solar nutation only displaces the pole about 1-2' to or from K, 
and the displacement due to fortnightly nutation is 0*1' at most. 
The effects on the equation of the equinoxes are more apparent. Under 
the Sun’s action alone, the pole would come to rest twice a year, viz. 
at the equinoxes, and under the Moon’s action its rate of motion 


would vanish twice a month, viz. when the Moon crossed the equator. 
At all other times the couples tend to produce retrograde — never direct 
— motion of the pole about K. Hence the precessional motion can 
never vanish unless the Sun and Moon should happen to cross the 
equator simultaneously. 


IV. — ^Lux.ar axd Planetary Perturb atioxs 

473. Universality of Gravitation 

In consequence of the universality of gravitation, every body in 
the solar system has its motion more or less disturbed by the attraction 
of every other body. Kepler’s Laws (with the modification of the Third 
Law given in Art. 431) would be strictly true only if each planet were 
attracted solely by the Sun, and each satellite described its relative 
orbit solely under the attraction of its primary. Hence the fact that 
these laws very nearly agree with the results of observation shows that 
the mutual attractions of the planets are small compared with that 
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wliich the Sun exerts on each of them, and that, in the orbital motion 
of a satellite, by far the greater part of the relative acceleration is due 

to the attraction of the primary. 


474. Lunar Perturbations 

We have seen, in Section I, that the Moon’s motion consists of two 
component parts, a monthly orbital motion relative to the Earth — or, 
more strictly, relative to the centre of mass of the Earth and Moon — 
and the annual orbital motion of this centre of mass in an ellipse about 
the Sun. If the acceleration of the Sun’s attraction were the same in 
magnitude and direction at the Moon as at the Earth, it would be 
e.xactly the acceleration required to produce the latter motion, and the 
relative orbit of the Moon about the Earth would be determined by the 
Earth’s attraction alone. This is very nearly the case, owing to the great 
distance of the Sun. But the small differences of the accelerations 

caused bv the Sun’s attraction on the Earth and Moon tend to modify 

• ^ 

the relative motion of these two bodies, by giving rise to perturbations 
(Art. 210). The relative accelerations thus produced may be represent' <1 



Fio. 154. 



by a distribution of disturbing force due to the Sun, just in the same wav 
that the relative accelerations of the oceans, which cause the tides, are 
determined by distributions of disturbing force due to the Sun and 
Moon. And since the Sun’s distance is nearly 400 times the Moon’s, 
the expressions for the disturbing force, corresponding to those investi- 
gated in Art. 450, are sufficiently approximate to account for the more 
important lunar perturbations. 

Let S, E, M denote the centres of the Sun, Earth, and Moon. Drop 
MK perpendicular on ES, and on EK produced take KII = 2EK. 
Then, if S denote the mass and r the distance of the Sun, the Sun’s 


disturbing force produces at M a relative acceleration along MH of 
magnitude kS . MHlr^, its components being k .S . MK r^ along MK 
and 2k . S . EKjr^ parallel to EK. 


This force tends to accelerate the Moon towards the Earth at quadra- 
ture (Jfg), and away from the Earth at conjunction and oppo.sition 
[Mq, M^. At any other position it accelerates the Moon towards a 
point {Hf) in the line ES, and thus makes the Moon tend to approach 
the Sun, if its elongation {M^ES) is less than 90^ ; but it accelerates 
the Moon towards a point {H^ away from the Sun if its angle of elont^a- 
tion from the Sun be obtuse. 
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Fcrthek Applications of the Law 


475. The Rotation of the Moon’s Nodes 

.h.r of- .h^ "ri? '’‘?k‘r.s "■■■*“ » 

paragraph shows that the disturbiM force 

and therefore has a component at Af, directed alone f h ^ 

great circle JI^B. ectecl aJoug the tangent to the 

Xow let us suppose that the Moon is revolving under the 
attraction alone, but that on arriving at M, it is acted o^bvl^^ ® 
impulse or blow directed towards B ClLrlv the 

-rntrrd!rn.“Ut' “ 

J/, A , , and the Moon wiU then begin to describe a great circle Jf V ' 
V, 'v • hew”” “*?'“!>'' *>“ “liptia at piinte 

wdl also be dished slightly if M, is within 90° of X, • L the 
exterior angle > M,,Y,B, since the sides of the triaJu M.N N 

are cars l„s 90“. Bnt when the Moon comi to lf,art 

impulse act towards B. This 

c ■ 




wiU deflect the direction of 

motion from to M^Nf, 

and the Moon will now begin 

to describe the great circle 

r -11 A . > whose nodes Y 

o/tliTo b> behind their initial positions. The inclination 

of the orbit to the echptic will, however, be increased this time 

It IS easy to see that the same general effect takes place when the 
-loon IS acted on by a continuous force, always tending toioards the 
ecliptic, instead of a series of impulses. Such a force continuously 
deflects the Moon s dmection of motion, and draws the Moon down so 
^at it returns to the ecliptic more quickly than it would otherwise, 
ence the Moon, after leaving one node, arrives at the next before it 
as quite described ISO", and tbe result is an apparent retrograde {never 
direct) motion of the nodes, combined with periodic, bnt small, fluctua- 
tions in the inclination of the orbit. 



The retrograde motion of the Moon's nodes is, in some respects, analogous to 
the precession of the equinoxes, and, although the analogy is somewhat imperfect, 
the former phenomenon gives an illustration of the way in which the latter is 
produced. If the Earth had a string of satellites, like Saturn’s rings, closely 
packt-fl together in a circle in the plane of the equator, the Sun’s disturbing forc^, 
ever accelerating them towards the ecliptic, would, as in the case of the Moon,’ 
cause a retrograde motion of the points of intersection of all their paths with the 
ecliptic, and this would give the appearance of a kind of retrograde precession of 
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the plane of the rings. If the particles, instead of being separate, were united 
into a solid ring, the general phenomena would be the same. And it is not un- 
natural to expect that what occurs in a simple ring should also occur, to a greater 
or less degree, in the case of other bodies that are somewhat flattened out perf>en- 
dicularly to their axis of rotation, such as the Earth, thus accounting for the 
precession of the equinoxes. (Of course this is only an Ulusiraiion , not a rigorous 
proof; in fact, if the Earth were qxiile spherical it would behave very diflercnt ly.) 

*476. Ferttirbations due to Average Value of Radial Disturbing Force 

Let d be the Moon\s distance. Then, when the Moon is in conjunction or 
opposition, the Sun*s disturbing force acts away from the Earth, and is of rnagni* 
tude 2kSd/r^ (Fig. 154). When the Moon is in quadrfiture the disturbing fore*' 
acts towards the Earth, but is only half as great. Hence, on the arf rar/e, the 
disturbing force tends to pull the Moon away from the Earth. 

In consequence, the Moon’s average centrifugal force must bo rather less than 
it would be at the same distance from the Earth if there were no disturbing force, 
and the effect of this is to make the month a Utilp longer than it would be otlierwise 
for the same distance of the Moon. 

Moreover, the disturbing force increases as the Moon’s distance increases, but 

the Earth’s attraction diminishes, being proportional to the iru’erse square of the 

distance ; this has the effect of making the whole average acceleration along the 

radius vector decrease more rapidly as the distance increases than it would according 

to the law of inverse squares. The result of this cause is the progressive motion of 

the apse line. It is diflBcult to explain this in a simple manner, but the following 

arguments may give some idea of how the effect takes place. At ap>ogee the 

Moon’s average acceleration is less, and at perigee it is greater than if it followed the 

law of inverse squares and had the same mean value. Hence, when the Moon’s 

distance is greatest, as at apogee, the Earth does not pull the Moon back so quickly, 

and it takes longer to come back to its least distance, so that it does not reach 

perigee till it has revolved through a little more than 180*^. Similarly, at perigee 

the greater average acceleration to the Earth does not allow the Moon to fly out 

again quite so quickly, and it does not reach apogee till it has described rather 

more than 180°. Hence, in each case, the line of apsides moves forward on the 
whole. 

*477. Variation, Evection, Annual Equation, Parallactic Inequality 

When the Aloon is nearer than the Earth to the Sun (J/^, Fig. l.>4). tiie Aloon 
is more attracted than the Earth, and therefore the disturbing force is towards the 
Sun (Art. 474). Its effect is, therefore, to accelerate the Moon from last quarter to 
conjunction, and to retard it from conjunction to first quarter. When the Moon 
is more distant than the Earth from the Sun Fig. 154), it is less attracte d 
than the Earth, and therefore the disturbing force is away from the Sun. Thus 
the Moon is accelerated from first quarter to full Moon, and n tarded from full 
Moon to last quarter. Hence we see that the Moon’s motion in each case must 
be swiftest at conjunction and opposition, and slowest at the quadrattin s. This 
phenomenon is known as the Variation, 

The force towards the Earth is greatest at the quadratures, and least at tlif 
conjunction and opposition, since at the former the Sun pulls the Moon towards, 
and at the latter away from the Earth. Either cause tends to make the orbit 
more curved at the quadratures and less curved at the syzygics. For, if v is the 
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velocity, R the radius of curvature, then v*:R = normal acceleration Hcnr* B 

13 greatest, and the orbit therefore least curved, when v is greatest and the no i 

acceleration is least. The effect of thi' ran la u 5*^- " ’ the normal 
„ ... enect oi this cause would be to distort the orbit if it 

ere a circle, into a sUghtly oval curve, which would be most flattened and there 
opmSSTd arguments of Arts. 98, 99), at the points towards and 

90^from the^un’. therefore broadest, at the points distant 

far undisturbed orbit is not reaUy circular, but elliptic, and 

re e ptic than the oval into which a circular orbit would be thus distorted 
However the elliptic and variational inequalities act independentlv of each other' 
The effect of the latter on the Moon’s longitude vanishes at all four quarters • it 
makes the longitude exceed its undisturbed value by 35' at the fir^t and fifth 
octants, and fall short of that value by 35" at the third and seventh octants The 

o=t.„„ of «• rouod .he orbit, ,he to, boi,^. 

Moon and first quarter. 

The largest of the lunar inequalities is known as the erection, and depends on 

the changing position of the apse line with regard to the Sun in successive lunations. 
It has two effects : — 


(i) the apse line, while advancing on the whole, has an oscillatory movement, 
and retrogrades about the times when perigee occurs at first and third quarters. 

(ii) The eccentricity also oscillates, reaching its greatest value 0 066 when 

perigee occurs at new or fall Moon, and its least value 0 044 when it occurs at first 
or third quarter. 


These various results can be deduced, at least approximately, bv elementarv 
methods. But it will sufiBce here to confine ourselves to the backward motion of 
the apse when perigee occurs at first quarter. The disturbing force at the quarters 
is directed towards the Earth, and varies as (Fig. 154). As in Art. 476 it 

can be shown that an additional inward force at perigee makes the apse advance, 
while a similar force at apogee makes it retrograde. But since M^E is greater at 
than at perigee, and also since the Moon remains longer in the outer half 
of its orbit, the action at apogee preponderates and the apse on the whole retro- 
grades at these times. The tangential disturbing forces vanish at the quarters 
( see Fig. 154), but it can be shown that their action before and after the quarters 
assists the retrogradation of the apse. 

The two eveotion effects may be combined into a single term in the longitude 
amounting to 77", with a period of 31*812 days, and a term in the radius vector 
with the same j)eriod. The period of the variation is half a lunation or 14*765 
days. It is worthy of note that if a total eclipse of the Sun occurs at perigee, the 
elliptic inequality, variation and erection aU combine to bring the Moon nearer 
to the Earth, and so to increase the duration of totality, which may amount to 
7m - 403. in the most favourable case. The duration exceeds 7ra. in June 1937 


and June 1955 (see Art. 227). 

The Sun’s disturbing force is greatest when the Sun is nearest, and least when 
the Sun is furthest. These fluctuations, between perihelion and aphelion, give 
rise to another perturbation, called the annual equation^ whose most noticeable 
effect consists in the consequent variations in the length of the month (Art. 476), 

If, instead of resorting to a first approximation, we employ more accurate 
expressions for the Sun’s disturbing force on the Moon, it is evident that this force 
is greater when the moon is near conjunction than at the corresponding position 
near opposition ; just as the disturbing force which produces the tides is really 
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greater under the Moon than at the opposite point. Hence the Moon is more 
disturbed from last quarter through new Moon to first quarter than from first 
quarter through full Moon to last quarter. Hence the time of first quarter is 
slightly retarded, and that of last quarter accelerated. This is called the Moon s 
Parallactic Inequality. Its amount is proportional to kSd'ir*, instead of kSd r* 
(like the other perturbations). For many reasons this perturbation h of con.sider- 
able use in determinations of the Sun's mass and distance.* 


478. Planetary Perturbations 

The Sun’s mass is so great, compared with the masses of the planets?, 
that the orbital motion of one planet about the Sun is but slightly 
affected by the attraction of any other planet. The mutual attractions 
of the planets, and their actions on the Sun. give rise to small planetary 
perturbations, which cause each planet to diverge slowly from its 
elliptical orbit, besides accelerating or retarding it.s motion. 

Since the orbital motions of the planets are ail usually referred to 
the Sun as their common centre or origin,” and not to the centre of 
mass of the solar system, the 
perturbations of one planet, due jv 
to a second, depend, not on the 
actual acceleration produced by 
the latter, but on the differences 
of the accelerations which it 
produces on the former planet 
and on the Sun. 
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479. Geometrical Canstmetion 
for the Disturbing Force 

The approximate expressions, 

investigated in Art. 474, for the Sun’s disturbing force on the Moon, 
are inapplicable to the disturbing force of one planet on another, 
because the distance of the disturbing body from the centre of motion 
is no longer very large, compared with that of the disturbed body. 
We must, therefore, adopt the following construction (Fig. 156) : — 

Let P, Q be two planets, of masses M, M' ; S the Sun. Then 
the planet P produces an acceleration kMjPQ^ on Q along QP, and an 
acceleration kSdjPS^ on S along SP. To find the acceleration of Q, 
relative to S, due to this cause, take a point T on PQ such that 
PT : PS — PS* : PQ*. Then the accelerations of S, Q, due to P, arc 
kM .SP/SP^ and kM .TPjSP^ respectively. Hence, by the triangle of 
accelerations, the acceleration of Q, relative to S, is represented in 
magnitude and direction hy kM . TSISP^. Therefore the disturbing 

* The resulting displacement of the Moon exceeds 2', a considerable quantity. 
It was from a study of this inequality that Hansen announced that Encke’s value 
of the Sun's distance (95 million miles) was too ereat. 
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iorc« per unjt mass on Q, dae to P is nanlUl *« tjc j * 

iM . TS SP*. ' Tb, and of taagnitadf 

thp * k' ’ ^7^ QT" 08 as O/P om 

the d,.t„bu.g f„„e per Bit m«, „„ p, J„ fc, Q ^ j'"- 

and 18 of magnitude tlf' . T'S'SQ^ ** P***»W to JTfi, 

The disturbing force on Q, due to P, and that on P doe to o 

not equal and opposite, because they depend on the planets’ 

on 5, as weU as on their mutual at^iL. ^ •tt»ctioiia 

When PQ = PS, the points Q, T eridentJy cmncide and ilM A' 

M mg orce on Q is along the radius vector QS. When PO<PS 

tends to push Q about 5 atcay from P 

““ f'^ooPi.^pg. 

Q, and when 

> OS, It tends to push P a^ut S (mpm 
from Q. 



*480. Fstiodic PorturbatioDs 
Hanet 


on an Intaior 


ua oonsiacr. in the first pUee. the pertartataoiia 
prodaoed by one plenet E on another nlaart T i^mk 
orbit is nearer the Sun ; ae. for exampirUie ’psrter- 
bations produced by the Earth on Vemi by 
or Mars on the Earth, or by Neptune on Uranus. 

Let A, B be the poaitions of the planet, lelatnu 

^hen in heliocentric conjunction and oppoeitioo 

respectively ; L , L points on the relative orbit such that BE = BE" = BS 
(These points are near, but not quite coincident with the paations of gnateet 
elongation). Then, if we only consider the component reLative 

of r perpendicular to the radius vector FS. this vanishes when the planet is 
at U or U'f BS shown in the last paia^vaph. 

The tangential acceleration also vanishes at A and jj. Over the art U'A U the 
relative acceleration is toirorrf^ j?, therefore the planet s orbital velodty is accel- 
erated from P' to ^ : similarly it is retarded from A to C^ 

Again, at a point F, on the arc VBU\ the relative accekration is away from 
the Earth, and this accelerates the planet's orbital velocity between V and B 
and retards it between B and r\ 

It follows that V is moving most swiftly at A and B, and most slowly at V 
and L \ Hence, if we n^lect the eccentricity of the orbit, we see that the plimTfr^ 
after passing A, will shoot ahead of the position it would occnpy if moving nni 
fonnly ; thus the disturbing force displaces the planet fortpards during its path 
from A to near U . Somewhere neat V, when the planet is moving wiA ite leael 
velocity, it begins to lag behind the position it would occupy if moving unifonniy ; 
thus fr^m near U to B the disturbing force displaces the planet backwaipis^ Similariv 
it may be seen that from B to near V' the planet is displaced /onrards. and from 
near U' to A it is disnlaoed bacluards. 
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The principal effect of the component of the disturbing force along the radius 
rector, is to cause rotation of the planet's apsides, as in the case of the 3Ioon. 
The direction of their rotation depends on the direction of the force, and is not 
always direct. 

Owing to the inclination of the planes of the orbits of E, V, the attraction of L\ 
in general gives rise to a small component perpendicular to the plane of I s orbit, 
which is always directed toicards the plane of E s orbit. This component produces 
rotation of the line of 7iodes, or line of intersection of the planes of the two orbits. 
This rotation is always in the retrograde directioUj and is to be explained in exactly 
the same way as the rotation of the Ifoon’s nodes. 

It is thus a remarkable fact that since all the bodies in the solar system (except 
the satellites of Lranns, Neptune, outer ones of Jupiter and Saturn, and many 
comets) rotate in the direct direction, all the planes of rotation and revolution, 
and all their lines of intersection (i.c. the lines of nodes, and the lines of equinoxes) 
in the whole solar system, with the above exceptions) have a retrograde motion. 


*481. Periodic Perturbations of an Exterior Planet 

The accelerations and retardations produced by a planet E on one /, whose 
orbit is more remote from the Sun, during the course 
of a STOodic period, may be investigated in a similar 
manner to the corresponding perturbations of an 
interior planet, assuming the orbits to be nearly 
circular. 

If SJ is less than 2SE there are two points Jf, N 
on the relative orbit at which EM = EN = ES. At 
these points the disturbing force is purely radial, and 
it appears, as before, that the planet J is accelerated 
from heliocentric conjunction A to J/, and from helio- 
centric opposition B to .V ; retarded from .V to A, 
and from Jf to B, 

If SJ>2SE^ then ESdEA ; hence the attraction of E is greater on the Sun 

than on J, and the disturbing force therefore always accelerates the planet J 

towards B. Thus the planet's orbital velocity increases from A to B, and decreases 

from B to A, and it is greatest at B and least at A. Therefore from B to A 

the planet is displaced in advance of its mean position, and from A to fails 
behind its mean position. 

The effects of the radial and orthogonal components of the disturbing force in 
altering the period and causing rotation of the apse line, and regression of the 
nodes, can be investigated in the same way for a superior as for an inferior planet. 


B 



*482. Inequalities of Long Period 

If the orbits of the planets were circular (except for the effects of perturbation^) 
and m the same plane, their mutual perturbations would be strictly periodic and 
would rec^ once m every synodic period. Owing, however, to the inclinations 
Md eccentncities of the orbits, this is not the case. The mutual attractions of 
the planets produce small changes in the eccentricities and inclinations, and even 
m their ^n^ic times, which depend on the positions of conjunction and opposition 
relative to t^ Imes of nodes and apses. Neglecting the motion of these latter 
lines, the perturbations would only be strictly periodic if the periodic times of two 

recurrence being the least common 
multiple of the periods of the two planets. But when the periodic times of two 
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fn^«lrr proportion of two smaU whole numbers 

qualities of long period are produced, whose effects mav, in the couree of time’ 
become considerable. . , uj me course oi time, 

Thus, for example, the periodic times of Jupiter and Saturn are very nearlu 
but not gu,te m the proportion of 2 to 5. If the proportional! tv were exactThen 
o revolutions of Jupiter would take the same time as 2 revolutions of Saturn - 

conta^ 3 thus gam three revolutions on Saturn, the interval would 

^ periods. Thus, after 3 synodic periods had elapsed from con- 

1 ^ .. .J A t i T I . ' ^ ^ ^ same place in the two 

orbits, and the perturbations would be strictly periodical. 

But, in reality, the proportionality of periods is not exact; the positions of 
ev^ third conjunction are veiy slowly revolving in the direct direction They 
perform a complete revolution in 2,640 years. But there are three points on the 
orbits at which conjunctions occur, and these are distant very nearly 120= from 
one another. When the positions of conjunction have revolved through 120=, 
they will again occur at the same points on the orbits, and the perturbations ^ 
be of the same kind as initially. The time required is one-third the above period, 
or SSO years. The last maximum displacement of the planets occurred about 
1790, when Jupiter was 19-8' in advance of the undisturbed position. Saturn 
4S*4' behind it. The displacements will have zero value about 2010. 

Again, the periodic times of Venus and the Earth are nearly in the proportion 
of 8 to 13 ; consequently 5 conjunctions of ^’enus occur in almost exactly 8 years, 
thus giving rise to perturbations having a period of 8 years. But the proportion 

IS not exact, and, consequently, there are other mutual perturbations having a 
very long period. 

One of the most important se/iular perturbations is the alternate increase and 
decrease in the eccentricity of the Earth's orbit. At the present time the orbit 
is becoming gradually more nearly circular. In about 24,000 years the eccen- 
tricity will be a minimum, and will then once more begin to increase. 


483. Gravitational Methods of Finding the Sim’s Distance 

The Earth's perturbations on Mars and Venus furnish a method of 
finding the Sun's distance. For the magnitude of these perturbations 
depends on the ratio of the Earth's mass, or rather the sum of the 
masses of the Earth and Moon (since both are instrumental in producing 
the perturbations), to the Sun's mass. Hence, if 5, M, m denote the 
masses of the Sun, Earth, and Moon, it is possible, from observations 
of these perturbations, to find the ratio of {if — m) : 5- 

But, if r, d be the distances of the Sun and Moon from the Earth, 
T and Y the length of the sidereal lunar month and year, we have, by 
Kepler’s corrected Third Law, 

(M ^ m) T^:{S - M ^ m) ; 

whence the ratio of r to d is known. If, now, the Moon’s distance d 
be determined bv observation in anv of the wavs described in Chapter 
IX. or bv the gravitational method of Art. 433, the Sun's distance r 
may be immediately found. This method is not capable, however, 
of giving the Sun’s distance with an accuracy comparable to what is 
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attainable by the geometrical methods. It was used bv Leverrier in 
1782. From observations of certain perturbations of Venus he found 
a value of 8*86" for the Sun's parallax, while the rotation of the apse 
line of Mars gave the value 8-87". 

The lunar perturbations also furnish data for determining th*‘ 
Sun s distance, the principal of these being the parallactic inertualitv of 
the Moon (Art. 478). This is best determined from observations of the 
times of occulta tions of stars by the Moon, which determine the position 
of the Moon with a higher accuracy than meridian observations. The 
coefficient of the parallactic inequality is about 126"' or some 14 times 
greater than the solar parallax t the advantage of this method of 
determining the solar parallax is that the uncertainty of the results is 
only l/14th of the uncertainty of the determination of the parallactic 
inequality. But this determination depends essentially upon the 
comparison of the positions of the Moon in different parts of its orbit. 
Between new Moon and full Moon, a star, when occulted bv the Moon, 
disappears at the dark limb and reappears at the bright limb ; between 
full moon and new Moon it disappears at the bright limb aiKl reappear.s 
at the dark limb. Observations at the bright limb are apt to be 
unreliable, except for very bright stars, as the star may be lost in the 
Moon s glare , there is also a possibility of systematic error in observa- 
tions of reappearance, because of the possibility that the star may not 
be seen until a moment or two after its reappearance. If ob3''rvation.s 
at the dark limb only are used, the angular semidiameter of the Moon 
at mean distance must be known with great accuraev ; any error in 
this quantity will have a systematic effect on the determination of 
the parallactic inequality. On the other hand, observations of both 
disappearance and reappearance of the same star provide a determina- 
tion of the Moon s semidiameter, but as observ'ations at the bright 
limb are involved, there is a risk of systematic error. It is therefore 
diffieult to ensure that the determination of the Sun’s parallax by thi" 
method is free from systematic errors. By this method Cowell and 

Brown obtained a value of S-TS' ; Battersmann obtained 8-79" and 
Spencer Jones obtained 8-796". 


484. Detennination of Masses 


The mass of an_v planet which is not furnished with a satellite, ran 
be determined in terms of the Sun's mass by means of the perturbations 
It produces on the orbits of other planets. The amount of these 
perturbations is always proportional to the disturbing force and this 
agam is proportional to the mass of the disturbing planet.’ In this 
manner the mass of Venus has been found to be about 1/408,000 of 
the Sun s mass, and that of Mercury about 1/10,500,000 

M. ASTROX. 
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486. The Discovery of Neptune 

The narrative of the discovery of Neptune is one of the most strikino 

and remarkable in the annals of theoretical astronomy, and forms a 
fitting conclusion to this chapter. ' 

In 1795, or about 14 years after its discovery, the planet Uranus 
was obsen-^ed to deviate slightly from its predicted position, the ob- 
serv ed longitude becoming sKghtly greater than that given bv theorv 
The discrepancy increased tiU 1822, when Uranus appeared to undergo 

approach its predicted position. About 
1830 the observed and computed longitudes of the planet were equal 

but the retardation stUl continued, and by 1845 Uranus had fallen 
behind its computed position by nearly 2'. 

As early as 1821, Alexis Bouvard pointed out that these dis- 
crepancies indicated the existence of a planet exterior to Uranus, 
but the matter remained in abeyance until 1844, when J, C. Adams! 
in Cambridge, and Le \ errier, in Paris, independently and almost 
simultaneous!} . undertook the problem of determining the position, 
orbit, and mass of an unknown planet which would give rise to the 
observed perturbations. Adams was undoubtedly the first by a few 
months in performing the computations, but the actual search for the 
planet at the observatory of Cambridge was delayed from pressure of 
other work. Meanwhile Le Verrier sent the results of his calculations 
to Galle, of Berlin, who, within a few hours of receiving them, turned 
his telescope towards the place predicted for the planet, and found it 
within about 52' of that place. Subsequent examination of star 
catalogues showed that the planet had been previously observed on 
sev'cral occasions, but had always been mistaken for a fixed star. 

It will be seen from Art. 481 that the acceleration of Uranus up to 
1822, and its subsequent retardation, are at once accounted for by 
supposing an exterior planet to be in heliocentric conjunction with 
Uranus about the year 1822. But Adams and Le Verrier sought for 
far more accurate details concerning the planet. At the same time 
the data afforded by the observed perturbations of Uranus were in- 
sufficient to determine all the unknown elements of the new planet’s 
orbit, and therefore the problem admitted of any number of possible 
solutions. In other words, any number of different planets could have 
produced the observed perturbations. 

To render the problem less indeterminate, however, both astron- 
omers assumed that the disturbing body moved nearly in the plane of 
the ecliptic and in a nearly circular orbit, and that its distance from 
the Sun followed Bode’s Law. 

The latter assumption led to considerable errors, including an 
erroneous estimation of the planet’s period by Kepler’s Third Law. 
For when Neptune was observed, its distance was found to be only 
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30-04 times the Earth's distance, instead of 38*8 times, as it would 
have been according to Bode’s Law. Nevertheless, the actual planet 
was subsequently found to account fairly well for all the observed 
perturbations of Uranus. 

The discovery of Neptune affords most powerful evidence of the 
truth of the Law of Gravitation, and so indeed does the theory ot 
perturbations generally. The fact that the planetary motions are 
observed to agree closely with theory, that computations of astron- 
omical constants (such as the Sun’s and Moon’s distances), based upon 
gravitational methods, agree so closely with those obtained by other 
methods, when possible errors of observation are taken into account, 
affords an indisputable proof that the resultant acceleration of any 
body in the solar system can always be resolved into components 
directed to the various other bodies, each component being propor- 
tional directly to the mass and inversely to the square of the distance 
of the corresponding body. Such a truth cannot be regarded as a 
fortuitous coincidence ; it can only be explained by supposing every 
body in the universe to attract every other bodv in accordance with 
Newton’s Law of Universal Gravitation, 


From the analysis of the small remaining residuals in the position 
of Uranus by Pickering and Lowell, the approximate position of a 
hypothetical planet beyond Neptune, which was assumed to produce 
them, was predicted. Search was made at the Lowell Observatorv 
and a new planet, Pluto, was found there on January 21st, 193^3, It 
is of the 15th magnitude and its distance from the Sun is 39*5 astron- 
omical units. The mass of Pluto is not accurately known but is certainh' 
much smaller than the mass predicted by Lowell : the perturbations 
of Uranus produced by a planet with a mass of the order of that of the 
Earth would be smaller than the uncertainties of the determination 
of position of Uranus. It therefore seems that the discovery of Pluto 
was the result of a fortunate chance coincidence between the position 

predicted by Lowell and the position in which Pluto happened to be 
at the time. 


EXAMPLES 

1. If the SuTi s parallax be 8*80 , and the Sun s dLsplaceiuent at first quarter 

of Moon 6'o2^ calculate the mass of the Moon, the Earth^s radius being taken as 
3,963 miles. 

2. Supposing the Moon s distance to be 60 of the Eartli's radii, and the Sun’s 
distance to be 400 times that of the Moon, while his mass is 2o,b(X»,000 times the 
Moon s mass, compare the effects of the Sun and Moon in creatins a tide at the 
equator, in the event of a total eclipse occurring at the equinox. 

3. If the Earth and Moon were only half their present distanc-e from the Sun. 
what difference wonld this make to the tides? Calculate rouehlv what the 
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APPENDIX 

I PKOPERTIES OF THE ELLIPSE 


For the benefit of those readers who have not studied Conic Sections, we 
subjoin a list of those properties of the ellipse which are of astronomieaJ 
importance. The proofs are given in books on Conic Sections. 


(1) Definition, — conic section is a curve such that the distance of everv 
point on it from a certain fixed point is proportional to its perpendicular distance 
from a certain fixed straight line. 

The fixed point is called the focus, the fixed line is called the directrix, and 
the constant ratio of distances is called the eccentricity. 

If this constant ratio or eccentricity is less than unity, the curve is called an 
ellipse. In this case the curve assumes the form of a closed oral, as shown 
in the figure. 

If >9 is the focus, and if from A, P, L, P\ A'^ etc., any points on the curve, 
perpendiculars AX, PM, etc,, be drawn on the directrix, and if the ecc-entricity 


K 


be e, the definition requires 
that 

SA SP _ SL 
AX PM LK 

SP' _ 8A’ _ ^ 

~ P‘M‘ ~ A'X ~ ’ 

and that e is less than unity. 

The other conic sections, 

the parabola and hyperbola, are 
defined by the same property, 
save that in the former e = i , 
and in the latter e > 1 ; but 
they are of little astronomi- 
cal importance, except as 
representing the paths described by non-periodic comets. 



y 

IlM 

I X itPSEj 

/ N. 

A X 


. MS 


\APse 


K 


Fig. 159. 


(2) An ellipse has two foci (each focns having a corresponding directrix), and 
the snm of the distances of any point from the two foci is constant. 

Thus in Fig. 160, S, H are the two foci, and the sum 8P + PH is the same for 
all positions of P on the curve. 

From this property an ellipse may easily be drawn. For, let two small pins 
be fixed at 8 and B, and let a loop of string SPH be passed over them and 
round a pencil-point P ; then, if the pencil be moved so as to keep the string 
tight, its point P will trace out an ellipse. For SP + PH + HS = constant, 
and so SP + PH = constant. 


(3) For all positions of P on the ellipse, SP is inversely proportional to 
1 + € cos ASP, so that 

SP (1 + € COS ASP) == I = constant, 

e being the eccentricity and SA the line through perpendicular to the directrix. 


(4) The line joining the two foci is perpendicular to the directrices. 

The portion of this line (AA'}, bounded by the curve, is called the major 

or axis major. Its middle point C is called the centre and the curve is 
symmetrical about this point. 
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xu« drawn throogh the centie perpendicnlw to ACA’ um 

ter^ted by Ae cor^e. ie caHed the minor a™ or^ ^tnll 

of the major and mmor axes are nsnaUy denoted by 2o and 26 leapectiTely!^**^ 

(5) The ex^mities A A’ of the major axis are oiUed the anes or 
Since, by (_), SP + HP is constant, therefore, taking P at .4 or A’. 

SP - BP = SA + HA = SA' + HA' 

= J + BA + 8A‘ + BA') evidently 
= AA' = 2o. 

Taking P at P, SB 4* HB ~ 2a ; and so 

SB = HB = a = CA. 


(6) The eccentricity e 

b^^CB^: 

Hence also : — 

S-4 = C-4 — CS -■ 


CSjCA ; so that CS= e. CA, and 
SB* — CS* = o* — o*e*= a*(l — 

£» = (a* — 6»)/o* 


(7) 

to the 


a [I — e) and SA' = CA' ^ C8 = a {I e). 

The latns rectum is the chord LSI' drawn through the focus perpendicular 
major axis A A', Its length is 21, where 1 = n (1 — «*). Also I is the 

constant of (3), for when P coincides with L, 
ASP ~ 90® ; so that cos A8L — 0, and 8L = 2 
[Fig* 159]* 

(8) The tangent T PT and nonnal PGg, at 
P, bisect respectlvdy the exterior and interior 
angles (SPJ, 8PH) formed by the lines SP, HP. 

(9) If the nonnal meets the major and minor 
axes in G, g, 

POiPg^CIPtCA^ 

(10) If ST, drawn perpendicular on the 
tangent at P, meets HP produced in /, then evidently ^P = JP ; mid 

HI ^ SP HP ^ 2a [by (2)]. 

If HT is the other focal perpendicular on the timgent, it is known that rectai^gle 
ST.HT' = constant = 6*. 

(11) Relation between the focal radius SP and the focal peipendicular 
on the tangent ST 

Let SP = r, ST = p. Thns 

cos TIP = cos TSP = p/r. 

By Trigonometry, SB* — 75* IB* — 2.75, JH cos 8IH ; giving ; — 

4<i*e* = 4p* -r 4fl* — Spa x plr ; 



or 


a*(l — c*)_2<i , 

- — J ^ 

p* r 


or by (6) 


6* 2a 


1 = 


2a 


HP 


p- r r SP' 

Thu may also be proved from the similarity of the triangles 8PT, BPT\ 

which gives 8T : HT' ^ SP : HP ; whence 

ST * : ST . HT' ^ SP ; HP and 8T . HT' = 6* (10) ; 

and p* : 6* = r : 2a — r. 
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(12) If a circular cone (i•g. either a right or oblique cone on a circular base) 
cut in two by a plane not intersecting its base, the curve of section is an 

More generally, the form of a circle represented in perspective, or the oval shadow 
cast hy a spherical globe or a circular disc on any plane, are ellipse?, A circle is a 
particular form of ellipse for the case where 6 = a and € = U. 

(13) The area of the ellipse is nt/6. 


II.— TABLE OF ASTROXOMICAL COXSTAXTS 


{Approxi 


If 


at€ Tables, calcolated, when variable, for the Spring Equinox, 




The Celestial Shpere 


latitude of London (Greenwich Observatory), 
,, Cambridge Observatory, 

Obliquity of Ecliptic, 


Optical Constants 

Coefficient of Astronomical Refraction, 

Horizontal Refraction, 

Coefficient of Aberration, 

Velocity of Light in miles per second^ 

,, ,, „ metres ,, 

Equation of Light, 


52 ' 12' or. 
23= 26'4o\ 


O I • 

33'. 

20A7r. 
186,2So. 
299,796,*Xw\ 
8m. l$*6s. 


Time Constants 




f * 


J * 


Sidereal Day in mean solar units = 1 — 1,366^ days = 23h. dCm. 415. 

Mean Solar Day in sidereal units = 1 1/365^ days = i!4h. 3m. 36-os. 

Year, Tropical, in mean time, 365d, oh. 4Sni. 45-735 

Sidereal, „ 365d. 6h. 9m. 9-50s 

Anomalistic, „ 365d. 6h. 13m. 53-165 

Civil, if the number of the vear is not divisible bv 4, 

or, if it be divisible by 100, bnt not by 400, 365 davs 

In other cases, 3g£ 

Month, Sidereal, 27-32166d. = 27d. 7h. 43m. II-os 

„ Synodic, 29-53059d. = 29d. 12h. 44m. 3-05. 

Metonic Cycle, 235 Synodic Months = 6939-69d 

= 19 tropical years (all bnt 2 hours) 
Praiod of Potation of Moon's Nodes (Sidereal), 6793-391d. = 18-60 tt. 

„ (Synodic), 346-644d. — 346d. 144h. 

„ Apsides (Sidereal), 3232-575d. = 8-85 yr. 

„ (Synodic), 411.74d. 

Saros, 223 Synodic Months = 6585.321d. = i8-030(hT. 

= 18 yr. 10 or 11 days. 
= 19 Synodic periods of Moon's Nodes (very nearlv). 

„ Apsides (nearlv). 


f9 


^9 


99 




t* 


Pf 


= 16 


Equation of Time, Maximum due to Eccentricitv, 
•» „ ObUquity, 


7'6m. 

9*9m, 
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Equatorial Radius, 

Polar 

Mean 


The Earth 


r 


Equatorial Circumference. ^ 360 x 60 

EUipticity or Compression, ^ 

Eccentricitv, 

Density (Water = 1), 

Mass, 

Mean Ac^Ieration of Gravity in ft. per sec. per sec 
Katio of Centrifugal Force to Gravity at Equator, 
Eccentricity- of its Orbit, 

Annual Progressive Motion of Apse Line, 

R^rograde Motion of Equinoxes (Precessioi 
Period of Precession, 

jNiutation, 

Greatest change in Obliquity due to Nutation, 
Maximum Equation of Ekjuinoxes, 


ft 


tt 


Mean Parallax, 

Angular Semi -diameter. 
Distance in miles, 

Diameter in miles, 

M in Earth''s diameters, 
Density in terms of Earth’s, 

,, (taking water as 1), 

Mass in terms of Earth’s, 

Period of Axial Rotation at Equator, 


The Sun 


3,063*3o miles. 
3,95001 
3,958*90 
24,902-4 „ 

21,600 geographic 
40,076,494 metres 
I ~ 297. 


miles 



5*527. 
5,880 X 


10“ tons. 

32*18 (at Paris) 
1 289. 

1 -7- 60. 

11*25'. 

50-26'. 

25,695 years. 
18*6 „ 

9*23'. 

171'. 


8-790'. 

16' r. 
93,005,000. 
866,600. 

109. 

i- 

1-4. 

331,100. 

. 5h. 37m. 


The Moo2 


* * 


• ^ 


tt 


*9 


4 * 


* t 


Mean Parallax, 

Angular Semi-diameter, 

Distance in miles, 

in Earth’s radii, 
in terms of Sun’s distance. 
Diameter in miles, 

,, in terms of Earth’s, 

Density in terms of Earth’s, 

,, (taking water as 1), 

Mass, in terms of Earth's, 


Eccentricity of Orbit, 

Inclination of Orbit to Ecliptic, 

Ecliptic Limits, Lunar, 

,, Solar, 

Tide-raising force of Moon in term of Sun’s, 


5T 2*63'. 

15' 34'. 

238,862. 

60-27. 

1 /389. 

2,160. 

3/11. 

-61. 

3-4. 

l/Slf 

1/18. 

5® 8' 40'. 

11® 38' and 9® 39'. 
17° 25' and 15® 2S\ 
7/3. 



ANSWERS 


jfoTE. — ^Where only rough values of the astronomical data are given in the 
questions, the answers can only be regarded as rough approximations, not as 
highly accurate results. It is impossibie to calculate results correctly to a greater 
number of significant figures than are given in the data employed, and any extra 
figures so calculated will necessarily be incorrect. As the use of working examples 
is to learn astronomy rather than arithmetic, it is advisable to supply from 
memory the rough values of such astronomical constants as are not given in the 
questions. These values will thus be remembered more easily than if the more 
accurate values were taken from the tables on pages 375, 376, though reference 
to the latter should be made until the student is familiar with them. 


1 , 

2 . 

9. 

10 , 


npies (p. 36). 

Only their rdaiii't positions are stated ; these do not completely fix them. 
6 P,M,, 6 A.M. : on the meridian. 8. On September 19th 

(i) Early in July ; (ii) middle of June— the Sun passes it about June 26th. 
304° = 20h. 16m. ; at 8h, i7m. p.m. 


11. Near the S. horizon about 10 p.m. early in October. 

12. 38® 27', 51® 33', 28® 5', or if Sun transits N. of zenith 8® 27', 81® 33'. 58® 5'. 


Examination Papers (p. 37). 

7. 30®. 8. 61® 58' 37", 15® 4' 21", 9. 6h. 43m. 16s. (roughly). 

10. The figure should make Capella slightly W. of N,, altitude about 15® ; a Lyrm 
a little S.E. of zenith, altitude about 75® ; a Scorpii slightly W. of S., 
altitude about 12® ; a Ursce ifajoris N.W., altitude about 60®. 


Examples (p. 65). 

1. Retrograde. 3. 3*9m. 6, 347 centuries 

7. Star’s hour angle = 4h. 43m. Sis., N.P.D. = 53®. 

8. October 28th, 15h. 39m. 27*32s. 

10. 12h. 27m. 13-26s. at Louisville = 18h. 9m. 13*26g. at Greenwich. 


ctly 


IIMI 


Exai 

4. — 10m. ; morning 20m. longer. 

8. (i) 71i. 13m. 5s. ; (u) 7h. 12m. 48s. 
10. 1824, 1852, 1880, 1920, 1948. 


65). 


5. See § 58. 
9. June 26th. 


Examples (p. 80). 

2. 4,267 ft. 

3. o N., L 90 W. and a°S., L* -f- 90° W., if i° = W. longitude given place. 

5. 13m. 6. 39*8 miles. 7. 3960. 8. 6084 ft. 10. 49' 6' per hour. 


Miscellaneoas Questions (p. 81). 

2. N.P.D. = 85°, hour angle = 30° W. 

3. Because declination circle has not been defined. 



22h. 40m., 9h. 20 



14h. Om., 19h. 36m. 


10. 52*. 


H. ASXBOir. 
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25 
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Answers 


Ex a minat ion Paper (p. 82). 

1. 24,S40 miles, 3,953 miles. 

2. 3-285 ft., 0,084 ft., 1«69 ft. per seocmd. 3 

5 . 3,437,700 iathoms, 6,366,200 metres (roughly), 1.851-651 


5. 45’. 

10. 3481 ; 3721. or 29 : 


Esan^lcs (p. 106). 

7. Star, 6h. 15m. 26-358. ; 
31 nearly. 


Son, Oh. 13m. Sl-OOu, 


Eraminatioii filter (p. 107). 

3. See §§ 114, 134. 

8 . Oh. 36m. 21-268. (Note that the dock has a losing rate of 3m. 22-05a on 
Sidereal time ; it giyes solar time approximately.) 

Examples (p. 119). 

3. 3,963 miles. 

4. From 50’ »' 47' to 49’ 59' 55' (refraction at altitode 5» ia 9' 47' by tabksl 
7, 84® 33' 5 377 miles or 327 nautical miles. 


4. 6'. 


Examination Paper (p. 120). 
7. 44® 58' 54^ 

Examples (p. 137). 


10. lb. 12111. 


2. — 34 Sr at 6 h. ; H- 34-9' at 18h., additive to R.A. 3. 16' 44 '. 

4, 7® 9' 51' S. 6 , 432,000 miles. 7 . 2,250 

3. 9,282,000 and 92,820,000 million miles respectively. 

9. 37*8 million million miles — 37-8 x 10 “ miles. 10. 5 : 0-6ir or 2-65 : 1 


Examples (p. 150). 

1. It will always appear half-way between its actual direction and a pmnt on the 

cdipticOO® behindSnn. Path is roughly a small circle of angular ladins 45 ”. 


2. 4° 35'. 

4. (i) On ecliptic 90® from Son. (U) In same or opposite direction to 8 

greatest along great circles distant 90° from these points. 


Effecte 


5. (i) At either pole of ecliptic, (ii) In ecliptic. 

7, Jan. 2l8t, 10*25' Eastwards ; Feb., 17-75' E. ; Mar., 20-50* E ; April, 17-75* 
E. ; May, 10*25' E, ; June, O' ; July, 10-25* Westwards ; Ang., 17*75 W. ; 
Sept., 20 50* W. ; Oct., 17*75' W. ; Kov., 10-25* W. ; Dec^, 0*. 


9. 973,800 miles. 


Examination Paper (p. 151). 

2. 93 million miles; 20-51'. 3. 4,320 miles; 61' 24*. 


Examples (p. 171). 

1. -0597. 2. (a) 43-1° ; 19-7° ; 66 * 6 °. (b) 32-9° ; 9-4° ; 56-3°. 

3. At 6 p.m. ; about same length as Midsummer Sun, t.e. lO^h. 

4, See § 197, 5. 8 ' 48'. 6 . lOd. 4Jh. at noon. 

7. Gibbous, bright limb turned slightly below direction of W. Hour aiifijb 
30°, Dec, = 0 °. 



Avswbbs 


S7J 



Eiani]iles (p. I8((). 

1. 23^^S. 2. Favoumbleif moon passes from N* to 8. at ecliptic on March 2lBt 

Eiainples (p. 207). 

1. 291*96 days, or, if conjnnctioiis are of the same kind, 563-02 days. 

2. 40®. 3. 19 : 6, or nearly 3:1. 4. i0*9h., ]34h. 

6. p+P—9 with notation of § 228. 6. 888 million miles, 164 ym. 

7. 6 months ; or *63 of Earth’s mean distance. 8. 398 days. 

9. I of a year 137 days. 

10» Stationary at heliocentric conjunction only, ncrer retrograde. 

Kiammation Paper (p. 208). 

3. 1]^ years ^ 378 days. 

4. See §§ 262, 263. The alterations in \*eniis'B hrigbtness are really not inoon« 

siderable (see Ex. 3, p. Wl). 

6. rapid approach at qnadrathre ; velocity that with which the Bahh would 
describe its orbit in synodic period. 

9. 287 days. 

10. Draw the cJrcnIar orbits abont Q, radii 4, 7, 10, 16, 62 (§ 252). The M t> 
Genfrie longitudes (measnred QT) are roughly as follows ; 153% 

$ 176®, @ 220®> (J 20^, Jf, 211®. The (f ahonld be drawn close to ^ at 
an donation O © ([ “ 90® at first quarter. 


Esunples (p. 222). 

4. R.A« 6h«, Dec. 6® 54^ Ef. 6^ Ife.A. Oh., Dec. 0®. 

6. R.A. 6h., Dec. 66® 29^ S. or R Jl. 18h., Dee. 66® 29' N. 

7. R.A. Oh. 2m. 33-5008., Dec. 45® 16' 42*35' N. 

8. R.A. 6h. 68m. 334778., Dec. 45® 8. 

9. R.A. 5h. 35m. 14-58 b. ; Dec. 76® 24' 7*9' 8. 


Kiamplw (p. 246). 

6. Interval^ 12 sidmol hours. 7. 2® 29' 58-5'. 8- + 1*358. 

9. l^pvd faror + 9*76'; admnth error + 19*42®. 10. 12® 39' 16® K. 

H. 17h. 29 ia. ^2*428ki 

9 


& PoeitiTO. 


Bmmtnaiion Paper (p. 2<6). 

9. Im. 2’S2e., + 0'71ii 


Enmplea (pw 278). 

1. 37* 48'. 2. 81* 44' 26-09*. 

4. «P 64' SS-S* or 80* 43' 2S-r aoonding as star tiaiuita K. or & of i wn fth. 
0. — 10m., ij. 10m. fiwt. 6. 2* 32' W. 

12. Long. Sb. SSm. @b. B.; lat. 13* IKS' N. 

13. Ixiog. Oh. 32m, m B.,* Iat.20” 18'a 
14 BS* n4' B. i 40* 4«' W. 

■ IH ^ 

, Uk mwm, og^ 


Answbbs 


Example! (p. 291). 

It will always appear half-way betwera its actoal dinetimi . 

^ «» s™. p.«. . 

5. 1 . 344 . 

IGsceUaneoiis Questions (p, 291), 

In the atitumn. 6 . I 7 d. 6 h. ; star is on equator, hoar angle 80* E 

. = V7.7. 8 . 343. 60». 30. „„„ 34 .. 

At the eqninoxes. 

Examination Paper (p. 292). 

W *l«”‘ J™ !I« 

3 p.m. ^ at 6 a.in., or «a near tkaae timos aa tke b«ii.iin 

and end of astronomical twilight permit. ™ 

Example (p. 308). 

12 y/2 sidereal hours = 16h. 58m. Ss. sidereal time. 

Pendulum revolving in direction of hands of watch will have less veloeitv in 
S. hemisphere. ^ 

Increased (i) 69’ 54' 5r ; (ii) 60* 15' 27'. 12 . 109 lb. 

Examinatitm Paper (p. 309). 

By observing deviation of a projectile (§ 400), or by § 397 or § 399 . 

16V3 = 27-7157 sidereal bows = Id. 3h. 33m. mean tima 
3-368 cm. per sec. per sec. ; 9. See § 409. 


3*40 miles per sec. 
5h, 35m. 


Examples (p. 334). 

2 . 15J ft., or, if g = 32-2, 15-676 ft. 

4. 5-39 days. 5. 2,969,000. 11 . g-gg*. 

The distances from the centre of the Sun are 457,579 TnfleQj 457,579 ^ 278 

miles, and 457,579 — 281 miles ; bat these results can only be considered 
as approxiinate. 

32*155 greater, owing to attraction of mooutain. 

■253 of Earth’s density ; 1*415, taking water = 1 , 

894 ponndals. 

Prom the first the path w onid be concave to the Sun (see § 448) ; at the begin- 
ning the strong perturbations produced by the Earth would prevent the 
orbit from being an ellipse ; but after a time it would approxmiate to an 
ellipse, somewhat more ecoentrio than the Earth’s present orbit, with its 
aphelion near the place where it left the Earth, 


Lples (p. 371). 


1 


80*34 


2. 2:5. 


24 ; 7, by Ex. 1 , § 450 Cor., or 16 : 5, using result of last example. 

Tide on Mercury is higher in proportion 3 : -2888, or 135 ; 13. or 10 : 1 nesrJiy. 


Examination Paper (p. 372). 


la) T^es : 16) No. 










INDEX 


aberration of light, 138 

— Animal , 139; correctioa for aber- 
ration determined, 140; coeffi- 
cient of, 141; its general effect 
on the celestial sphere, 141; com- 
parison with annual parallax, 142 ; 
the aberration curve of a star is 
an ellipse, 142; aberration in R.A 
and Dec., 143; aberration in lati- 
tude and longitude, 144; its 
discovery by Bradley, 145; the 
constant determined hy observa- 
tion, 145; relation between the 
coefficient of aberration, the 
solar parallax and the velocity of 
light, 146 

— diurnal, 139, 148, 294; its effect on 

meridian observations, 149 ; deter- 
mination of its coefficient, 150 

— planetary, 147 
Air Almanac, 277 
Altitude, 15 
Angular diameter, 1 1 
-distance, 11 

— measure, its conversion to time, 23 

— velocities of planets, to compare, 314 
Annual equation, 364 

Anomalistic year, 63 
Aphelion, 105 
Apogee, 41, 100, 166 
Apparent area, 99, 102; of Moon's 
phase, 156 

— midnight, 38 

— motion of planet, 203 

— noon, 38; sidere^ time of, 39 

— place of star, 216; reduction to 

mean place of, 217 

— solar <ky, 38 

— solar time, 38; its disadvantages, 39 

— Sun, 41 
Apse, 100 

— Moon’s, 163, 364 

— line, 100, 164; determination of its 

position, 103; its progressive 
motion 104, 1^, 364 
Arctic Zone, 84, 87, 89 
Arctic and Antarctic Circles, 84, 86 
Areal velocity, 315; relation between 
areal velocity and actual (linear) 
velocity, 315 

Aries, first point of, 14, 18, 28, 93, 
94; retrograde motion of (see 
Preces^cn) 

Aristabchus: his method of finding 
the Sun’s distance, 136 
Asteroids, 189 


Astronomical clock (sidereal clock). 224 

— diagrams: their practical applica- 

tion, 34 

— telescope, 225 

— terms, table of, 21 

Astronomy defined, 9; its practical 
uses, 247 

— descriptive, gravitational and physi- 

cal, defin^, 9 
Autumnal equinox, 15 
Azimuth, lo; of rising and setting, 27 

— error, 234 


BASE line, measurement of, 75 
Bess EL: his method of deter minin g the 
annual parallax of a star, 289; 
his day numbers, 218 
Binary stars, 290 
Bode’s Law, 192 

Bradley : his discovery of aberration, 
145; his discovery of nutation, 
214; his determination of refrac- 
tion, 114 


CALEJTDAR, Julian, 63; Gregorian 
correction, 64 

— month, 159 
Calendars, 167-169 
Cancer, Tropic of, 84, 86 
Capricorn, Tropic of, 

Cardinal points, 13 

Cassini: his formula of refraction, 112 
Cavendish: his experiment for finding 
the Earth's mass, 330 
Celestial equator, 13 

— horizon, 12 

— latitude, 18 

— longitude, 1 8 

— meridian, 13 

— poles, 13 

— sphere, 10 

Centre of mass, 324, 320 
Centrifugal force, 3W; its effect on the 
acceleration of falling bodies, 301 ; 
loss of weight of a body due to, 
301, 302 

Chronograph, 229 

Chronometer, 253; its error and rate, 
254 

Circle, great, 1; small, 4; of position, 
273; transit, 226 

Circumpolar stars, 25; determination 
of latitude by, 259 
Civil day, 59; year, 63 
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Clock, astronomical (or sidereal 224 

— error and rate, 231, 232 

— stars, 232 
Colatitnde, 7 
Collimating eyepiece, 233 

Coilimation error, 233; line of, 227 
Colures, 30 

Conjunctions, 159, 195; inferior, 194; 

superior, 194; heliocentric, 194 
Coordinates: defined, 15; table of, 15; 

transformation of, 19 
Culmination, 16 


DATE line, 60 

Day, sidereal, 22; apparent solar, 38; 
mean solar, 41; civil, 59; varia- 
tions in length of, 351 

— lunar, 344 

— numbers, Bessel's, 218; indepen- 

dent, 219 

— perpetual, 87 

Day and night, relative lengths of, 92 
Declination, 17, IS; name of, 17; 
expressed in terms of latitude and 


meridian Z.D., 24; determination 
of the Sun’s, 38; determination 
of, by observation, 213; method 
of observing, 237 
— circle, 17, 241 


Delisle : his method of determining 
the Sun's parallax, 284 
Density of a heavenly body: its deter- 
mination, 333 
Departure, 70 

Deviation of projectiles, 299 
Dip of horizon: defined, 71; its deter- 
mination, 72, 73; its effect on 


the lines of rising and setting, 73 
Direct motion, 30, 203 
Disappearance of a ship at sea, 73 
Diurnal motion of the stars, 12 
— aberration, 139, 148, 294 


EARTH : early observations of its 
form, 66 ; general effects of change 
of position on it, 67 ; its rotation, 
67 ; measurement of its radius, 
69, 74, 75; its eccentricity, 80; 
its zones, 83; determination of 
the eccentricity of its orbit, 101; 
its phases, 157; its place in the 
solar system, 188; its rotation, 
293; arguments in favour of its 
rotation, 293; dynamical proofs 
of its rotation, 294; general 
effects of its centrifugal force, 300; 
its figure, 303; evidence in favour 
of its annual motion round the 
iSuD, 310; verification of the law 


Earth (continued ) — 

of gravitation, 325 its so-called 
weight, 329 ; the Cavendish 
experiment, 330; its mass deter- 
mined by the common balance, 
331; its mass determined bv 
observations of the attraction of 
tides in estuaries, 332; the moun- 
tain method of findi^ its mass, 
333; the pendulum method of 
finding its mass, 332; its dis- 


placement due to the Moon, 336; 
its rotation retarded by tidal 
friction, 349; precession of its 
axis, 356; nutation of its axis 


Earth-shine, 157 
Earth’s way, 141 

Eclipses, 171 ei seg*; different kinds of 
lunar, 1^2; effects of refraction 
on lunar, 173; different kinds 
of solar, 173; determination of 


greatest or least number possible 
in a year, 180; of Jupiter’s 
satellites, 286 

Ecliptic, 14, 28, 93, 104; its obliquity, 
1 5 ; determination of its obliquity, 
31, 97. 98 

Ecliptic limits, 178, 179 

EUipse, properties of, 373 

Elongation, 159, 194; changes of elonga- 
tion of planet, 194, 195 

Epaet, 167 

Equation, annual, 364 

— of equinoxes, 359 

— of light, 286 

— of time, 41 ; due to unequal motion, 

41 ; due to obliquity, 42; its 
graphical representation, 43; it 
vanishes four times a year, 45; 
its maximum values, 45; its 


relation to inequalities in lengths 
of morning and afternoon, 45 
— personal, 232, 269 
Equator, celestial, 13 


— terrestrial, 6, 67 
Equatorial, 240; its use, 242 
Equinoctial colure, 30 

— points, 14, 28, 30 
Equinoxes, 28, 29, 30 


Evection, 364 


FATHOM, 69 

First point of Aries, 14, 18, 28, 93; 

determination of, 93, 94 
First point of labra, 15, 28 
F LA31STEE D : his method of determining 
the first point of Aries, 94 ; advan- 
tages of the method, 95 
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his pendalma expeximent, 
2^5;. his gyroscope^ 297 
Kmd sones, 84 
IVdl Koon. 155, 168 

•k 

GfiOCmNTRIC latifeade, 80, 105 
- — lon^tade, 105 

— pandlax: its general effects, 121; 

coxiectlon for, 121 
Geode^, 74 

GeographiGsd latitude, 80 

— 69 

— position of a body, 272 
Gibbons Moon, 155 
Gnomon, 31, 47 

Golden nnmber, 167 
Gravitation: Newton’s Law of, 321; 
remarks, 322; Tmiff cation for 
the Earth and Moon, 325; nniver> 
sahly of, 360 

Chavify: to compare its mtenaity at 
different pla^, 303, 304; to find 
its valn^ 305; ac^eration of, 
308 

Gxeenndch time, 56 

— date^ 61 

GsBOon, Pope: his couection of the 
Jnl^ calendar, 64 
GyzoBcope or Gjnioatat, 297 

HALTiRY : his method of determining 
the Son’s paralTax by observing 
a transit of Venus, 2^ 

Harvest Moon, 170 
Heliacal risings 32 
Hefiocehtrio latitnde, 105 
-^longitade, 106 
Hefidmeter, 244 

Horizon, celestial, 12; artificial, 252; 

visible, 71^74; dip of, 71 
HbitEontal paraQas, 121 
— pointy 237 

Phmr an^, 17; expreiraed in time, 22; 
Its connection with rig ht ascen- 
aion, 18,24; ofrising and setting, 

: 27 

— circife, 241 
Htmter^ Moon, 170 

dCHdillS OAESAH: hia calendar, 63 
JvSaaoi Hay, 64 

Jupitear, 189j; ita saieUites, 190; its 
xotatum, 190 

■1 ■*■ ■■ I ■ • 

mvmsible pendohim, 304 

WB ^ ph^taxy motion, 
verification of his first 
DO; verification of the 
101, 200; dednotionB 


I 

I 



Hepler {co^inued } — 

firom the second law, 102; veii- 
fication of the third Jbw, 201; 
Newton’s deductions from the 
lam, 312, 316, 317, 318; his 
third law for circular orbits, 
313; correction of the third Liw, 
313 

I Knot, 70 

I 

I 

LAGGING of the tides, 346 
Latitnde of a place defined, 7; pheno* 
mens depending on change of 
latitude, 68; determination by 
meridian observations, 255; deter- 
mination by ex-meridian observa- 
tions, 260 * 

— celestial, 18 

— geocentric, 80, 105 

— gecgraphical, 80 

— heliooentrie, 105 

— parallel of, 7 ; length of any arc of a 

given pandlcl, 7 
Leap year, 63 
Level error, 233, 234 
Libra, first point of, 15, 28 
Idbration of Moon, in latitude, 165 ; in 
longitnde, 166; dinn^ 166 
Light, r^oaction of, 1<^; its velocity, 
131; aberration of, 138 
Light-year, 131 

Local rime^ 55, 66; its determination, 
262 

Log-line: its use in navigatiJii, 70 
Longitude, celestial, 18 

— geooenMc, 105 

— heliocentric, 105 

— teixestrialy 6, 64; phenomena depend- 

ing on change of terresteial longi- 
tude, 55; its determinatioii, 267; 
the method of lunar distances, 
268; its detennination by radio 
signals, 270; its detezminatiion by 
trMfiflmiaai<m of chronometers 268; 
by duronagrapb, 268; by position 
Ime method, 275 
Loop of retrogression, 205 
Lunar mountains: detennination of 
their he^ht, 161 
Lunatum, 152, 159 

MARS, 188; its rotation, 188; Kepler’s 
observations on Mars, 199; its 
parallax used to determine that 
of the Sun, 281 

Mass, astronomical unit of, 322 
Mean noon, 41 

^ — place of star, 216; reduction to 
apparent plaoe^ 217 



3S4 


Mean solar day, 41 

solar time, 41 ; its determination at 

a given instant of sidereal time, 
54, 56 

— Sun, 40 

— time, 40, 41 

Mercury, 18/; its period of rotation, 
187; frequency of its transits, 
285; its mass, 328 

Meridian, celestial, 13 

— line, its determination, 266 

— prime, 6 

— terrestrial, 6, 67 

Meteors; their motion, 12 

Metonic cycle, 167 

Micrometer, 243; impersonal, 230; 
screw and position, 243 

Midnight, apparent, 24 

Mile, geographical, 69: nautical, 69 

3Ionth, 167; synodic, 159; sidereal, 
150; calendar, 159 

Moon: determination of its parallax, 
125; its diameter determined, 
128; its position, 152; its age, 
152; its phases, 154; its motion 
in decUoation, 153; relation be- 
tween phase and elongation, 155; 
its use in finding the Sun’s dis- 
tance, 156; its appearance relative 
to the horizon. 157; its distance, 
15S: its elongation, 159; deter- 
mination of its synodic period, 
160; determination of the height 
of lunar mountains, 16(*; its orbit 
about -the Earth, 162; eccen- 
tricit\’ of its orbit, 163; its nodes, 
163; its perturbations, 163; retro- 
grade motion of its nodes, 164, 
362; progressive motions of its 
apse line, 164, 363; its rotation, 
164; its librations, 165; general 
effects of libra t ion, 167; retarda- 
tion of Moons transit, 169; 
retardation of rising and setting 
170; its eclipses, 171, 172, 173; 
determination of its geocentric 
distanc*e consistent with an 
ecli|>se, 175; its greatest latitude 
at svzvev consistent with an 
eclipse 177; synodic revolution 
of its nodes, 179; its occultations, 
183: its position defined by its 
centre, 240; verification of the 
law of gravitation, 325; effect 
of its attraction, 326; its mass, 
326, 336; c-oncavity of its path 
about the Sun, 33S; its disturbing 
or tide -generating force, 339, 
341 ; its orbital motion accelerated 
by tidal friction, 349; its form 


Moon {cofUinucd ) — 

and rotation, 3o 1 ; its disturbing 
couple on the Earth, 353; the 
rotation of its nodes, 362; its 
other inequalities, 363, 364 ’ 

NADIR, 12 

— point, determination of, 236 

Nautical mile, 69 

Neptune, 191; its discoveiy, 191 ; its 
satellite, 191 

New Moon, 154 

Newtox, Sm Isaac: his deductions 

Kepler’s Law, 312, 316, 317, 
318; h i s law of nniversal gravita- 
tion, 321 

Nodes, 153, 163; their retrograde 
motion, 164, 179 

North polar distance, 1 / ; of circum- 
polar star, 25 

Number of eclipses in a year, 180 

Nutations in R.A., 49, 50; lunar, 213, 
357; its geneial effects, 357; 
nutation in longitude, 213; in 
obliquity, 214; in R.A. and Dec., 
215; its discovery, 214; its 
physical causes, 358; fortnightly, 
359 ; solar, 359 

OBLIQUITIT of ecliptic, 15; its deter- 
mination, 31, 97, 98 

Observatorv' 223 

Occultations, 183 

Offing, 71 

Opposition, 159, 195 


PARALLACTIC inequality, 365 
Parallax, 121; geocentric, 121; hori- 
zontal, 121; general effects of 
geocentric parallax, 121; correc- 
tion for, 122; relation between 


horizontal parallax and distance 
of celestial body, 123; compared 
with refraction, 123; effect of, on 
R.A. and Dec., 124; parallax of 
Moon determined, 125; parallax 
of planet determined, 127; rela- 
tion between j^rallax and angular 
diameter, 128; equatorial hori- 


zontal parallax, 128; aimual 
parallax defined, 129; to find 
t he correction for annual parallax, 
130; relation between the paral- 
lax and distance of a star, 130; 


its general effects on the pomUon 
of a stv, 132; causes star to 
appear to describe an ellipse, 132; 
annual parallax in R.A. and Dec., 



Parallax {continued ) — 

135; fttinnal parallax in latitude 
and longitude, 136; determina- 
tion of the Sun’s parallax, 280 
et seq.; determination of the 
annual parallax of a star, 2'^8.290 

Parsec, 131 

Pendulum, Foucault's, 295; Captain 
Rater’s reversible, 304: oscilla- 
tions of a simple pendulum, 304: 
to find the change in the time 
of oscillation due to a variation 
in its length or in the intensity of 
gravity, 305; to compare the 
times of oscillation of two pendu - 
lums of nearly equal periods, 307 ; 
pendulum method of finding the 
Earth^s mass, 332 

Perigee, 41, 100, 166 

Perihelion, 105 

Perpetual day: determination of its 
length, 92 

Pe^onal ^nation, 232, 269 

Perturbations, Innar, 163, 361 : rotation 
of nodes, 362; due to average 
value of radial disturbing force, 
363; variation, erection, annual 
equation and parallactic inequal- 
ity, 363 

— planetary, 365; periodical, 366, 367 : 
inequality of long period, 367; 
secular, 36S 

Phases of Moon, 154, 155; of planets, 
198, 199 

Planet: determination of its parallax, 
127; aberration of planet, 147; 
its OGCultation, 184; definition, 
1 87 ; inferior and superior planets, 
193; changes in elongation of an 
inferior planet, 194; to find the 
ratio of the distance from the 
Sun of an inferior planet to that 
of the Earth, 195; changes in 
elongation of a superior planet, 
195; to compare the distance 
from the Sun of a superior planet 
with that of the Earth, 196; 
determination of the synodic 
period of an inferior planet, 197; 
relation between the synodic and 
sidereal periods of a planet, 197: 
phases of the planets, 198, 199; 
motions relative to stars, 203; 
direct and retrograde motions, 
203; transits of i^erior planets, 
283; to compare the velocities 
and angular velocities of two 
planets moving in circular orbits, 
314; given the velocity of a 
planet at any point of its orbit. 


Planet it tinned } — 

to construct the described 

under the Sun's attnirtion, 319; 
to hnd the mass of a planet which 
has one or m<>re sat^-liite^, 327; 
its perturbations, 365: masses 
determin^l, 360 
Pluto, 192 
Polar distance, 16 

— point: its determination, 237 
Polaris (Pole Star). 12 

Pole, celestial, 13; terrestrial. 0: alti- 
tude of, 16 

Port, establishment of the, 347 
Position circle and line, 273 
Precession of the equinoxes, 4S, 96, 275: 
various effects of, 353 

— luni-solar, 354; to apply the correc- 

tions for, 21! : various effects of, 
210; in F{,A. and Dec., 211; 
constant of precessions, 213 

— of Earth’s axis^ 356 

— of fipinning-top, 355 
Prime vertical. 13 

Prime vertical instrument: determina- 
tion of latitude bv its use, 262 
Priming of the tides. 345 
Proper motion, 218, 290 

QUADRATTPE, 159 

RADLVXT, 12 
Reading Microscope, 227 
Refraction: 108; laws of, 108; relative 
index of, 108; general description 
of atmospheric, lOS; its effect on 
the apparent altitude of a star, 
109; law of successive, 109; for- 
mula for atmospheric, HO; effect 
of barometric height and tempera- 
ture on, 112; Cassini’s formula 
for, 112; coefficient found bv 
meridian observations, 113; other 
methods of determination, 114; 
tables of mean refraction, 115; its 
effects on rising and setting, 115; 
effects on dip and distance of 
horizon 116; effects on lunar 
eclipses and occulta tions, 117, 
173; comparison of parallax 
with. 123 

Retrograde motion. 30, 203 
Right ascension, 18; expressed in time, 
23; connection with hour angle, 
18, 24; determination of, 223 
Roeheb: his method of finding the 
velocity of light. 286 
Rotation of Earth, 67, 293 ef seq ; of 
Moon. 164 



386 


Ikbbx 


SAROS of the Chaldeans, 181 
Satellite, defined, 187 ; their obedience 
to Kepler^s Laws, 202 
Saturn, 190; its rotation, 190; its 
rings, 190; its satellites, 191 
Seasons, 88, 89; effect of the length of 
the day on temperature, 89; other 
causes affecting temperatufe, 90; 
unequad length of, 102 
Secondaiy, 2, 187 

Sextant, 247; its errors, 2o0; deter- 
mination of the index error, 25; 
method of taking altitudes at sea, 
250; method of taking altitades of 
Sun or Moon, 251 ; air sextant, 252 
Ship time, 60 

Sidereal (astronomical) clock, 224 

— day, 22 

— month, 159; its relation to the 

synodic month, 159 

— period, 197 

— time, 22, 38, 48; its disadvantages, 

38; apx>arent or true, 49; mean, 
50; its determination at a given 
instant of mean solar time, 52, 53; 
its determination at Greenwich or 
in any longitude, 56 

— time of apparent noon, 39 

— year, 62 

Solar day, apparent, 38 

— ^stem, tabular view of, 193; its 

oentie of mass, 329 

— time, 38; its disadvantages, 39 
Solstices, 29, 30 

Solstitial colure, 30 

— points, 30 
Southing of stars, 26 
Sphere, 1; odlestial, 10 
Spherical angle, 2 

— triangle, 3, 7 
Standard times, 61 

Stars: independence of their directions 
relative to the observer’s position 
on the £arth, 11; their diurnal 
motion, 12, 22; cnhnination, 16 
southing, 16; circumpolar, 25 
rising, southing and setting, 26 
times of transit, 26; to show that 
a star appears to desmibe an 
ellipse, owing to parallax, 132; 
owing to aberration, 142; appar- 
ent place, mean place, and true 
place of, 216; proper motiofu o( 
218 

Stationaiy points, 204, 205; their deter- 
mination, 206 
Sub-solar point, 272 
Summer solstice, 29 

— and winter, causes of, 88 

— time, 62 


Sun: its annual motion, 13; its anmia l 
motmn in the e^ptio, 28; Hb 
motion in lougitodi^ B.A., and 
^leCu, 28; its variable motum m 
R.A., 29; determination of its 
R.A, and Dm., 30, 31; itadiomal 
path at different seasons 
places, 84; to find lesgtii of 
of sunrise or sunset, 92; observa- 
tions of its relative orbit^ 98, 99; 
its apparent arc^ 102; its appar- 
ent annual motion accounted for, 
104; relation between coefficient 
of aberration. Sun’s parallax o-nd 
velocily of light, 146; its distance 
determined by Aristardnis, 156; 
solar e^pses, 171, 173, 185; 
desmption, 187; its period of 
rotation, 187; its position defined 
by its centre, 240; method of 
finding its altitude by the sextant, 
251; detenninaiion of its distance 
&om the Earth, 280 el eeg.; its 
{HiTallax determined by observa- 
tions of the parallax of Mars, 281;. 
parallax by observations on the 
astmoids, 282; parallax detor- 
mined by observations of the 
tranaitB of Venus, 283 el seg.; to 
find the ratio of its mass to the 
Earth’s, 326; gravity on its 
surface, 333; its pataHax deter- 
mined by obaervatioiiB of hmar 
and solar displacements of tiie 
Earth, 338; its disturbing or 
tlde-gen^ating foio^ 339, 341; 
its mass oompared with that of 
the Moon, from observationa of 
the relative hrighls of the sohur 
and hmar tides, 349; He disturh- 
ing couple on tiie Earth, 353; 
gravitational metiiods of finding 
its dlstanosi, 368 

Sunday letter, 1^ 

Snndi^ 47; geometricid method of 
graduation, 47 

Sunrise and sunset^ times of, 91 

Synodic month, 159 

— period, 159, 195, 197 

Syaygy, 159, 171, 177 


TELESCOPE, aatrunamical, 225; equa- 
torial 240i uses oL 2^ 
Temperate sones, 84, 86, 89 
T er rc s fariial equator, 6, 67 

— loDgitude^ 6, 54 ^ 

— meridian, 6, 67 V" 

— pole, 6, 67 
Theodolite 76 
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constsntSj 34S 

friction, 349; applications to the 

solar system, 393 

Tides, 339; equilibrium theory’ of their 
formation, 342; canal tlieory, 
343; semi-diurnal, diurnal and 
fortnightly tides due to the Moon, 
345; semi-diurnal, diurnal and 
six-monthly tides due to the Sun, 
345; spring and neap tides, 345; 
their priming and lagging, 345, 
347; establiSiment of ports, 347 
Time: its reduction to circular measure, 
23; relation between the different 
units, 50 

— lunar, 344 

— mean solar, 41; local, 55; its deter- 

mination by the method of equal 
altitudes, 263 

— sidereal, 22; apparent or true 

sidereal, 49; mean sidereal, 50 

— summer, 62 

— zones, 59 
Torrid zone, 84, 85 
Trade winds, 299 

Transit, 23; taxing transits, 229 
Transits of VentJS, 284 ; of Mercury’, 285 
Transit circle, 226; corrections required 
for R.A., 230, 231, 235; correc- 
tions required for Dec., 231, 236 
True plan of star, 221; reduction to 

another year, 221 

_ » ^ 

Triangulation, 76 
Tropical year, 62 
Tropics, 84, 89 
True Sun, 41 


Twilight, 117; civil, 117; nautiral. 117; 
astronomical, 117; beirinning and 
end of, llS 

URAXrS, 191; its satellites, 191 

\'ARIATH »N, 363 
A'elocities of planets (‘omj>ared, 314 
Velocity, angular, 314; areal, 315: of 
light, 131, 138 

Venus, 188; its period of rotation, 1S^; 
observations of its transit used to 
determine the Sun’s parallax, 283; 
its mass, 318 
\'ernal equinox, 28 
\ ernier, 249 
Vertical, 13 

— circle, 13 

— prime, 13 

— deviation of, 302 

WANING and waxing Moons, 155 
Winter solstice, 29 
Wireless time signal**, 270 

YEAR, 14: anomalistic, 63; civil, 63; 
leap, 03* sidereal, 62; tropical, 
62. 

ZENITH, 12 

— distance, 15 

— point, 236 

— telescope, 77 
Zodiac, 32 
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